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A. BASIC ANALYTIC GEOMETRY IN THE PLANE 


GHAPTER I 


METHOD OF COORDINATES 


Sec. 1. The Coordinates of a Point 


4°. Analytic geometry in the plane treats of straight lines, 
circles, ellipses, hyperbolas and parabolas. These are studied by 
the method of coordinates. 

The method of coordinates specifies with numbers the position 
of a point relative to coordinate axes. 
i The coordinate azis is a straight line (Or in Fig. 1) where we 

ave: 

1) point O, the origin, 

2) a positive direction (from left to right in Fig. 1), 

3) a unit for measuring lengths, /, which is also called a scale 
unit. 

The distance of any point M on the axis from the origin O 
(the segment OM) can be measured by! the unit l, i.e., it can be 


0 1 M 
n 
Fig. 1. 


expressed by a certain number. The plus sign is assigned to this 
number if the direction from the origin O to the point M coin- 
cides with the positive direction of the axis, and the minus sign 
is affixed if it is opposite to the positive direction of the axis. 
Thus, to every point M of the coordinate axis there corresponds 
some definite number. It is called the coordinate of the point M. 
We note that the coordinate of the origin O is equal to zero. 
The converse is also true: to every real number there corre- 
sponds a point on the coordinate axis whose coordinate is ex- 
pressed by this number for the given unit of measurement. 
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2°. Two mutually perpendicular coordinate axes Oz and Oy, 
intersecting at O (Fig. 2) form a rectangular or Cartesian system 
of coordinates *. 

The positive direction of each axis is indicated in the figure by 
an arrow. 

The axes Or and Oy divide the plane into four parts called 
quadrants, which are numbered as follows: the first quadrant is 
that part of the plane between +Ozx and --Oy; the second quad- 
rant, between +0y and — Oz; the third quadrant, between — Oz 
and — Oy, and the fourth quadrant, between — Oy and +0z. 





Fig. 2. Fig. 3. 


In order to specify with the help of numbers the location of 
a point A in tho plane with respect to a given coordinate system 
(Fig. 3), we drop a perpendicular AM from the point A on the 
axis Or and a perpendicular AN on the axis Oy. The points M 
and N, which are the bases of the perpendiculars dropped from 
the point 4 on the axes Or and Oy respectively, are called the 
projections of A on the coordinate axis. Let x be the coordinate 
of the point M on the axis Oz and let y be the coordinate of 
the point NY on the axis Oy. 


Definition. The number x, which is the coordinate of the projec- 
tion of the point A on the axis Ox, is called the abscissa of the 
point A. The number y, which is the coordinate of the projection 
of the point A on the axis Oy, is called the ordinate of the 
point A**. 


Accordingly, the axis Oz is called the axis of abscissas and the 
axis Oy, the axis of ordinates. For the sake of brevity, the phrase 


* Tho rectangular coordinate system is called Cartesian in honour of the 
French mathematician René Descartes (Cartesius) who was first to publish 
(in 1637) a treatise on analytic geometry whero ho expressed the fundamen- 
tal idea of the subject, namely, that the equation belween z and y defines a 

ine. 

** Tho Latin word ''abscissa'' means ‘‘cut off'’, “ordinate”—‘‘ordered’’. 
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"the point A has coordinates z and y'' is usually written “the 
point A(z, y)’’ first the abscissa and then the ordinate. The signs 
of the abscissa and the ordinate of a point A are determined by 
the quadrant in which it lies. Fig. 2 sbows the signs of the 
abscissa and the ordinate for each quadrant; the first sign is 
that of the abscissa, the second, that of the ordinate. 

If the point A lies on the axis Oz (Oy), its ordinate (or abscissa) 
is zero. 

3”. In this way we can determine the coordinates of any point 
in the plane. Conversely, the coordinates being given, we can 
specify the position of any point in the plane. For example, let 
(—3, 5) represent the coordinates of a point R. Laying off 3 scale 
units to the left of the origin O along the axis Ox and 5 scale 
units upwards from the origin along the axis Oy, we obtain 
a point P on Ox and a point Q on Oy (Fig. 3); drawing the 
lines PR and QR, parallel to the axes Oy and Oz, respectively, 
we get the desired point R (—3, 5) at the point of intersection. 

4°. The coordinates x and y of the point A in the plane are 
numbers representing, respectively, the ratio of the segments 
OM and ON to the scale unit. Taking l as the scale unit for 
both axes, we have 


fec n — (1) 


These relations are usually written, in abbreviated form, 
z=OM, y=ON, 


it being understood that in this case OM and ON do not repre- 
sent the directed segments OM and ON but the numbers express- 
ing their lengths when l=1. This notation is convenient not 
only in that it is simpler but also because the coordinates x 
and y are represented pictorially. 


Sec. 2. The Sum of Two Directed Segments 


In analytic geometry, segments are characterised not only by 
their length but also by their direction. If with respect to two 
segments: 1) the straight lines representing the segments are 
parallel or coincident, 2) the direction from the origin (beginning) 
of the segment to its terminus (end) is the same (or opposite), 
the two segments are said to he identically (or oppositely) directed. 

In designating directed segments by two letters, the first letter 
denotes the origin and the second tho terminus of the segment. 
Two segments AB and BA are thus of tho same length but of 
opposite direction: 


AB = — BA. 
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The direction of a segment is sometimes indicated by an arrow- 
head attached to the terminus of the segment (Fig. 4a and b). 
To obtain the sum of two identical- 


A 8 c D 1 itely directed segments 
— — y or oppositely g 

4 8 D AB and CD (Fig. 4a and 5), it is 

— —— necessary to place them on a single 

a) straight line so that the origin of 

A 8 D £ the second segment (point C) coin- 

-_ < cides with the terminus of the first 

4 D 8 segment (point B). Then the origin 

of the first segment (point A) and 

b) the terminus of the second segment 

Fig. 4. (point D) will represent, respecti- 


vely, the origin and the termi- 
nus of the segment, which is the sum of AB and CD: 


AB -- CD = AD. 


Sec. 3. The Distance Between Two Points 


1°. Theorem. Whatever the position, on an azis, of two given 
points M, and My, relative to each other and to the coordinate 
origin, the magnitude of the segment M,M, is given by the 


difference between the coordinates of the 0 M, M 
terminus and origin of the segment; in ——9——9—— 9» | 
other words, if the origin and terminus M; Mt 
of the segment M,M, have coordinates q, a 
and xo (or y, and yo) then Mr 0 Mz 
. — — — > IIT 
M,M,=z2—x, or M,Ms— y; —yX, | M2 0 My m 
CER PE ME ALS a a A — — 6 
I Mi M. 0 
(I) — F 
Proof. There are six different possible cases 0 Mz M, 


of the location of points M, and Ma with — ——e———e-—— —e-—a»- 7 
respect to each other and the origin O (Fig. 5). Fig. 5 
If reckoning from left to right, the points 8.9. 
are in the order indicated on axes / and //, 
ien. O, My, My or Ma, My, O, then in both cases OM, +M,M>2= OM. 
Whence, M,M3— 0M4—0M,. 
But O.M,—z, and OM2=x2. Thorefore, in both cases, M,M5— r5— 34. 
If reckoning from left to right, the points have tho order indicated on 


axes JII and JV, i. e., 
My, O, Ma or Ma, O, My, 
then M,M2= M40 + OMo. 
But M,O = —OM,:= —r,, OMo= 20, 
Therefore, MyAfo-= x4 —z,. 
When the points are arranged in the order indicated on axes V and VZ, 
i. c., My, Mz, O or O, Mz, M,, we have 


M\Mg-+M20=M,0. 


Whence M,M,—=M,O—M,0, or M¡M¿=0M¿—OM y, 
because M.O ——OM, and M,0=—OM>. But OM¿==2 and OM,=x,. 
Therefore, M,M5—z5—z,. 


“2%. Examples. 1. The magnitude of a segment whose origin and 

terminus are the points M,(3, 0) and M;(5, 0) is 
M,M,=5—3=2. 

2. If the points are M,(—3, 0) and M;(—5, 0), then M,M;— 
= —5—(—3)= —543= —2. 

3. If the points are M,(0, —2) and M;(0, 3), then M,M,= 
= 3—(—2)=342=5. 

3°. Corollary. The magnitude of segment AB (Fig. 6) parallel 
to the axis of abscissas (or ordinates) is equal to the difference 





Fig. 6. Fig. 7. 


between the abscissas (or ordinates) of the terminus and origin of 
the segment, i.e., 


AB=x2—x, or AB =y2—y, | (I) 


Indeed, dropping two perpendiculars AM, and BM, from these 
points onto the axis of abscissas (Fig. Ga) or onto the axis of 
ordinates (Fig. 65) wo see that the segment AB is equal in length 


to the segment M,¡M, (as opposite sides of a rectangle) and is 
in the same direction. That is, 


AB = M,M;-—z,—z, (or y;—y). 


4°. If only the length of the segment AB interests us and its 
direction is immaterial, tben we must take the absolute value 
of the number obtained from formula (1): 


AB=|z,—x,| or AB —|ys—yil (la) 


5”. If the segment AB is not parallel to either of the coordi- 


nate axes, its magnitudo is understood to bo the length of tho 
segment AB, 


Problem. Find the distance between points A (z,, y,) and B (22, yo). 


Solution. From points A and B (Fig. 7) we drop perpendicu- 
lars AM, and BM, onto the axis Oz and perpendiculars AN, 
and BN, onto the axis Oy. Producing AN, to its intersection 
with BM., we find, from triangle ACB by the Pythagorean 
theorem, 

AB =V AC?+CB?. 
But 
AC = M,M, — |z;— zi |, 
CB - N.N — | yo — Al. 
Putting these values inside the radical, we obtain 
AB = V (12¿—11)*+ (ys — y). (II) 


That is, the distance between two given points is equal to the 
square root of the sum of the squares of the differences between like 
coordinates of these points. 

6”. From formula (II) the distance of the point A(z, y) from 


the origin O(0, 0) is OA = V (r — 0) + (y—0)*, or 
US (III) 








That is, the distance of a point from the origin is equal to the 
square root of the sum of the squares of the coordinates of this point. 


7°. Examples. 1. Find the distance between points A (—4, 3) 
and B (0, 6). 
Solution. From formula (III), 
AB = V (01-4)? -(6—3): = V 16-9 — 5. 
2. Find the point equidistant from points 
(0, 0, (7, —7) and (8, O). 


Solution. Let the coordinates of the desired point be equal 
to x and y. The distance of tho point (z, y) from the first of 
the given points is |/ 724 y?, from the second, V (z — 7)? + (y 4- 7)*, 
and from the third of the given points, V (zx —8) Fy. 

lt is given that all theso distances are equal. Let us equate 
the first radical to the second and tho third in succession: 


by = V(c—39 GTP 
VEF =V GFF. 


After squaring these equations, removing brackets, and combin- 
ing like terms, we get the system of equations r—y — 7 and 
z-—4. Substituting z—4 into the first equation, we find y = —3. 
The required point is (4, — 3). 


Sec. 4. Dividing a Segment in a Given Ratio 


1°. Problem. The coordinates z,, y, of the point A (Fig. 8) and 
the coordinates x2, y; of the point B being given, find the coordi- 
nates z, y of a third point C which divides the segment AB so 
that the ratio nea is equal to i. 

Solution. From the points A, B and C draw straight lines AM,, 
BM, and CM parallel to the axis Oy. These straight lines cut 





Fig. 8. Fig. 9. 


the segments AB and M,M, into proportional parts: 





MM, ~ CB * (I) 
But according to formula (I) M,M—z—z,, 
MM;,-—z,—z, and Ly =A (given). 


Introducing these values into proportion (I) we have 





z—71_ 4 
II—I ° 


Solving this equation for z, we get 


| om “the | (IV) 


Drawing from the points A, B and C straight lines parallel 
to the axis Oz, we find, in analogy with the preceding, that 





+A 
y = tiM. av) 


2—1320 17 


2”. Example. Find the points that divide into three equal 
parts a straight-line segment bounded by the points A (4, —-3) 
and B(—5, 0). 


Solution. Let the desired points, reckoning from: A to B, beC 
and D (Fig. 9). Then 


Ai and A 2 
This means that when evaluating the coordinates of the points 
C and D by formulas (IV), we must put à equal to + for point 
C and equal to 2 for point D. Substituting the given 1,=4, 
y= —3, tr = —5, ya — 0, Ac=i, Ap =2, we get 


444. (—5) —34 4-0 
Te = — — $ Je EE 
itg 1+7 
442. ee ee m 
DST 7 2; w=— 32 => 1. 


The required points are C (1, —2), D(—2, —4). 
3°. If a point C divides a segment AB into two equal parts, 
then AC=CB and A= Ae -1 and formulas (IV) take the form 


y1d- Va 


y= 2 (V) 


zm. 
r= ty; 





Sec. 5 The Angle of a Straight Line with the Axis 


1°, Definition. The angle formed by the axis Oz and the straight 
line AB (Fig. 10) is taken to be the angle of counterclockwise 





Fig. 10. 


rotation of the positive direction of the azis Ox so that the positive 
direction coincides with the straight line AB. 
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In Fig. 10a and b, this angle is zCB. 

2°. Problem. Find the angle between the straight line passing 
through the points A(x,, yy) and B(z2, y;), and the azis Oz. 

Solution. Let the straight line AB form with the axis Ox an 
angle zDB equal to q (Fig. 11). We shall draw AC||Ox and 





Fig. 11. 


BC||Oy to their intersection in point C. The coordinates of C 
are x, and y, From the triangle ACB we have 
CB 
tan Z CAB =- . (1) 
The segment AC, bounded by the points A (z,, yi) and C (22, yi) 
located on a straight line parallel to the axis Oz, is determined 
by formula (1): 
AC —z,—7, 
Also from formula (I), 
CB=y2—Ys 
The angle CAB is equal to @ because Z CAB = Z xDB (as 
corresponding angles). 
Introducing the values of Z CAB and the sides BC and AC 
into (1), wo obtain 





tang =Y2—Y1 (VI) 


z$— zi 


Formula (VI) holds for any location of tho points A and D in the plane. 
ror instanco, for the location shown in Fig 12, from tho triangle ACB we 
avo 
_CA _ yi—v2 
MiS un 





But tan B —tan (180 —9) — —tan q, and, therefore, — tan p= Jos 5 
Multi lying the loft and the right side of the oquation by —1, we obtain 
formula (VI). 
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3”. Example. Find the angle formed by the axis Or and the 
straight line connecting the points A(—2, 1) and B(2, —3). 


Solution. Putting, in formula (VI), z,— —2, z?;—2, y =1, 
Yo = — 3, we obtain 
tan p=; 1 
anges T ' 
p = 135°. 


Sec. 6. Conditions for Parallelism and 
Perpendioularity 


In this section we shall consider straight lines not parallel to 
the axis Oy. 

1°. Definition. The tangent of an angle formed by a straight 
line with the axis Oz is called the slope of the straight line to the 
azis Oz. 


2°. If AB||CD (Fig. 13), the angles p and a formed by the 
straight lines AB and CD with Oz are equal (as corresponding 


angles). 


Therefore 

The condition for parallelism of straight lines is that the slopes 
of the straight lines be equal. 

3°. Let AB 1 BC (Fig. 14) and the straight line AB form with 
the axis Ox an angle equal to q, and the straight line BC form 





Fig. 13. Fig. 14. 


with Ox an angle equal to a. Let us draw from the origin O 
straight lines OA’ and OC’ parallel, respectively, to AB and BC. 
Then q is also the angle through which Ox should be revolved 
counterclockwise to make it coincide with OA’, and a is the 
angle through which Oz should be revolved to make it coincide 
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with OC’. Since OA’ 1 OC’, q and a differ by 90°: 


ọ—a = 90°. 
Whence 
p=90 +a 
and 
tan ọ = tan (90° + a) = —cot a = -a . 
Therefore, 
1 


The condition for perpendicularity of two straight lines is that 
the slopes of these straight lines be reciprocal in magnitude and 
opposite in sign. 


CHAPTER Il 


THE STRAIGHT LINE 


Sec. 7. A Straight Line as a Locus 


1”. Example. Express by an equation the locus of points, in a 
plane, equidistant from the points A (2, 8) and B (5, 3). 


Solution. Itis known from plane geomotry that the locus of points 
equidistant from two given points A and B (Fig. 15) is a straight 
line MN, perpendicular to the segment AB and passing through 
its middle point C. 

Let us take a point Q on tho straight line MN aud let its 
coordinates be (r, y). The distances of Q from the given points A 

and B are given by formula (II): 


AQ = V (x — 2? -- (y — 8), 
BQ = V (z—5) + (y—3y. 


And since it is given that those dis- 
tances aro equal, i.e., AQ=BQ, we 


have 
(1 — 2)? + (y — 8} = 
-VyG-8536—3*. (1) 


As the point Q(z, y) moves along 
the straight line MN the values 
Fig. 15. of z and y vary, but they vary in 

a definite ratio such that equality 

(1) is not violated. Equality (1) is thus an equation satisfied by 
the cuordinates of all points of the straight line MN without 
exception. At the same time this equation is not satisfied by 
the coordinates of any point in the plane not lying on the 
straight lino M.V. Indeed, if the point Q happens to lio out- 
side the straight line MN, then it will not be equidistant 


from the points A and B, AQ BQ and equality (1) will be 
violated. 
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-2 


Equating the radicands of (1) and removing the brackets, we 
have 
at—4xr+4+y?*—16y + 64 = z? — 10x +25 + y? — 6y 4-9, 

or 3z—5y-4-17 —0. (2) 


Equation (2), which expresses the condition to be satisfied 
by the coordinates z, y of points in the plane in order that they 
should belong to the straight line MN, is called the equation of 
the straight line MN. 

Examples. 1. In order to find out whether the point P (2, 4) 
belongs to the straight lino MN, we substitute in equation (2) 
z by 2 and y by 4. We then obtain 


3.2—5-4-F- 17 —- 35-0. 


The coordinates of the point P do not satisfy the necessary 
condition (that the points belong to the straight line MN) and, 
consequently, the point P does not lie on the straight line MN. 

2. Point P (—4, 1) belongs to the straight line MN because 
its coordinates (—4, 1) satisfy equation (2): 


3.(—4) — 5.1 --17 4 0, 0=0. 


2°. The coordinates of an arbitrary point (x, y) of a given 
locus are called current (moving) coordinates. The equation of the 
line expresses an unchanging relation 
between the moving coordinates of its 
point. 


Sec. 8. Equation of a Straight 
Line (Slope-Intercept 
Form) 


1°. Theorem. Any straight line can 
be expressed by an equation of the 
first degree between the moving coordi- 
nates. Fig. 16. 

Proof. Case 1. The straight line 
MN (Fig. 16) is not parallel to the axis Oy. For an arbitrary 
point Q (zx, y) of the straight lino MN we have the equation 


AQ=AC+CQ, (1) 


where AQ =y, AC=OB, i.c., AC is equal to the ordinate of 


the point of intersection of MN with the axis Oy. We assume 
that 





AC =0B =b. 
From tho right-angled triangle BCQ we have 
CQ=BC.-tan «, 


where q is the angle formed by the straight line MN and the 
axis Ox, since 
p= L tMN = Z CBQ 
and BC=OA=z. 
Putting tan ọ =k, we obtain 
CQ=k-z. 


Introducing the values of AQ, AC and CQ into equation (1), 


we get 
(x) 


that is, a first-degree equation in the current coordinates zr 
and y. 

The coordinates (0, b) of the point of intersection (B) of the 
straight line M with the axis Oy also /satisfy this equation. 





Fig. 17. Fig. 18. 


Indeed, replacing, in equation (IX), z by zero and y by the 
uumber b, we obtain the identity 


bb. 


There can be three special cases here. 

1. If the straight line AIN passes through the origin O (Fig. 17), 
the ordinate. of the point of its intersection with the axis Oy, 
b=0, and equation (IX) takes the form 


| y=kzx | (X) 
_ It is satisfied by the coordinates of all the points of MN, 
including the origin (O, O). 
_ 2. If the straight line A.V is parallel to the axis Ox (Fig. 18), 
i.e., angle p=0 and k= tan q —0, equation (IX) takes the form 


get (XD 


Equality (XI) does not contain z. Nevertheless it expresses 
the relation between z and y: for each value of z, i.e., for cach 
point of a straight line parallel to Oz, the ordinate is equal to b; 
and, conversely, in a plane every point 
whose ordinate is equal to b belongs 
to this straight line. 

3. If the straight line coincides 
with the axis Oz, then by introducing 
b —0 into equation (XI) we obtain 
the equation of the axis: 


[_y=0 | (XII) 


Case 2. The straight line MN is 
parallel to the axis Oy (Fig. 19). 

Let the abscissa of the point of Fig. 19. 
its intersection with the axis Ox 
be equal to a. The equation of such a straight line is 


2 (XIII) 





Indeed, the abscissa of each of tho points of a straight linc 
parallel to the axis Oy (i.e., for each value of y) is equal to a 
and, conversely, in a plane every point whose abscissa is equal 
to a belongs to this straight line. 

If the straight line coincides with the axis Oy, a=0, then 
from equation (XIII) we obtain the equation of the axis Oy: 


eam 


-Thus any straight line is expressed by a first-degree equation 
in the moving coordinates. 

2”. In equation (IX), k is the slope of the straight line and 
y = kz + b is called slope-intercept form of the equation of a straight 
line. The absolute term b of this equation is called the y-inter- 
cept or intercept on the y-axis because when x=0, y — b (from 
equation IX). The slope & and the y-intercept b are constant 
values for the given straight line and are the parameters of the 
equation of the straight line. In general, we call parameters 
those constants that characterise an object and distinguish it 
from other objects homogeneous with it. 


Sec. 9. General Form of the Equation of a Straight 
Line and Its Special Cases 


1°. Converse Theorem. Any equation of the first degree between 
the coordinates x and y represents a straight line. 
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Proof. An equation of the first degree in z, y is of the form 


Az+By+C=0 (XV) 


Let B0. Solving equation (XV) for y, we get 
A [^ 


y-—Rt—g 


B B° 
Comparing this expression with equation (IX), we have 
(XVI) 
(XVII) 





That is, the equation Ax+By+C=0, when B0, represents 
a straight line with slope k= — A and y-intercept b = — 


B B' 
In particular: 
1) C 20. Equation (XV) takes the form 


vim 


and represents a straight line which passes through the coordi- 
nate origin, since the coordinates of the origin (O, O) satisfy 
equation (XVIII). 

2) A20. Equation (XV) takes the form 


[ By+C=0 | (XIX) 


C 
y=—-F or y=, 


Solving it for y, 


we come to the conclusion (formula XI) that it represents a 
straight line parallel to the axis of abscissas. 
3) A=0 and C=O. In this case equation (XV) takes the form 


By=0 or y=0 


and represents the axis Or (formula XII). 
4) If the coefficient B=0, equation (XV) takes the form 


| ar C=0 | (XX) 


z= ay —0. 


Solving this for +, 


we come to the conclusion (formula XIII) that it represents 
a slraight line parallel to the axis of ordinates. 
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But if in equation (XX) C=0, A-=0, then it has the form 
Ar=0 or z=0 


and represents the y-axis (formula XIV). 
Thus, any equation of the first degree between the coordinates 
r and y represents a straight line. 
2°. Equation (XV) 
Ar+By+C=0 


is called the general form of tho equation of a straight line. 
Equations (XVIII-XX) are its special cases. 


Sec. 10. Equation of a Straight Line (Intercept Form) 


The position of a straight line with respect to a system of 
coordinate axes can be determined by the segments ON =a and 
OM =b (Fig. 20) which are cut off by the given straight line MN 
on the axes Oz and Oy respectively. 


From the similarity of triangles AQN and OMN (Fig. 20), 
we have 


AQ AN 
OM TON 9t 
Y _u—z 
b u 





Dividing a — z by a termwise, 
we obtain 





By. zd (XXI) Fig. 20. 


Equation (XXI) is called the intercept form of tho equation 
of a straight line. 


Sec. 11. Solved Examples 
1°. Find the equation of tho straight line which cuts off a segment 
equal to 3 on the axis Oy and makes an angle p=120% with tho axis Oz. 


Solution. To obtain tho equation of tho given straight lino it is necos- 
sary to find the numerical values of tho parameters k and band introduce 
them into the equation: 


y=kx+0b. 


It follows from the statomont of the problem that 
b= 3, 


k = tan 120? = tan (180? —60*) = —tan 60° = — y 3. 
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Consequently, the required eqnation is 
y=-—z y 34-3. 
2°. Determine the slope and the y-intercept of tho straight line repre- 
sented by the equation 2z — 3y—6—0. 
Solution. ist procedure. We solve the equation for y, and obtain an 
equation in slope-intercept form: 


y=z z—2, 


3 
from which we conclude that the slope k=% and the y-intercept b= —2. 


2nd procedure. With A=2, B=—3, C=—6, we find, from (XVI) 
and (XVID, 


k=—57 ——$3"73' 
Cc —6 


3”. Find out whether there are straight lines parallel or mutually per- 
pendicular among those represented by the equations: 3z—2y+1=0, 
6r—4y—3=0 and 2z4+3y—7=0. 

Solution. The slopes of parallel straight lines are equal; those of mutu- 
ally perpendicular straight lines are reciprocal in magnitude and opposite 
in sign (Sec. 6). From formula (XVI) we find the slopes: for the first 


straight line k=% , for the second straight line ka==>3 and for the third, 


2 
k3— -7 . 


The first and the second straight lines are parallel, since k,=kz, the 
third straight line is perpendicular to the first two, since 


4°. Form the equation of a straight line that cuts off on the axes Oz and Oy 
segments —3 and > + Tespoctively. 

Solution. It is given that a— —3, b= i Substituting these values into 
equalion (X XI) we get the desired equation: 


=3+4=1 or z—6y+3=0. 
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5’. What is the equation of the straight line that has equal z- and 
y-inlercepts and passes through the point (—1, —3)? 


Solution. It is given that 6-=a in equation (XXI), and therefore the 
equation lakes tho form 


T y_ EM 
pomme or z+y=a. 


The point (—1, —3) belongs to the straight line z+ y =a. Therefore, 


if in the equation z+y=« we substitute the values —1, —3 for the cur- 
rent coordinates z, y, the equation will hold: 
—1—3-a. 


Hence a——4 and the sought-for equation of the straight line is 
zty=—4 or r+y+4=0. 
6°. Reduce the equation 3z—4y+2=0 to the intercept form. 


Solution. Transpose the absolute term 2 to the right-hand side of the 
equation, 





3z—4y= —2, 
and divide both sides of the equation by — 2: 
— +2 — 
We then get the intercept form of the equation of a straight line: 
z y —— 
LI 
3 2 
: 2 1 
and the z- and y-intercepts are a=—F> b=> 


Sec. 12. Construction of a Straight Line When Its 
Equation Is Given 


4°. In order to construct a straight line it is sufficient to 
locate any two of its points by means of coordinates. Given the 
equation, one can most easily define the coordinates of the points 
of intersection of the straight line with the coordinate axes. 
Putting y=0, we find from the given equation of the straight 
line the abscissa of the point of its intersection with the axis Oz; 
putting z=0, we find from the given equation the ordinate of 
the point of intersection of the straight line with the axis Oy. 


Example. Construct the straight line defined by the equation 
32+ 2y+6=0. 
Solution. Assuming in this equation 
1) y=0, we have 3z--620, x= —2; 
2) z=0, we have 2y +6=0; y= —3. 
Marking points A (—2, 0) and B (0, —3) (Fig. 21), draw a 
straight line through them with tho help of a ruler. 


2”. Example. Construct a straight lino in accordanco with the 
equation 
3z —2y — 0. 


Solution. This equation of the straight line does not contain 
an absolute term and, therefore, the straight line passes through 
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the origin. Let us assign to z some value other than zero, say 2, 
and introduce it into the given equation. We obtain 
3-2—2y=0, y=3. 





Fig. 21. Fig. 22 


Having constructed a point C (2, 3) (Fig. 22) we use a ruler 
and draw throuph C and the origin O a straight line CO. This 
will be the straight line defined by the equation 

3z —2y =0. 

3. If the equation of the straight line is y= or «=a then 
the construction of the line is reduced to drawing through the 
given point (0, by or (a, 0) a straight line parallel to the axis Oz 
or Oy, respectively. 


Sec. 13. The Point of Intersection of Two Straight 
Lines 


1”. There are three possible cases of the mutual positions in a 
plane of the straight lines 


A Ar+ By+C=0 (t) 

1) 8 and 
A'.c +t By 4- C' 20: (2) 
C———— [ 1) the straight lines have oue 
2) ; point in cominon (they intersect) 


— ——Lfw' (Fig. 23, ly 
2) the straight lines have no 
— ĩ)J — points in common (they are 
Fig. 23. parallel (Fig. 23, 2); 
3) the straight lines have an 
infinite number of points in common (they coincide) (Fig. 23, 3). 
Let us solve the problem: how to find out, from tho given 
equations, which of the threo cases occurs? 
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2°. Equations (1) and (2) represent one and the same straight 
line if their coefficients are proportional. 

Indeed, if 
“=P =G =A, then A-AA', B=}B', C=}C 


A 
and equation (1) may be written as 
à (A'z + B'y+C’)=0. (3) 


All the values of the coordinates (z, y) which satisfy equation (2) 
also satisfy equation (3). Indeed, since coefficient 4540 in equa- 
tion (3), A'z+ B'y+C'=0. But this is equation (2). Therefore, 
each point (z, y) of the straight line represented by (2) belongs 
also to the straight line represented by (3). Consequently these 
straight lines coincide. 

3°. Equations (1) and (2) represent parallel straight lines if 
and only if the coefficients of the moving coordinates are propor- 
tional. 

Proof. At least one of the absolute terms C or C’ must be 
different from zero, otherwise the straight lines Ar -+ By =O and 
A'x+ B’y =0 coincide if their coefficients A, B, A’, B’ are pro- 
portional, 


If f= r= A, then by dividing equation (1) by A we have 
A'z -- B'y - X — 0. 
The difference between the left-hand sides of the equations 
A'z4 B'y+ 2 —0 
and 
A'z 4- B'y4- C' 20 


is different from zero. Therefore, there is not a single number 

Pair (z, y) which could satisfy both equations. Hence, 

straight lines have no points in common, they aro parallel. 
Conversely, if straight lines are parallel, their slopes are equal: 


kak’, 


these 


z A . A' , A A’ A 
but since k = —7. k= =3 it follows that gg That is, 


the coefficients of the moving coordinates in our equations aro 
proportional. 


4?. The straight lines 
Az 4- By 4- € «0, (1) 
A'z4- b'y +C’ =0 (2) 
intersect if AB' — A'B +0. 
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Indeed, multiplying (1) by B’ and (2) by B and subtracting 
the second product from the first, we have 
_ AB's + BB'y +CB’ =0 
A’Br+ BB'y+C'B=0 
(AB' — A'B) z + (CB' —C'B) «0. (4) 
Multiplying (1) by A' and (2) by A and subtracting the first 
product from the second, we have 
_ AA'z + A'By - AC=0 
AA'z 4- AB'y 4- AC' «0 
(AB' — A'B) y+ (AC’— A'C) =0. (5) 


Equations (4) and (5) have definite solutions only when the 
cocfficient of the unknowns z and y 


AB’ — A'B #0. (6) 


These solutions define the point that belongs to both straight 
lines, i.e. the point of intersection of the straight lines (1) 
and (2). 

The coordinates of the point of intersection of the straight 
lines (1) and (2) are 






CB'—C'B _ AC' —-A'C * 
IS AA O V7 ABAD | ESTI 


5. The denominator in equations (XXII) is expression (6), 
which by the statement of the problem is not equal to zero 
(division by zero being impossible). 

When AB"—A'B=0 and the absolute terms of equations (4) 
and (5) (CB’—C’'B and AC' — A'C) are different from zero, we 
have 
, , Á B 
AB =A B or AC = "B " 

i. e., straight lines (1) and (2) are parallel because the coeffi- 
cients of the unknowns x and y are proportional. 

When both the coefficient of the unknown and the absolute 
terms in equations (4) and (5) are equal to zero, 


AD'—A'D z0, Ch'—C’B=0, AC Z3AC=0, 


we have, from these equations, 
A R k ë C., C A ; A B C 
PL = B`’ B” e $ Cc — Who nce A = j F T T 
That is, equations (1) and (2) represent one straight line. 


2. 


o 


6”. It is clear from the foregoing that the nature of the mutual 
arrangement of two straight lines is made clear by the simultancous 
solution of the equations of these lines. 


il 7”. Numerical examples. 1. Find the point of intersection of the straight 
nes 


31+4y—18=0 and 4z—3y-F1—0. 


Solution. 
Sz + 4y—18=0| 3|4 9r 4- 12y —54 —0; 12r -+ I6y—72=0 
4r—3y+1=0 | alalt 16r—12y-- 4—0; 12r— Sy+ 3=0 
Š 25z —50 —0; 25y —15—0 
z—2; y=3. 


Answer. The point of intersection of the given straight lines is (2, 3). 
2. Find the point of intersection of the straight lines 
2x—Ty=3 and 14y—4z — 1. 
Solution. 
2z—7y —3|2 de 4z—14y —6 
14y —^4z —1 | 1 | 14y— 4r=1. 
0—7. 
The system is incompatible. The coefficients of the current coordinates 
of the given equations are proportional, the straight lines aro parallel. 
. Find the point of intersection of the straight lines z—3y-F2—0 
and 3z—9y 4-6 —0. i 
Solution. Multiplying the first equation by 3 and subtracting from the 
resulting product the socond of the given equations, we obtain 
0=0, 
which shows the solution to be indeterminate. The given equations aro 


equivalent and represent ono straight line hecause their coefficients are 
Proportional. 


Sec. 14. Equation of a Straight Line Passing 
Through the Point (x,, y) in a Given Direction 


1°. A straight line passes through the given point (z,, y,) and 
makes with the axis Oz an angle q. Let us form its equation. 

It is given that in 
y = kx 4-b (1) 


the parameter k=tanq is a known number. Tho straight lino 
(1) passes through the point (z,, y,); therefore, z,, y, satisfy equa- 
tion (1) and, replacing the moving coordinates z, y by the given 
values z,, y,, we get the following equation: 


Y =kzx,+b. (2) 


From this we can find the value of b and introduce it into 
equation (1). But it is easier to eliminate b from equation (1) 
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by subtracting equation (2) from (1). This subtraction gives the 
equation of a straight line passing through a given point (2, yi) 
in a given direction: $ 


acum 


2%. Equation (XXIII) in which k can bavo an infinite number 
of values, is the equation of a pencil of straight lines with its 
centre in the point (x,, y). 


3. Example. Draw a straight line through the point of intersection 
of the straight lines 2r—3y--7—0 and 5r+y+9=0 such that it is per- 
pendicular to the straight lino 2x—y+1=0. 

Solution. “To draw a straight lime'' means ''to write the equation of 
that straight lino’’. Lot us first find tho coordinates of the point of inter- 
section of tho given straight linos by solving tho system of given equations. 
The point of intersection of tho straight lines has coordinates (— 2, 1). 

Now we determine the slope k of tho straight line passing through the 
point (—2, 1) perpendicular to the straight lino 2x—y+1=0. The slope 
of tho straight lino 2x—y+1=0 is k,=2, that of the straight line per- 


pendicular to it is k= —-- (see Sec. 6). 
By putting, in equation (XXIII), x, — —2, y,—1 and k= -5 , we obtain 
the sought-for equation 


y—I=3 (242) or x+2y=0. 


Sec. 15. Equation of a Straight Line Passing 
Through Two Given Points (x,, y) and (£z, Yr) 


1°. A straight line passing through the given points (x,, yi) 
and (T2, Ya) has, by virtue ol (VI), a slope equal to 
yo" 
Acn (1) 
Let us take the equation of a pencil of straight lines whose 
centre is in the point (x,, y), 
y— Yy -k(r—1), 


and assign to the slope A the value (1). Tben the equation 


y—y = — (z — x,) (2) 
will represent that particular straight line of the pencil of straight 
lines with centre in point (71, y,) which passes through point 
(z.. ys). Dividing equation (2) by y.— y,, let us represent the 
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equation of the straight line which passes through the two given 
points (x,, ys) and (72, y2) in the form 


— I. (XXIV) 


Ya—Y1 Eg Ty 


2°. Wrile the eguation of a straight line that passes through tho points 
A (1, 4) and B (—3, 2). 
Solution. If in equation (XXIV) wo put r;=1, y,—4, r= —3, y2=2, 
we shall obtain the equation wo need: 
y—4_ r—it 
2—4 —3—1 


Or, multiplying by —4, we get 
2(y—4) =z—1 or z—2y-F7=0. 


3°. If a straight line passes through points .4 (2, 3) and D (—2, 3), 
then by formula (XXIV) wo got 
y—3_x—2 
0 —4° 
But division by zero is impossible. Wo note that different points of the 
straight line AB havo tho same ordinate y=3. Therefore AB is parallel 
to the axis Oz and its equation is 


y=3. 


i 4°. Find the condition under which throe given points lio on ono straight 
ine. 

Solution. Let the given points bo (zy, yj), (72, y2) and (z3, va). Tho equa- 
tion of tlie straight line which passes through tho lirst two points is 


v—n 
y2—Vi T2— 41 
In order that tho third given point (z3, y3) should also lie on this 


straight line, it is sufficiont for its coordinates to satisfy the written 
equation, i. e., for tho following to obtain: 


zr—r, 





Sec. 16. The Angle Between Two Straight Lines 


1%. The phrase “the angle between the straight lines AB and 
BC'' will be used to denote “the angle that the straight line BC 
forms with the straight line AB”. 

Definition. The angle formed by a certain straight line BC 
with the straight line ADB (Fig. 24) is taken to mean the angle 
through which the straight line AB must be revolved counterclock- 
— Am point B so that AB should coincide with the straight 
ine : 
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2°. Let the straight lines AB and BC be represented by the 
equations 
y=k,12+0b,, (AB) 
and 
y = kx + ba (BC). 


Let the straight line AB and the axis Ox form an angle equal 
Lo q,, and the straight line BC and the axis Oz an angle equal 





Fig. 24. 


to q» (Fig. 24). The angle between AB and BC we shall denote 
by O. Draw from the origin O straight lines OA’ and OC’ parallel 
respectively to AB and BC. Since q, is the angle through which 
Or must be revolved counterclockwise so that it coincides with 
OA”, and q. is the angle through which Or must be similarly 
revolved so that it coincides with OC’, it is evident that the 
angle O between OA’ and OC’ is equal to the difference Qz — 9. 


8 = q. — 1. 
But if the angles are equal, their tangents are also equal: 
tan © = tan (q2 — q). 
Or (by trigonometry for the tangent of the difference between 
two angles), 


tan qa—tan f; 


€ = ->—_— e 
taia 1-:- tan gq tan qa ^ 


But tan q,=4,, tan q;— k., therefore 


(XXV) 
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The angle © is acute if tan O is positive, and it is obtuse if 
tan O is negative; @=90° when 1--A,k,=0 and 9—0 when 
ka — ky =0 (Sec. 6). 

We note that the angle between BC and AB (Z CBE) is an 
adjacent one for O and is therefore equal to 180°— ©. Since 
tan (180? — O) = — tanO, 

o — ki—k> 
tan (180 —0)= TEK hp . 


Sometimes it is necessary to find the value of the acute angle 
between the straight lines. In this case we must take the absolute 
value of tan © as defined by formula (XXV). 

3°. Examples. 1. Find tho angle between the straight linos y 22x —3 
and y—-5z 4- 1. 

Solution. From the equations written above it follows that 

k,—2, k5—5. 
By formula (XXV) 
5—2 3 
tan $9—1i1527,,792727. 
e=15%15". 

2. Find the equation of tho straight line which passes through the origin 

and forms an angle of 45° with the straight line y —3r 4- 5. 


Solution. By the statement of the problem (Fig. 25), @=45°; and the 
slope of the given straight line is k,, inusmuch as the statement of the 





y 
45° 
0 
y " 
ty 
Fig. 26. Fig. 26. 
problem is such that in order to obtain an angle of 45? wo must revolve 
tho gwen la line counterclockwise to make it coincido with tho straight 
ine desired: 


Lan 0 = tan 45° =1; Ay=3. 
Let us introduce these values into formula (XXV) and find kz. 


= 3. mo — 
I= Ty) MS 4 h= — 2. 


The straight line we are seeking passes through the origin; hence its 
equation is of the form 


yok, 
Substituting the obtained value of ka for k, we get the required equation: 
y=-—-2r. 


3. Given the points .1(—7, —1), B(2, —3) and C (4, —1), determine 
the angle between BC and AB (Fig. 26). 


Solution. In accordance with formula (VI) the slope of BC is 





4-2 =t 
and the slope of .1B is 
k 234 1 2 
2S 247 9-7 
By formula (XXV) we have 
-$-! 11 
tan 8.2 ———  —— = — 2 1.5714, 
: 2 7 
1+- 


8 = 180? — 57°32’ = 122° 28’. 


CHAPTER Ll 


QUADRIC CURVES 


Sec. 17. Equations of the Circle 


1*. Definition. A circle is the locus of points, in a plane, cqui- 
distant (this distance is the radius) from a given point (centre). 
2°. The length of the radius defines the size of the circle and 
the location of the centre of the circle defines the location of the 





Fig. 27. Fig. 28. 


circle itself in the plane. Thus a circle is defined as to size and 
its position in the plane relative to a given coordinate system 
if we know 

1) the length of its radius r and 

2) the coordinates a and b of its centre O”. 

By definition, any point M (z, y) of a circle (Fig. 27) is al 
a distance O'M, equal to r, from the centre O' (a, b): 


O'M =r. 


Expressing the distance O'M (by formula II, Sec. 3) in terms 
of the coordinates of points O” and M, we obtain the equation 


VG=a?+(y—b)?=r. 
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Eliminating the radical by squaring both sides of the equation, 
we oblain the normal form of the equation of the circle: 


|(2— a +(y—b) =r? (XXVI) 


3”. In particular, when the centre of a circle O” coincides with 
the origin (Fig. 28), 
a=0 and b=0, 


the equation of the circle (XXVI) takes the form 


com 


Sec. 18. Solved Examples 


1°. The values of the parameters a, b and r being given, it is sufficient 
to introduce them into equation (XXVI) in order to obtain the equation 
of the circle. . 

For instance, the equation of a circle with radius equal to 5 and centre 
in the point O' (2, —3) will bo written as 


(z— 2)? + (y + 33 — 25, 
since it is given that a —2, b= —3 and r—5. 
2°. Write tho equation of a circle, the ond points of one of the diame- 
ters of which are .1(3, —2), B(—4, 5) (Fig. 29). 


Solution. The centro O' of the circle is the middle point of the segmont 
AB. The coordinates of the middlo of AB are (by formula V, Sec. 4): 
3—4 — 1, —2-45 3 
PE 2 ` 
The distance .1B is tho diameter of the circle. From formula IJ, Sec. 3, 
we havo 


a= 





(27)? = AD? = (3 + 4)? + (—2—5)?= 98. 
Hence 


r=% " 
4 


Introducing tho values of a, b and r? into formula (XXVI), we obtain 
the equation of the circle: 


YI 


Removing tho brackets and transposing > to tho left-hand side of the 
equation, we have 
ptt 1 2 4 9 98 
iia ads Tar +y—3y +4 47479 
a y?-- z —3y —22 —0. 
3?. Find the equation of a circlo which is tangent to tho coordinate axes 
and passes through the point (—2, 1). 
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Solution. The point (—2, 1) through which the circle passes iS in the 
second quadrant and since the circlo is tangent to tho coordinate axes it 
is wholly located in the second quadrant; tlie abscissa a of its centre is 
negative and the ordinate 5 is positive. 





Fig. 29 


The radii drawn to the points of tangency (Fig. 30) are perpendicular 
to the tangents (i.e., to the axes Oz and Oy). Therefore, 


a=—r, b=r, (r7 0). 
Introducing these values into the equation of the circle (XXVI). we get 
(z +r)? + (y—r)2=r2. 


We define the value of r for the condition that the circle passes through 
tho point (—2, 1) and its coordinates satisfy tho equation written above. 
Substituting for the moving coordinates z and y their values —2 and t. 
we get 


(—24+r)24(1—r)?=r2, 
r2—6r+5=0, 


Consequently there are two possible circles which pass through the 
point (—2, 1) and are tangent to tho coordinate axes. For the first circle 
we have 

a=—i, b=1, r=1; 
for the second circle, 
a=—5, b=5, r=5. 

The equation of tho first circlo is (z+ 1)?+(y—1)?=1, or 

z?-Fy?--2r—2y--1:-0. 

The equation of the second circle is 

(2 4-5)? 4- (y — 5)? == 25, or 124 y? + 10x — 10y + 25 —0. 


; S Find the coordinates of the centre and the radius of the following 
circle: 


3224 3y? — ír 4 Gy —12—0. 
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Solution. Reduce the given equation to the form 
(2—a)?-+ (y—b)2=r2, 0) 
To do this divide tho given equation by the coefficient 3 (in the terms 
z® and y?): 
st y — 24 2y—4=0, 


Combine the terms containing z into one group and those containing y 
into another. Then we have 


(s—$2)*0te2024 


or 
(aa) retrpn o4. 


.Now complete the first and the second binomials to perfect squares. 
4 2 
For this purpose we add $7 (3) to tho first binomial and 1= 1? to the 


A " E 4 
second one, and so as to preserve the equal sign in the equation we add 3 


and { to the right-hand side of the equation as well. Thus we have 


4 4 
Cra S45 ttt tt ads ott 


(5-3) tex m$ . 


Comparing tbis equation. with (1) we conclude that 


Sec. 19. The Circle as « Quadric Curve 


1” The degree of the equation of a curve, after it has been 
reduced to integral and rational form with respect to the coordi- 
nates + and y, is called the degree of the curve. 

A straight line is a curve of the first degree since it is 
expressed by an equation of the first degree. The circle is a curve 
of the second degree (quadric curve). Indeed, if we remove the 
brackets in the equation of the circle 


(r—ay 4 (y- be rt 


and arrange Lhe terms in descending order of powers of the current 
coordinates r and y, we obtain: 


a? 4. y? — 2ar — 2by 4- (a? + bt — r?) =0. (1) 


The parameters a, b, r (all of them or some of them) may 
happen to be fractions. Then, multiplying (1) by their least 
common multiple 4, we obtain 


Az? 4- Ay? — 2a Ax — 2bAy + A (a? +b — r?) 2 0. (2) 


Putting —2aA=D, —2bA=E and A(a?--b? —r?) — F, we 
obtain the general form of the equation of the circle 


Ax? + Ay! - Dr+ Ey 4 F =0| (XXVIII) 


This is an equation of thc second degree between the coordi- 
nates r and y and, therefore, the circle is a quadric curve. 

2*. The general form of an equation of the second degree in 
two variables is, as we know from algebra, as follows: 


Axr? + Dzy - Cy? + Dx4+ Ey 4- F =0. (3) 


An equation of the second degree between the coordinates x, y, in 
which the coefficients of the squares of x and y are equal and there 
is no term with the product xy, represents a circle. 

This is a necessary condition. Indeed, in the general form of 
the equation of the circle (XXVIII) the coefficients of the squares 
of x and y are equal and there is no term with the product .y. 

This condition is sufficient. Indeed, dividing the equation 
At? Ay -- Dx 4- Ey +F=0 by A 

5 F 
ay a y+>53=0 
and writing the resulting quotient in the form 
D ME UE 2 
(2+5 z)+(y +44) —- —AX- 
we complete the squares in zt x and y y: 


D D? E Lr? 
— t )t( ipu) 
2 oF, R_F 
= Gat + RAP 


D N? EN? D? 4 E? —44AF 
(ero) tQ e) = acc 


'That is, we obtain the equation of a circle for which 


aud obtain 


(00 aL DA ER ARO 
: 48 








(XXIX) 





3”. We shall now point out some special cases which may occur 
for certain values of the coefficients A, D, E and F. 


Example. The equation 
z?--y* — 62+ 4y 4-13 20 
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may be given in the form 
—614+9+y*+4y44=0 
or 
(z — 3)? + (y + 2)? =0. 


Since none of the squares (z— 3)? or (y-+ 2)” can be negative, 
their sum can equal zero only i 


z—3=0 and y+2=0. 
Whence 
z=3 and y= —2. 


This equation is satisfied by only one point in the plane, 
namely (3, —2), and represents a circle of zero radius, r=0. 

If in the same equation we take, say, 15 instead of 13 as the 
absolute term, that is, the equation 


2+y?—6r+4y+ 15=0, 
then after reducing it to the normal form we get 
(234 (y +2) — 


This cquation is not satisficd by any pair of real values of the 
current coordinales, i.e., by any point in the plane. However, 
lor the sake of generality, it is considered that in this case also 
the p represents a circle, an imaginary circle, with radius 
r=) —2. 


Sec. 20. Ellipse 


1°. Definition. An ellipse is the locus of points in a plane for 
each of which the sum of its distances from two given points 
(Joci) is constant. 


By definition, if F and F, (Fig. 31) are the two given points 
in the plane, called the foci of the ellipse, and M is an arbitrary 
point of the ellipse, then the sum of the distances MF, and MF 
is constant and is taken equal to 2a, i.e., 

MF,4- MF —2a, (a7 0). 
MP, and M¥F are called the radii vectors of the point .M. 

FF is called the focal length and is taken equal to 2c, 


FF -2c. 


Considering tho triangle F,FM, we seo that MF,-- MF > F,F, 
i.e., 2a —— 2c, or ac, (c >U) 


Ah 
“he 


2°. Take a piece of thread 2a in length and fix its ends at 
points F and F, with two pins at a separation of 2c. Then make 
the thread taut with the point of a pencil as shown in Fig. 32 






fi (-c,0) 





Fig. 31. Fig. 32. 


and describe a curve with it keeping the tbread taut all the time. 
In this manner an ellipse can be drawn in two steps: first on 
one side of the straight line F,F and then on the other. 


Sec. 21. The Equation of an Ellipse 


Lot us take the middle of the focal length as the coordinate 
origin O, the straight line F,F as the axis Or and the perpendic- 
ular to it passing through the point O as the axis Oy (Fig. 31). 

The foci F, and F then have coordinates ( —c, 0) and (+c, 0). 

Inasmuch as the position of point M can vary with respect to 
the coordinate axes, its coordinates will be the current coordi- 
nates (z, y). 


MR -yGXgw. MP-YGTOUy. a) 
By the definition of an ellipse, 
MF ,+ MF = 2a. 
Therefore 
V (zt e t y* V (x — ey 4 y? + 2a. 


Let us get rid of the radicals. To do this, first transpose one 
of the radicals to the right-hand side, 


V 


and then square both sides of tho equation. 
Removing the brackets we havo 


T? + 2cz + c? + y? 2 4a? — 
— 4a V (zx — + y5 + z* — 2ez 4- c* + y*. 


Eliminating z?, c?, y? and transposing the radical to the left 
side and 2cx to the right side of the equality sign, we obtain 


4a V (zx —c)?+ y? = 4a? — dez, 
or, dividing the equation by 4a, 
V(z—c* t yi—a—-— 2. (2) 
By squaring both sides of the equation and removing the brack- 
ets we have 
c? 
T? — 2er +c? + y*—a!—2cerd q x. 
Eliminating —2cz and transposing Ea to the left side and c? 
to the right side of the equality sign, we get 
a? qa pyt-at— d. 
Multiplying by a? wo then have 
(a? — °c) x? + a?y? = a? (a? — c?). 


Since a>>c we may put 


| a?—c?=b? | (XXX) 


and write the preceding equation in the form 
b?x? + a*y? = a?b?, 


We divide this equation by a?b? and obtain th? canonical equa- 
tion of the ellipse: 


— | 
Pd - | (XXXI) 


Sec. 22, Investigating the Form of an Ellipse from 
Its Equation 


2 2 
1°. Let us solve the equation Z ys =1 for y, 
RET NL: Vaz 
ystyr ea x 


and investigate y as a function of r. For the values of y to be 
real numbers, the radicand a?— x? must bo cither positive or equal 
to zero. This will be the case if 


Iriga. 
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Consequently x can take on values only in the interval 
—@a@ars +4, 
where a — O0 (Fig. 33). 
If z=+a, then aà?—2?—0 and y=0. | 
The points of intersection of the ellipse with-the axis of abscis- 
sas, A(a, 0) and A,(—a, 0), are called the vertices of the ellipse 





Fig. 33. 


and the chord A,A —2a is called the major axis of the cllipse. 
If z=0, then y- x ya. The points B(0, b) and 


B,(0, —b) are the points of intersection of the ellipse with the 
axis of ordinates and are also called the vertices of the ellipse. 
The chord B,B —2b is called the minor asis of the ellipse. 

To each value of z in the interval [—a, +a) there correspond 
two points of the ollipse localed on different sides of the axis 
Oz at a distance equal to the absolute value of y, since to each 
value of z there correspond two values of y equal in absolute 
value and opposite in sign. Thus, the ellipse is symmetric about 
the axis Oz. 

. When x increases from — a to zero, tho absolute value of y 
increases from zero to b; and when 7 increases from zero to a, 


the absolute valuo of y decreases from b to zero. 
] 2 2 
The equation ADU a =4 can he solved for x and not y: 


r=+ 4 Vy 


and we can analyse it in the same manner as before. We shall 
then come to tho following conclusions: x has real values only 
when y varies in the interval —b<y<b; when y increases 
from — b to zero, the absolute valuo of x increases from zero to 
a; and when y increases from zero to b, the absoluto value of x 
decreases from a to zero. To each valuo of y in the interval 
—b<y<b there correspond two values of z, equal in absolute 
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value and opposite in sign. The ellipse is symmetric about the 
axis Oy. 

2”. The current coordinates x, y are contained in the equation 
of the ellipse only as squares. Therefore, if the point (z, y) belongs 
to the ellipse, then the point (—z, —y) also belongs to it because 
(—x)?=x*? and (—y)?=y?. The chord connecting the points (z, y) 
and (—z, —y) of the ellipse has the origin O as its middle 
point, since by formula V, Sec. 4. 


z+(—2)_ y+(—y) _ 
— =0 ad —,=0. 
The point bisecting all the chords of the curve passing through 


it is called the centre of the curve. The origin O is the centre 
of the ellipse. 


Sec. 23. Plotting an Ellipse 


1°. Plotting by points (Fig. 34). Given 2a and 2c. On a straight 
line lay off a segment F,f =2c and halve it. Then, from the 
centre O thus obtained lay off on the straight line F,F segments 





Fig. 34. 


OA, aud OA equal to a to the left and right of O, respectively. 
We thus obtain the major axis A,A. Through the centre O draw 
a straight line B,B perpendicular to 4,4. From tho focus F as 
the centre describo an arc with radius equal to a. The arc will 
intersect the perpendicular B,B at points B, and B. Tho segment 
B,B=2b is the minor axis of the ellipse, since from the triangle 
OFB it follows that 


OB? = FE? — OF? = a? — ce? = b? 


(formula XXX). Thus wo have constructed four points which are 
the vertices of the ellipse: A, A, B, and B. 
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In order to construct other points of the ellipse, let us take 
on the segment F,F to the left (or to the right) of the centre an 
arbitrary point C, and from the foci F and F, as centres strike 
arcs (each time one arc above the straight line A,A and another 
below it) first with the radius equal to A,C, and then with the 
radius equal to C,A. 

The intersections of these arcs will give four points (in the 
figure all four are labelled. 1). 

The points 1 belong to the ellipse because the sum of the dis- 
tances of each of them from the foci is 2a: 


TF, +1F =A,C,+C,A = A,A = 2a. 


Taking on the segment OF, (or OF) other points C}, Cy, ... and 
performing the same operations as in the case of the point Cj. 
we will each time obtain 4 points of the ellipse (in the figure 
they are labelled 2, 3, etc.). 

Having thus constructed a sufficient number of points, draw 
by hand or with the aid of a curved ruler a smooth continuous 
curve —the ellipse. Note that when constructing the ellipse, it 
is necessary to take more points on the segment /,O near the 
focus F, than near the centre O, and points C,, C2, C3, ... should 
be taken closer to each other as they approach /",. 

2*. When the semiaxes a and b are given, it is necessary first 
to find c. To do this it is sufficient to construct a right-angled 
triangle with the hypotenuse equal to the semimajor axis a, one 
side equal to the semiminor axis b, and the other side equal to c 
(formula XXX). 


Sec. 24. Relationship Between the Ellipse 
and the Circle 


1°. If in the equation of the ellipse A+ =l we pul 


b=a, wo got 

z2 2 

F+4=1 or 224 y? — a?, 
that is, the equation of a circlo of radius a. Thus a circle is an 
ellipse with equal semiaxes. 

2 Let us describe (Fig. 35) from the centre O of the ellipse 
2 

Ati a circle with radius equal to the semimajor axis a; 
its equation is z?--y* — a*. Let us solve the equations of the 
ellipse and the circle for y and, in order to distinguish the ordi- 
nates of the points of the ellipse from those of the circle having 
the same abscissa 7, let us designate the ordinate of a point of 
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the ellipse by ye, and that of ' the circle by y. Then we have 
Ye= t 2 V a* — r, 
Ye= + V at—a?. 


Dividing the first equation by the second, we obtain 
Ye b 


Yc a” 


i.c., tf a circle is drawn with the major azis of an ellipse as its 
diameter, then for each value of the abscissa x the ratio between 





Fig. 35. Fig. 36, 


the ordinates of the corresponding points of the ellipse and those 
of the circle is constant and equal to the ratio of the semiminor 
avis of the cllipse to its semimajor axis. 

Whence it follows that an ellipse can be obtained by ‘uniform 
compression'' of a circle of radius a, i.e., by the reduction of all 


semichords (normal to its diameter) in the constant ratio +. i 


This ratio +. is called tho cocfficient of compression. 


3°. Let the plane Q of a circle 4?-- y? - a? form with plano P 
an angle q (Fig. 36). By dropping a perpendicular on the plane P 
from cach point Af of the given circle we obtain tho orthogonal 
projection of the circle on the plane P. From Fig. 36 it follows 
thal if A£M' |, P and MN 1 Oz, thenZM'NM=q. From tho 
right-angled triangle M'NM we have HR = cos p, i.o., all semi- 
chords of the circle normal to the diameter Or are represented in tho 
plane P as reduced in one and the same ratio equal to cosq. 
Therefore the orthogonal projection of a circle on the plane P is 
an ellipse. 


RU 


Sec. 28. Eccentricity of an Ellipse 


4°. The ratio of the focal length to the length of the major 


axis of an ellipse is called the eccentricity of the ellipse and is 
denoted by the letter e: 


€ 


e=- (NNXII) 
Since c «a, e« 1. 


The semiaxes a and b of the ellipse being given, we can find 
its eccentricity. From formula (XXX) 


c-af—b?, c= Vat—bh (c0) 


Introducing the value of c into formula (XXXII) we obtain 


(NNNIIH) 





From this formula it follows that if b=a, i.c., if the ellipse 
is a circle, the eccentricity e— 0; if a remains unchanged and b 
decreases from a to zero, the eccentricity of the ellipse increases 
from zero to unity; the eccentricity is equal to unity when the 
ellipse turns into the segment A,A of a straight line. 

2”. In the derivation of the equalion of the ellipse (Sec. 21) 
we obtained equality (2): 


Vi yima- ia. 


In it, V (z — cf +y? 2 MF (Eq. (1), Sec. 21] — tlie radius vector 
of the point M. Let us denote it by r. The ratio — =e. Therefore 


| r=a— e-r | 


Denoting the second radius vector of the point M by r,, ME, =r,, 
we obtain 

r, =a |- er, 
as 

r4-r,- 2a. 


Sec. 26. Hyperbola 
Definition. A hyperbola is the locus of points in a plane, for 


cach of which the difference of its distances gj ron) Tira, given points 
(foci) is constant. — 


Sa A 
ve Aq. € 4* 54 


In accordance with the definition, if F, and F (Fig. 37) are 
the given points in the plane called the foci of the hyperbola, 
and MM is an arbitrary point of the 
hyperbola, then the difference be- 


tween the distances MF, and MF 
(where MF,>MF, or, possibly, 
MF,<MPF) is constant and is 
taken equal to 2a: 

| MF,— MF |=2a. (a> 0). 


MF, and MF are called the radii 
vectors of the point M. 
F,F is called the focal length 
Fig. 37. and is laken equal to 2e: 
FF =2c. 
It is evident from the triangle F,MF that 


| MF,—MF|\<F,F, i.e., 2a«22c or a<e. 








Sec. 27. The Equation of the Hyperbola 


Let us take the middle point of the focal length for the origin 
O (Vig. 37), the straight line F,F for the axis Oz and a perpen- 
dicular to it passing through the point O for the axis Oy. The foci 
F, and F have the coordinates (—c, 0) and (+c, 0). The point 
M has the current coordinates (z, y). 


MF,- V (x 4 ey yt 
MF -y(z—coyc y?. (1) 
In accordance with the definition of the hyperbola, 
| MF, — MF | —2a, 
therefore | / (z-F c)? F y? — V (z — e F y? | = 2a. 
Whence 
V (ra cy-ry-V(r—cey-Ty-:-2a. 


By squaring both sides of the equation and simplifying it we 
obtain 


4cr — 4a? = + 4a V (rz — c + y*. 
Dividing by 4a termwise we get 


q 2—a=4 Vo $y (2) 


After squaring both sides of equation (2) and simplilying. we 
obtain 
(c? — a?) a? — a?y? = a? (c? — a?). 


Since ca, we may put 


| e—a =b? | (NNNIV) 


The preceding equalion may be written in the form 
b?x? — a?y? = a?b?. 


We divide this equation by a?b? and obtain the canonical (stand- 
ard) equation of the hyperbola: 


Zori (XXXV) 


Sec. 28. Investigating the Forms of the H y perbola 
from Its Equation 


1°. Let us solve the equation of the hyperbola (NNNV) for y, 
egi ed. a) 
The values of y are real numbers if z?— a? 0 or il 
| z!z a. 
If —a<x<+a4, then to the values of x there correspond imagi- 
nary values of y, and, therefore, if we draw straight lines « = — a 
and z=a (Fig. 38), there will be 
no points of the hyperbola in the 
infinite region enclosed between 
these lines. Thus tho hyperbola 
does not intersect the axis Oy. 

If z= +a, then z*— a? — 0 and 
y=0. The points A(a, 0) and 
A,(—a, 0) are the points of inter- 
section of the hyperbola with tho 
axis of abscissas and are called the 
vertices of the hyperbola. The chord 
A,A =2a is called the real aris 
of the hyperbola. 

To each value of z in the 
intervals — co < « << —a and 
‘--a@<ir<+oo thero correspond Fig. 38 
two points of the hyperbola 
located on both sides of the axis Ox and at a distance from the 
axis equal to the absolute value of y, since to each value of z 
in these intervals there correspond (wo values ol y equal in 
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magnitude and opposite in sign. The hyperbola is a curve sym- 
metric about the axis Oz. 

When . increases from a to +œ, the absolute value of y 
increases from zero to infinity. When z decreases from —a to 
— co, the adsolute value of y also increases, taking successively 
the same values as in the case of the increase of x from a to 
+œ, because z is contained in equation (1) only in the second 
power and, therefore, 


V (=a at = V (Fae, (za) 

Thus, a hyperbola consists of two branches of the same form, 
symmetric about the axes Ox and Oy, one of which is located to 
the right of the straight line «=a and the other to the left of 
the straight line «= —a, both branches extending to infinity. 

On the axis Oy upwards and downwards from the origin O we 
lay off a segment of length b. From formula (XXXIV) it is 
evident that this segment is a leg of a right-angled triangle in 
which the hypotenuse is equal to c and the other leg is equal 
to a: The segment 2,B8= 26 is called the imaginary axis of the 
hyperbola. The points B, and B are called the imaginary vertices 
of the hyperbola. 

2°. Since in the equation of the hyperbola (XXXV) the current 
coordinales x and y are contained only in the second power, if a 
point (x, y) belongs to the hyperbola, then the point (—z, —y), 
symmetric about the origin O, must also belong to it. Thus, the 
origin U is the centre of the hyperbola. 

3. If. we take the segment 8,8=2b for the real axis and the 
segment 1,1 — 2a lor the imaginary axis, the equation of the 
hyperbola will take the form 


or 
r? 
— a= 


a? b3 
and the hyperbola itself will take the form represented in Fig. 38 
by the dashed curves. 
Two hyperbolas, the equations of which are 
y? 2 2 e 
“2a pol and a oe —1, 


are called conjugate. 


Sec. 29. Plotting a Hyperbola 

Í-. By continuous motion (Fig. 39). Given 2a and 2c. Take a ruler 
(or rod) and lix a thread to one end. Tho other end of the ruler 
and thread fix loosely (with pins, for example) in the foci Fy 
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and F. The length of the thread must be such that the difference 
between the length of the ruler (F,N) and that of the thread 
(FMN) is equal to 2a. With the point of a pencil make the 
thread taut so that the ruler coincides with the straight line /,/; 
then the point of the pencil will be in the vertex A ol the hyper- 
bola. Then draw a curve, keeping the thread taut all the time 





Fig. 39. Fig. 40. 


the pencil moves on the paper. In this manner one branch of the 
hyperbola may be drawn in two steps: first on one side ol the 
straight line /,F and then on the other. 

To draw the second branch of the hyperbola, transfer the centre 
of rotation of the ruler from focus /, lo focus F and fix the free 
end of the thread in focus F. 

2*. By points (Fig. 40). Given 2a and 2c. On a straight line 
lay off a segment /,F —2c and then halve it. From the centre O 
thus obtained lay off on /,/ segments OA, and OA, to the left 
and right of O, each equal to a. They will form the real axis 
A,A of the hyperbola. 

On the extension of the real axis take a number of points C,, 
C», C3, ... to the right of the focus F (or to the left of the focus 
F,). With the foci / and F, as centres, strike arcs (each time one 
above the straight line A,A and one below it) first with radius 


equal to A,C,, then with radius equal to C,A. The intersections 
of the arcs will give four points of the hyperbola (labelled J in 
the figure). 

Points 7 belong to the hyperbola because the difference between 
the radii vectors of each of them is 2a: 


¡1,1 | =!A,C,—C\A, =A,A — 2a. 
Performing similar operations for the points Ca, Ca... each 


time we get four new points of the byperbola (labelled 2, 3, ... 
in the figure). 


Having constructed a sufficient number of points of the hyper- 
bola in the manner outlined above, we draw a smooth curve 
through them cither by hand or with the help of a curved ruler. 

3°. When the semiaxes a and b are given, it is first necessary 
to find c. To do this it is sufficient to construct a right-angled 
triangle, the legs of which are equal to the semiaxes a and b. 
The hypotenuse of this triangle will be c, since from formula 
(XXXIV) it follows that a? + b = c?. 


Sec. 30. Asymptotes of the Hy perbola 
Let us examine tho relative positions of the straight line (Fig. 41) 


y=?x (1) 


and the right branch of the hyperbola in the first quadrant. We 
represent the equation of the hyperbola (XXXV) in the form: 


y= yia. (2) 


We will regard x as an arbitrary abscissa in the interval 
a «r« -+ œ. Substituting this value of x into the equation of 
the straight line (1) and the equation of a branch of the hyperbola 
(2), we find the ordinate of the point whose abscissa is z, which 
point lies on the straight line (1) and the hyperbola (2). Let us 
denote their values by ya and yn, i.c., 


n=?" yr= Vra 
YSyi Y= . 


Since a? >0, 2 >| c?—a? and Ya — ys. The difference between 


the ordinates is 
b b 
Ya — Yh == TG V z?—aq? 


a 
or 


Rationalisinz the numerator of the fraction, we obtain 
Lb (z — V ia?) (z + Y 1i—a?) 
a a (z -- V z$ a2) 

_ b(r?—z? +a?) ab 


Salh a) rpp Ta 





Ya — Yh 





The numerator ab of this fraction is a constant, while the magni- 
tude of the denominator s- |/z:—a? depends on x and increases 
with s. Consequently, the difference y, — ya decreases with increase 


iu 7. When z increases indefinitely, y, —Ya tends to zero. 
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Let point P on a straight line and point M on the hyperbola 
correspond to some value of +. Now ya — ys — MP. Drop a perpen- 
dicular MQ on the straight line OP from point M. In the right-angled 
triangle MQP / PMQ = Z xOP —«, MO =MP-.cos q. 

Since cosp=const and MP = y, — ya Vends to zero as x increases 


indefinitely, MQ must also tend to zero as x increases indefinitely. 
A straight line with the property that a perpendicular dropped 
on it from a point on the curve tends to zero when the point recedes 





Fig. 42. 


indefinitely along an infinite branch of the curve is called an 
; ; bo. 

asymptote of the curve. Thus, the straight line y = a wis an asymp- 

tote of the right branch of the hyperbola. It is also asymptotic 

to the left branch of the curve. 

Similarly the straight line y= Az is an asymptote of both 
branches of the curve. This is a consequence of the symmetry ol 
the hyperbola with respect to the coordinate axes, 

Thus, a hyperbola has two asymptotes: 


y=+2x (XXXVI) 





To construct the asymptotes of a hyperbola it is sufficient 
to construct a rectangle whose axes of symmetry are the axes 
of the hyperbola (Fig. 42) and then draw the diagonals of this 
rectangle. Since the equations of these diagonals are y= + 4, 
they yield the asymptotes of the curvo when produced indefinitely. 

Tho right and left branches of the hyperbola lie entirely inside 
the angles formed by the two asymptotes y = -|- q 4 and y= — E 4 
at their intersection. On extension to infinity, the branches approach 
the asymptotes. 


The hyperbola cee — 1, which is conjugate to the given 


hyperbola, viz., = — va 1, has the same asymptotes as the latter. 


Sec. 31. Eccentricity of a Hyperbola 


1°. The ratio of the focal length 2c to the length of the real 
axis 2a of a hyperbola is called the eccentricity of the hyperbola 
and is denoted by 


e= 


m 
t 


Since ca, e 

From formula (XXXIV) it follows 
that c— |//a?+ b. Substituting this 
value of c into the eccentricity for- 
mula, we get 


/79 . k9 
| e bare | (XXXVII) 


It follows from this formula that 
with a constant real axis 2a and 
decreasing imaginary axis 26, the 
eccentricity of the hyperbola ap 
proaches unity. At the same lime, the smaller the value of b, 
the smaller the angle formed by the asymptotes (the ratio 2 =tan q 
and the more compressed the hyperbola in the vertical direction 
(Fig. 43). 

2”. In the derivation of the equation of the hyperbola (Sec. 27) 
we obtained equality (2): 








Fig. 43. 


£ r—a = \ (e=) + y. 
In it, |/(z— c)? 2 y* 2 MF, which represents the radius vector 
of point M of the hyperbola. We denote it by r; the ratio < =e. 
Then equality (2) takes the form 


r=ex—a | 


Denoting the second radius vector by r, MF,=r,, we have 


| r,=exrta | 
pre] 

This formula shows that r and r, will be positive or negative 
as w is positive or negative. But since r and r, represent the lengths 


58 





of the radii vectors, their numerical values should be posilive. 
As a result, when determining r and r, of points of the hyperbola 
with negative abscissas, it is necessary to take the absolute values 
of the right sides of the formulas for r and ry. 


Sec. 32. Equilateral Hyperbola 
A hyperbola is called equilateral if its semiaxes are equal, b =a. 
Putting a for b in equation = E =], we get the cqualion 
of an equilateral hyperbola: 
(XXXVII) 





Putting b—a in the equations of the asymptotes (XXXVI), we 
get the equations of the asymptoles of an equilateral hyperbola: 
y=x or y=—zx. 

These asymptotes are the bisectors of the angles between the 
coordinate axes and, consequently, are perpendicular Lo each other, 
since if tan p=+1, p=45° or 135°. The eccentricity of any 
equilateral hyperbola is a constant, 


Sec. 33. Solved Examples on the Ellipse and 
Hy perbola 


1°. Find the equation of the ellipse which has major axis = 10 
and eccentricity e — 0.8. 

Solution. To write the equation it is necessary to know the 
somiaxes a and b. lt is given that 2a — 10 and em = 0,8. 

Hence, a=5, c=0.8-a=4. 

From the formula b? =a? —c? we find b?: 

b? 25*— 4? —9. 

Putting the values a? 25 and b?=9 in equation (XXXI), we 

get the equation of the ellipse: 
Ser =1 or 9- 25y? = 225. 

2”. Find the equation of a hyperbola whose asymplotes are 
y= + zz and which passes through the point (— 5, 2). 

Solution. Comparing the given equations of the asymptoles 


: b b 4 
wi = — — E 
th y= + qt we conclude that : 5 
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Since the hyperbola passes through point (—5, 2), we can put 
these values in the equation of the hyperbola (XXXV) in place 
of the current coordinates and obtain 


25_4_4 
apt: 
We gel the following system of equations: 
b 3 25 4 4 
"a c. and arg: — 1. 


We solve for a and b; from the first equation we find thal 


— F and substitute this into the second equation to got 

— =Í. Whence b?=5. Substituting 5 for b? into the second 
. 2 4 A 

equalion, we get Lois. Hence, at = iS. Putting these 


values of a? aud b? into equation (XXXV), we get tho required 
equation of the hyperbola: l 


x2 y? 21 


— 942 —925y2 = 125 
125 S or 9z*—25y?z 125. 


3%, From the equation of the ellipse 52? 4-9? — 180 find its 
axes and eccentricity. 


Solution, We reduce the given equation to the form 


r? u? 
ae} E 
To do this we divide il by 180: 
5: 09 — x2 2 
tao Two =! OF pt! 


Whence 


Eccentricil y: 





_ ya«—b — y3—: 4 2 


Sec. 34. Parabola 


Definition: The parabola is the locus of points, in a plane, 
equidistant from a given. point (the focus) and a given straight 
line (the directric). 

By definition, if £ is a given point, called tho focus of the 
parabola (Fig. 44), AZ is a given straight line called tho directrix, 
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M is some point of the parabola, and MN is a perpendicular 
dropped from M on the straight line KL, then 


MF = MN. 


Sec. 35. Equation of a Parabola 


1°. Let the line passing through the focus F perpendicular to 
the directrix KL be taken as the axis Or (Fig. 44) and let the 
midpoint of AF (the distance of the focus F from the directrix AL) 
be the coordinate origin O. Let the length of AF be denoted by p, 


AF =p. 
With these axes, the focus / has coordinates ‘cr 0^, point 
- ^ 


M (x, y) and point n(-§, y). 
MF = y (2-4) vr, 


N= y (+57. 


M 
Since MF =MN 


2 2 
(2-4) +y? = (5) . 
Whence 
tp E ytm atq prt le. 





Fig. 44. 


ns à 2 
Eliminating z? and P and transpos- 
ing — px to the right-hand side, we get the canonical equation 


of the parabola: 
| y? =2pxr | (XXXIX) 


P is called the parameter of the parabola. 

2°. The distance of the point M from the focus / is called the 
radius vector of M. Putting the radius vector of M equal tor, 
we got bi 


r=+?, 


since r= MF, and MF=MN=x+2.. 


Sec. 36. Investigating the Forms of the Parabola from 
Its Equation 


1°. From the equation of the parabola (XXXIX) wo have 
y= + V2pz. 


Since p is taken to be a positive number, the values of y can be 
real only for x20. If z=0, y= + / 2p-0 —0. Tho origin O (0, 0) 
lies on the parabola and is called its vertez. y? =2px is an equation 
referred to the vertex of the parabola. 

To each value of x in the interval 0< z< + œ there correspond 
two points of the parabola situated on either side of the axis 
Ox and at a distance from it equal to 
y the absolute value of y, since to each 
value of x in this interval there correspond 
two values of y equal in magnitude and 
opposite in sign. The parabola is a curve 
F No ja symmetric about the axis Oz, which is 

Y called the axis of the parabola. 

When .r increases from 0 to +o, y 
increases in absolute value from 0 to œ. 
The parabola is an infinite open curve 
such that we can always find a point on 
it with abscissa and ordinate as large as 

Fig. 45. desired in absolute value, The parabola 

has the general form shown in Fig. 44. 

27. The distance from the vertex of the parabola O to its focus F 
is called the focal length of the parabola. The focal length of the 


parabola OF =£. 
The directrix of the parabola is perpendicular to its axis; the 


3 


equation of the directrix: r= —- >. 

3. If p<0 in equation y? —2pz, the ordinales of points of the 
parabola have real values only for negative abscissas. In this case 
the parabola is situated to the left of the axis Oy, and its directrix, 
to the right of the axis Oy (Fig. 45). 

4% If we interchange the moving coordinates x and y in the 
equation of the parabola, we obtain 


| #*=2py | (XL) 


The axis of symmetry of this parabola is the axis Oy. When 
p 250, the parabola lies above the -axis (Fig. 46) and when p< 0, 
below the z-axis (Fig. 47). 

It is worth remembering that the coordinate axis coincident with 
that moving coordinate which appears in the equation of the 
parabola only in the first degree serves as the axis of the parabola. 
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5”. It follows from 1?=2py that 
— 1 2 
y= 2p x”. 
: 1 
Assuming 3p ^ we get 
y ax), 


which is the equation of the parabola we know from algebra. 
6*. Note that the parabola has no centre. 


y 


F 


0 I 


A 
Fig. 46. 





Sec. 37. Plotting a Parabola 


1*. By continuous motion (Fig. 48). 

We are given that p is the parameter of the parabola. Draw 
two mutually perpendicular straight lines XL and Or and Lake 
one of them (KZ) as the directrix and the other (Or) as the axis 





Fig. 48. 


of the parabola. Using a compass, mark a distance AF, equa] lo p, 
along Oz from the directrix KZ. This is the focus 7. Lay a ruler 
along the directrix. Lay a set-square with its smaller side along 
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the ruler. Tie one end of a piece of thread to the vertex of the 
acute angle, B, opposite the smaller side of the set-square. Tie 
the other end of the thread to the focus F. [The length of tbe 
thread BF should be equal to the bigger side of the set-square.] 
Pulling the thread taut with the point of a pencil as shown in 
Fig. 45, draw a curve by moving the pencil so that the thread remains 
taut and the point of the pencil touches the side of the set-square 
and the set-square touches the ruler (Fig. 48). Every point M of 
this curve belongs to the parabola because MN — MF. 

2°. By points (Fig. 49). Since the distance of any point of a 
parabola from the directrix is equal to the radius vector r and 


r—r4L, 


a method can be devised to plot the points of the parabola. Con- 
struct, as shown in the preceding case, the directrix, axis, focus 
and vertex of the parabola. Draw a straight lino P,Q, parallel to 
the directrix so that it intersects the axis of the parabola at 
point Ci. Now, with focus F as the centre, strike arcs above and 
below the axis Oc so as to obtain their points of intersection with 
the line P,Q,. The radius of the ares should be equal to AC,— 
the distance of the line P,Q, from the directrix KZ. These points 
of intersection (labelled 7 in Eig. 49) lie on the parabola, since 
fer each of them 


r- AC, aoa. 


Drawing other straight lines P.Q., P3Q;, etc., parallel to the 
directrix AZ and performing the aforesaid operations with respect 
to each of them, we obtain any number of points (two in each 
case) all of which lie on the parabola (in the figure they are 
labelled by the numbers 2, 3, etc.). 

Note that the points C,, Ca, C4, ... must be more closely spaced 
as they approach the vertex O and more widely spaced to the right 
of the vertex along the axis Or. 

When a sufficient number of points have been constructed, draw 
through them — by hand or with the help of a curved ruler—a 
smeoth and continuous curve: the parabola. 


See, 38. Formulas for the Transformation of 
Coordinates 


V. Parallel translation of coordinate axes. 

Iv we have two systems of coordinates rOy and c'O'y' (Fig. 50) 
in which the origin O' of the second system has the coordinates 
(a. h^) in the first system and the directions of the axes in the 
systems are the same, i.c., the axis O'r’ is parallel to the axis Or 
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and O’y’ is parallel to Oy with positive directions of the corre- 
sponding axes the same, then it is possible, knowing the coordinales 
of M in one system, to find the coordinates of this point in the 
other system. 

Let M have coordinates (z', y') in the z'O'y' system and (x, y) 
in the zOy system. Then from Fig. 50 (on the basis of rule 3°, 
Sec. 3) we have i 


|z = 1—0, y =y—b (XLI) 


2°. Rotation of Coordinate Axes. 
Let M (Fig. 51) have coordinates z —ON and y=.VM in the 
zOy system. Let the 2Oy system be rotated around the origin O 





Fig. 50. Fig. 51. 


so that the new position of Ox’ (the axis of abscissas) makes an 
angle a with its original position, Oz. 'This angle is called the angle 
of rotation; it is positive if the rotation of Or is counterclockwise, 
and negative if the rotation is clockwise. 

Let x’ and y” be the coordinates of M along the new axes 
(z' =ON’, y' - N'M) and let us express the original coordinates 
z, y in terms of the new ones z', y” thus: 


From Fig. 51 
z=ON =OP—NP= y=NM=NQ+QM = 
=OP—QN’, = PN’'+QM, 

from A OPN’ 

OP = z'.cosa, PN' —z'.sina; 
[rom A QN'M n 

QN' — y' sina. QM =y'-cosa. 

Hence 





r-z'cosa—y'sina; y=x'sina+y' cosa (XLII) 
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Sec. 39. Equation of the Parabola in Parallel 
Translation of the Coordinate Axes 


1°. Let the vertex of a parabola be at tho point O' (a, b), and let 
the axis of the parabola be parallel Lo the y-axis (Fig. 52). Imagine 
a system of coordinales z'O'y' where the origin is the vertex of 
the parabola O'(a, b), the axis O'y’ || Oy 
and coincides with the axis of the parabola, 
and the axis O'z' || Oz. In the x'O'y' coordi- 
nale system, the equation of the parabola is 


a’? = 2py’; 


y’ 








in the rOy system it is 


| (zr —a)? = 2p (y — b) (XLIII) 


since for every point M of the parabola 
Z we have by formula (XLI) 


Fig. 52. z’=2z—a, y =y—b. 





If the verlex of the parabola is O' (a, b) and its axis O'z' is 
parallel to the axis Ox, the equation of the parabola will be 


| (y — b)? = 2p (x — a) | (XLIV) 


2°. Solving equation XLIII for y, we get 
yg, —2a) +b 


or 


Assuming yp =A, =-=B, 35-6, we obtain 


iym Az? Br C i (XLV) 


i.e., the parabola (r—4)? —2p(y —b) is the graph of the quadratic 
function y = Ar? 4 Br--c. 
3°, The second-degree equation in the coordinates z, y: 
Ar? + Bry 4+ Cy? + Dz 4- Ey+F =0 


deseribes a parabola with aris parallel to the y-axis (or parallel to 
the s-avis) tf the second and third terms (or the second and first 
terms) are absent from the equation. 
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This is a necessary condition. Indeed, a parabola with axis 
parallel to the y-axis is expressed by equation (XLV): 


y=Az?+Br+C=0 or Azx?+Br—y+C=0, 


i.e., by a general second-degree equation in z and y in which the 
second and third terms are absent. 
This condition is sufficient. Indeed, dividing the equation 


Az? + Dz-- Ey -F 20 
by A we get 


D E F 
Pit q y 7-0 


and expressing the quotient obtained as 


D E F 
2 — — — — 
o dd y to E 
A á D 
we completo the square in +z, 
D D E F D? 
ANS E LA AE — === 
z? +22 -57 t 7A: AY a+ Te 
After rearranging the right side of the equation, 
DN? E D*—4AF 
(+2 SAVE 


D uer D: —4AF 
ANS LASA ' 


we get an equation which represents a parabola with axis parallel 
to the y-axis, vertex with coordinates 


__D b — P?-44t 
a= = aa 4AE ’ 
and parameter 
E 
P=" ay 


Sec. 40. Equation of an Equilateral H y perbola Referred 
to the Asymptotes 


The equation of an equilateral hyperbola with respect to the 
system zOy (Fig. 53) is 


2—y?=a?, 

Rotate tho zOy coordinate system about the origin O through 
the angle a= — 45°. Then the asymptotes y= —z and y= 4-z 
will be the new coordinate axes Oz' and Oy'. By formulas (XLII) 


5* 67 


we have for each point of the equilateral dape 





z= T’ -cos (— 45°) —y’-sin(— 45°) 2 z'- VE =i 
Moe Seca ae yyt yT == 


where z’, y’ are the new coordinates of se c y) of the hyperbola. 
Substitutiug these values of z, y 
into equation z*— y* — a?, we havo 
G'-y Y — (y—2z)y 

2 2 


t 


= a? 
whence we get 47'y' = 2a?, 


ya j (XL) 


This is the equation of an equi- 
lateral hyperbola when the asymp- 
Fig. 53. totes of the hyperbola serve as the 
coordinate axes. 


Denoting + 2 by k and dropping the primes on the current 
coordinates t, y', wo get the form 
zy ck. 


Thus, an equilateral hyperbola with its equation referred to 
the asymplotes is a graph of inverse proportionality. 





Sec. 41. Solved Examples 


1°. Find the equation of a parabola with vertex in the origin 
if the coordinates of the focus are (—2, 0). 

Solution. It is given that the focus lies on the z-axis and the 
vertex at. the origin. Therefore, the equation of the parabola 
is of the form: 

? pr. 
The focal length of the parabola OF = -2 = —2. Hence, 2p= 


= —8 and the required equation is ^ 
y= — 81. 
2°. Find the equation of a parabola, knowing the equation 


of the directrix, y= — 3, and the coordinates of the focus (4, 1). 


Solution. It is given that the directrix is parallel to the z-axis. 
Therefore, the axis of the parabola is parallel to the y-axis and its 
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equation is z=4. The point of intersection of the directrix and 
the axis of the parabola is A (4, — 3). The parameter p is the distance 
from A (4, —3) to F (4, 1), which is found by formula (1) in Sec. 3: 


Tho vertex O(a, b) is the mid-point of the segment AF. By formula 
V, Sec. 4: 





The equation of the parabola has the form 
(1 —a)* = 2p (y — b). 
Putting the values of «a, b, p in the above equation, we get 
(z— 4)? =8 (y +1) or z?—8r—8y+8=0. 
3°. Determine the coordinates of the vertex and the magnitude 
of the parameter of the parabola whose equation is 
y? +5r— üy +14 =0. 
Also find the coordinates of its focus and tho equation of the 
directrix. 


Solution. Shift the coordinate origin to the vertex of the parab- 
ola O' (a, b) keeping the direction of the axes unchanged. Let 
us denote the new system of coordinates by z'O'y'. It follows 
from formula XLI that 


[2=x+a, yay +0] (XLla) 


Introducing these expressions of x and y into the given equation, 
we get an equation of the parabola referred lo the vertex: 


(y +b)? 4-5 (z' 5-4) — 6 (y + 6) +14=0, 
or 
y? 4- Qby’ + b? 4-52’ + 9a — 6y' — 6b 4- 14 =0, 
or 
y? -H 5r’ + (2b — 6) y' + (5a — 6b 4- b? + 14) =0. (1) 
But tho equation of the parabola referred to tho vertex O' 


has the form 
y *=2px" or y'* —2pz' =0. (2) 


Tuc equations (1) and (2) to be identically equal it is necessary 
at 
1) 2b—6 —0, 2) 5a— 6b- 5b? 4-14 — 0 and 3) 5= — 2p. 
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We find from the first condition that b=3, Substituting this 
value of b into the second condition, we get 


5a—6-343?-+-14=0, a= 1. 


It follows from the third condition that p= — 
Hence, the given parabola has the vertex O' ( — 1, 3) and the param- 
eter p= — The negative sign of the parameter indicates 


that though the axis of the parabola is parallel to the z-axis it 
has a direction opposite to the positive direction of the z-axis. 
In the z'O'y' system with origin at the vertex of the parabola, 


the focus of the parabola has coordinates 4 , O ); and the vertex O” 


of the parabola has coordinales (a, b) in the zOy system. The 
coordinates of the focus in the given system zOy are obtained by 
formula (XLla): 


fa -i-1- -ii. Yjoe = 0-+ b — 3. 


This means that the given parabola has focus F( —2i. 3). 

The equation of the directrix in the system of axes with vertex 
at the origin O' (a, b) is z' — — Using formula (XLIa) we 
obtain the equation of the directrix: 


5 1 
z= —f4a=-(-F — —4: 


4. The foregoing method of transforming a given equatiou 
into the canonical form may be used to obtain the parameters 
of the equation of any quadric curve, if only the equation does 
not have a term with zy. 


Sec. 42. Quadrie Curves as Conic Sections 


DL. If an infinite straight line SA (Fig. 54) is translated in 
space so that all the time it passes through point S and slides 
along some curve ACBD, the surface thus generated by the 
straight line Sal is called a conic surface or simply a conc. The 
curve ACHD is. in this instance, called the guiding line; the straight 
live SA is called the generating line of the cone and the point 
S, the verter of the cone. 1f the guiding line has a centre O, then 
the straight line SO, joining the vertex with the centre, is called 
the axis of the cone. A conic surface consists of two cavities 
extending on opposite sides of the vertex S to infinity. 

We shall consider a right circular cone. lt is obtained with a 
circle as the guiding curve ACHD, and the vertex S as a point 
on the perpendicular to the plane of the circle ACBD through 
its centre; the perpendicular OS will thus be the axis of the cone. 


70 


The section of the cone cut by a plane passing through the axis 
SO is called the azial section of the cone, and angle ASB at the 
vertex S in the axial section is called the angle of the arial section. 

2”. On a conic surface, take an arbitrary point Q (Fig. 54) not 
coinciding with the vertex S. Through this point make an axial 
section ASQB and planes PQ, 
P,Q, PQ, P;Q perpendicular to 
the plane of the axial section 
ASQB. The following cases may 
occur: 

1) the cutting. plane PQ is 
perpendicular to the axis SO 





“Sdan” 


Fig. 54. Fig. 55. 


of the cone. The line of intersection of the plano with the 
conic surface is a circle; 

2) the plane P,Q intersects cach of the generating lines in one 
cavity of the cone at a finite distance from its vertex S (this 
will take place so long as Z P,QB is larger than z ASB); the 
line of intersection in this case is a closed curve, an ellipse; 

3) the plane P,Q is parallel to one of the generating lines, 
e. g., SA, (1 PQ = Y ASB); it intersects other generating lines 
on one side of the vertex $; in this case the line along which 
the cutting plane intersects the conic surface is an open curve 
with one point at infinity (parabola); 

4) the plane P,Q is parallel to two generating lines of the 
cone (5C and SD in Fig. 54); in this case the plane intersects 
both cavities of the cone (Z P,QB< 7 ASB) and in each cavity 
the line of intersection forms an open curve, a branch of a hyperbola, 

Thus when a plane cuts a conic surface we obtain a quadric 
curve. For this reason, quadric curves are called conic sections. 
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Let us prove that the conic section will be an ellipse if the 
cutting plane PQ (Fig. 55) intersects every generating line of the 
cone on one side of its vertex S. 


Proof. Let us inscribe in the cone a sphere on either side of 
the cutting plane PQ so that the plane PQ is tangential to both 
spheres. Let the points of contact be F and F,. 

Since the tangents to a sphere from a given point are always 

equal, 
Een all the points of contact, with the cone, of each of the in- 
scribed spheres lie in a single plane perpendicular to the axis 
of the cone, viz., in the plane A,B,C, for the upper sphere and 
in the plane ABC for the lower sphere; 

h) the segments of the generating lines of the cone contained 
between these planes are equal, i.e., 


AA, = BB, =CC, =... —const. (1) 


Let us take an arbitrary point Af on the line of the cone cut 
by the plane PQ and join M to points F and F,. The segments 
MF and MF, are tangents to the respective spheres. 

Through Af draw the generating line SM which is tangent 
to one sphere at C and to the other sphere at C,. 

Thus, from M two tangents are drawn to the lower sphere 
and to the upper sphere. The tangents to the lower sphere are 
MF, and MC, where 


MF,= MC, (2) 
and those to the upper sphere are MF and MC,, where 
MF = MC,. (3) 


Adding equation (2) to (3), we get 
MF + MF, = MC + MC, 2 CC,. 

By equation (1) segment CC, does not change iu length on 
translation of M along the line of tho cone cut by the plane 
PQ. Hence this line has the property that the sum of the dis- 
tances of any point Af from tho points F and F, is constant. Con- 
sequently, this line is an ellipse with foci at points F and Fy. 

Similarly it may be shown that the parabola and tbe hyperbola 
are also conic sections. 


B. ELEMENTS OF DIFFERENTIAL CALCULUS 


CHAPTER .V 


THEORY OF LIMITS 


Sec. 43. Absolute Value and Its Properties 


Let us agree from now on to use the term "number" in the 
sense of "real number’’. 


1*. Definition. The absolute value of a positive number is the 
positive number itself; the absolute value of a negative number is 
the positive value of that number; the absolute value of zero is taken 
to be equal to zero. 

Absolute value is signified by placing the number within two 
vertical bars. 

Thus, |7|=7, |—3|2 3, [0] 20. If the number a is positive, 
Ja|=a; if a is negative, !a|— —a. 

2”. Properties. 1. The absolute value of a sum of numbers is no 
greater than the sum of the absolute values oj the terms of the sum, 


i. e., 
Ja+b[<la|=-101. 


Indeed, if numbers a and b are both positive or both negative, 
their sum is obtained by adding their absolute values and putting 
the result under the common sign of the terms of the sum. Thus 
the absolute value of a sum is equal to the sum of the absolute 
values of the terms. For example, a= — 3, b=—7: 


|{—3) 4-(—7)|=|]— 10] = 10 
and 
|—314-1— 7| 234- 7 2 10, 
I(—-34(—77)|]2|—31II—71. 
lf a and b aro opposite in sign, their sum is obtained by sub- 
tracting the smaller absolute value from tho greater and putting 


the sign of the term with tho greater absolute value. Therefore, 
the absolute valuo of the sum is less than the sum of tlie absoluto 
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values of the terms. For example, the absolute value of the sum 

of numbers |(— 7) 2- (2-3)| 21—4! — 4, while the sum of the abso- 

lute values of these numbers is |—7|+|¡-+3!=7-W-3=10; i.e., 
(D+ CF3|«1—7]|- | 3]. 

The properly which has been proved can be exlended to any 
constant number of terms, i.e., 

ja+b4...+kl<lal+]b14-...+]kl. 

2. The absolute value of the difference of two numbers is greater 
than, or equal to, the difference between the absolute values of these 
numbers, i.e., 

¡a—b!>|a|—|b] or |a—b|>|b|—]al. 
Indeed, let 
a—b=c. 
Hence, 
a=b+e. 
From the preceding arguments, 
la] &|b|4- jel. 
Solving this inequality for |c|, we get 
Ie| 2 ]a]—151 
or 
la —b|2.1aj—|bi. 
The absolute value of a number doos not change with change 
of sign. Hence it is always true that 
ja—b|=!b—al. 
But from the foregoing 
]b —a|2 ib;—]al. 
Ilence the following inequality is also true: 
la—bi1bi—ial. 
Note that the difference [a| —'bj or |b'—|aj can be negative. 


3. The absolute value of a product is equal to the product of the 
absolute values of the factors, i.c., 


lab = ta iib. 
4. The: absolute value of a quotient is equal to the quotient ob- 


tained by the division of the absolute value of the dividend by the 
absolute value of the divisor, i.e., 


5. The absolute value of a power with positive integral ce. ponent 
is equal to the same power of the absolute value of the base, i.c., 


|a"]=|aj". 


Properties 3 to 5 follow directly from the properties of multipli- 
cation and division. 


Sec. 44. Infinitely Small Quantity 
(Infinitesimal) 


In engineering and in natural sciences, one particular kind 
of variable plays an especially important role, namely, the infi- 
nilely small variable (infinitesimal). 


1°. Definition. A variable is said to be infinitely small, if, from 
a certain moment onwards in its process of variation, the «absolute 
magnitudes of all subsequent values of the variable ultimately be- 
come and remain smaller than any positive number e. 


2°. Examples. 1. The side of a regular inscribed polygon is 
an infinitely small quantity when the number of sides of the 
polygon is doubled indefinitely, since in this process the side can 
e made as small as desired. 


2. The fraction i is an infinitely small quantity when the abso- 


a s — 1 1 1 1 o. 
lute value of z increases indefinitely (e. Bo 70 foo’ 17000 ** 
1 1 1 1 
Or e ld. ee 
"= X10" e * 1,000 *** 
the given positive number e, a time will come, as |z| increases 
indefinitely, when, from this instant onwards, |z! will be greater 


than S : 
g 


J: Indeed, no matter how small 


Iz and [| « e. 


3. The fraction z , where p is constant and z increases indefi- 
nitely, is an infinitely small quantily, since it is only necessary to 
take |z| 2. LP to obtain | Pjece. 


3°. We shall denote infinitely small quantities, or infinitesimals, 
by the Greek letters u, f. y,.-- 
By definition, « is an infinitesimal if 


jaj <e 


whero e is any given small posilive number. 
4°. An infinitesimal should not be confused with a small num- 
ber, Any small number c0 is non-variable, and some other 


75 


positive number e can always be found such that |c] will not be 
less than e. 

Hence, no small number c, not equal to zero, can be called an 
infinitesimal. 


Sec. 45. Variable Quantities, Bounded and Unbounded 


1°. Definition. The variable z is called a bounded quantity if» 
from and after a certain moment, 


|z]<m (1) 


where m is some positive number. Otherwise, it is called an un- 
bounded quantity. 

For an unbounded quantily it is impossible to choose a number 
m, lor wbich (at a certain time) inequality (1) would bo fulfilled; 
on the contrary, an unbounded variable can have values for which 
the inequality j2|>>m holds for any m. 

2°. Any given number may be regarded as a bounded quantity. 

3*. An infinitesimal a is necessarily a bounded quantity since, 
from and after a certain moment, its absolute value not only 
becomes less than some definite positive number m but less than 
any assigned small positive number e, 


[a| « e. 


Sec. 46. Basic Properties of Infinitesimals 


1%. An infinitesimal (infinitely small quantity) remains an 
infinitesimal on a change of its sign. 

2°. Theorem. Jf a and f) are infinitesimals, their sum or differ- 
ence is also an infinitesimal. 

Proof. Assume that to every moment of approach of one of 
the infinitesimals to zero there corresponds a definite value of 
each of the infinitesimals being considered. 

(For example, when a 20.1, 0.01, 0.001, ...B is, at the same 
moments, equal respectively to — 0.01, — 0.0001, — 0.000001, ...). 

In any case, no matter how differently the values of a and f 
may change in their approach to zero, there will be a timo start- 
ing with which the absolute value of each of the infinitesimals 


will remain less than $: 
ja!< 5 and |p| <> 
i 2 | 2. 
and, consequently, their sum will remain less than e, 


la] IBI « e. 
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But |a - B|sz|o|--|B] (Sec. 43, 2°). Hence 
iac plis. 


Thus the sum a+f is an infinitesimal (Sec. 44, definition). 

3”. Since the infinitesimal B remains an infinitesimal on change 
of sign, the difference a—f, which is equal to the sum of the 
infinitesimals a and —B, 

a—P=a+(—Pl 

is itself an infinitesimal. 

Corollary. The algebraic sum of several infinitesimals is itself 
an infinitesimal. 

For example, a+B—y+6+£ must be an infinitesimal since 
each operation of addition or subtraction of two infinitesimals 
results in another infinitesimal. 


4°. Theorem. The product of a bounded quantity x and an infini- 
tesimal a is itself an infinitesimal. 

Proof. Assume that for every moment of time during the 
approach of a to zero there exist definite values of a as well as x. 
OT example, z= 1.95, 1.995, 1.9995, ..., when a=0.1, 0.01. 

During Abe variation of a and z there will inevitably be a time, 
nes with which the following inequalities will always hold 

rue: 


: [z|«m, (1) 
lel. (2) 


Where m is some definile positive number. 

Multiplying (1) by (2) we find that from that time the product 
|z|-|a1 « e. 

But |z|.|a|— | z:a| (Sec. 43, Point 3). 


Hence 
| x:a| e e. 


Thus the product z-a is an infinitesimally small quantity 
(by definition, Sec. 44). 

Corollary 1. The product of an infinitesimal and a constant is 
an infinitesimal, sinco any constant may be regarded as a bounded 
quantity. 

Corollary 2. The product of several infinitesimals is an infini- 
tesimal. 

An infinitesimal B is a bounded quantity (Sec. 45, 3°). There- 
fore the product a-f is an infinitesimal. 

_ Similarly the product a-B-y=(a-B)-y, where y is a third infin- 
itesimal, is also an infinitesimal, and so on. 


Corollary 3. A positive integral power of an infinitesimal is an 
infinitesimal, since 
n times 
— m 
g"—a.a...d. 


5*. Note. The quotient of two infinitesimals may not be an 
infinitesimal. For example, if 
2 


=2 ero. 


D 


a=28, then 5 
It will be shown below (Sec. 47) that the quotient of two infin- 


itesimals may be a bounded non-infinitesimal, an infinitesimal, 
or an infinitely large quantity. 


Sec. 47. Infinitely Large Quantity 


The terms ‘‘infinitely small quantity” and "'infinitely large 
quantity" do not characterise the actual magnitude of a (vari- 
able) quantity but define the kind of variation of its numerical 
value, 


1°. Definition. A variable x is said to be infinitely large if, begin- 
ning from a certain time in the process of its variation, its absolute 


> 


M My M. M, M. 
o Y + 2 0 y M D 
Fig. 56. Fig. 57. 


value becomes and remains greater than any positive number N, 
i.c., if beginning with a certain value of z, the following inequality 
holds: 


Iz|- N, 
however large the positive number N. 
Example. When the arc a increases from 0 to I , tan a is positive 
and increases without bound; when the arca decreases from 0 to 
— T-, tan a is negative and decreases without bound. In both cases, 


beginning with a certain value of the arca, the absolute value of 
tan a becomes and remains greater than any given positive num- 
ber Y, however large, i.c., 

‘tana >V. 
For this reason, tan « is an infinitely large quantity both when 


A A 
4 increases from 0 to <- 


, and when it decreases from 0 to— . 
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2”. The concept of an infinitely large quantity can be graphi- 
cally illustrated by taking a point M (Fig. 56) with abscissa y 
moving along the axis Or in some particular direction (to the 
left or to the right) or receding from the origin O to a larger 
and larger distance alternately to the left and right (Fig. 57)*. 


Sec. 48. Relationship Between Infinitely Small and 
Infinitely Large Quantities 
1°. If x is an infinitely large quantity, then ils inverse l isan 
infinitely small quantity. 
Indeed, no matter how small a positive number e, by the defi- 
nition of an infinitely large quantity there will come a time 


when |z| will exceed LSN, i.e., 


Iz N-l. 

But then 

|=|<e. 

Consequently, i is an infinitesimal (by definition, Sec. 44). 

2. If a is an infinitesimal that never becomes zero, then its 
inverse vw is an infinitely large quantity. 

Indeed, no matter how great a positive number N, there will 
come a time for the infinitesimal a, when |a| will be less than 
$ =e, i.e., 

jal|<e= + . 

But then 


Iz| v. 


Consequently, 1 is an infinitely large quantity (by definition, 
Sec. 47). 


3°. Note. Whon studying the rolationship between an infinitely small 
and an infinitely large quantity (2%) wo lake the infinitely small quantity 
that never becomes zero. If tho infinitesimal a were permitted to have the 
value zero, the fraction E would (ceaso to be a number since division by 
zoro is impossible. 


—————— 


° For examplo, z=(—1)"-n, where n is a positivo integer. 


Let us examine why it is impossible to divide by zero. To find the quotiont 
of a number a divided by b means to find a third number c, the product 
of which by the divisor b is equal to the dividend a, i.o., 


if je then c-b=a. 


But if the divisor b=0 and the dividend a #0 and if we assume that 


o 


= l, 
then the product 0-c, whatever the value of c, is equal to zero, and not to 


tho number a: 
0-c + a. 


Therefore, the quotient of 7 cannot be taken to be any definite number. 
Neither is it possible to divide O by 0. Indeed, if we assume that the quo- 
0 
tient of T is the number c, 


lo 


thon 
c-0—0. 


However, here c is not some one number, but any number, since the multi- 
Plication of any number by zero yields zero. For this reason, division of 
zero by zero is not considered. 


Sec. 49. The Limit of a Vartable Quantity 


The student has encountered the concept of limit in geometry 
and algebra. Here we shall consider it in more detail. 


1°. Definition. A number a is called the limit of a variable 
quantity x if, in the course of variation, x approaches a so that 
beginning with a certain time the absolute value of the difference 
r—a becomes and remains small without bound, i.e., less than 
any given positive number. 


We shall denote by the letter e any given small positive number. 
By definition, for the number a to be the limit of z, the following 
inequality must be fulfilled beginning with a certain value of z: 


Iz—a|«e. 


2*. Example 1. Let the variable z take on consecutively the 

following = valucs::  z,2—1.95;  z,—1.995;  24,— 1.9995, ..., 
n times 
14,221.99... 05; ... 

The value of r approaches the number 2. Let us verify that 
this approach to 2 is without bound, i.e., that the absolute 
e of «—a can be made less than any given small positive 
number. 
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We determine the absolute values of the difference between 
the values of z and the number 2: 


|z, —2|2/1.95 — 2| 2|— 0.05| =0.05; 
| z2—2| = | 1.995 — 2| = | — 0.005, = 0.005 and so on 
| tn —2|2/1.99... 95—2|2|—0.00... 05|— 


20.00...05 and so on. 


Let us take, arbitrarily, some small positive number, say, 
0.000001. The absolute value of tbe difference between the value 


Zn of the variable z and 2, equal to 0.00 ... 05, will at least be 
less than 0.000001, when n 6. 


We may take any positive number e, not necessarily 0.000001. For 2 
to be the limit of z it is necessary that, beginning with a certain value of 
the number n, the following inequality should invariably be fulfilled: 


|zn—2|<e 


or 
n 


ó 05 st 
.00 ... 249 [e 
Hence, we should have 
1 
.10n > — 
2.10" > 7 
1 
10° > z , 
n> log , 


which means that once n becomes greater than log x tho inequality 


Iz—2|«e 


is invariably satisfied for all values of z. 
Hence the limit of z=2. 


3”. Example 2. As the arc a tends to zero, the limit of sina 
is equal to zero. 


Proof. The variable z—sina. For the value of the arc we 
take the number a expressed in radians. 

Let the radius of the circle represent a unit of length. Thcu 
tho length of the lino of the sine, BC or B,C in Fig. 58, is equal 
to |sina| and the length of the arc AB (or — AB,) is equal to laj. 
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Let us examine how a approaches zero either from some positive 
or some negative value, e. g., from some value of a the absolute 


magnitude of which is less than Š, 


n 
lal< 7 . 
Then 
[sina]|<|a], 
since the length of the half-chord BB, is always less than its cor- 
responding half-arc BAB,, and when the chord and the arc both 
convert to the point A, sin a=a=0, 


But if 
8 [sina | « [a |, 


Ade then it must also be that 
NJ [sina —0|«& |a]. 


Bringing the magnitude of arc a to zero, 
we obtain a value of a such that, beginning 
with it, 

Fig. 58. [|a| «e, 
however small the given positive number e. 
Hence it follows that 


[sina] «e and jsina—Oj<e 


or the limit sin a=0 as a tends to zero. 


4”. Example 3. Let the variable ains, We shall prove that 


the limit of x is equal to zero when a T positive and increases 
indefinitely. 
Proof. At no value of a can sin a be greater than unity. 


Hence, replacing the numerator in TM by unity, we gel 


|sina| 1 
"Ca <a 
(a is positive). 
No malter how small the given positive number e, there will 
come a time (as a increases without bound) such that, beginning 


with this time, a will be greater than >: 
1 1 
aL and ¿<t. 


Therefore, 
[se sin a: 


-<e and [525 —o0j<e. 


Consequently, the limit of x is zero. 

5”. The expression "lim z'' means “limiting value of z''. 

By the definition of a limit, if, from and after a certain value 
of z, the following inequality is satisfied 


[z—a|-«e, 
then 
lim x =a. 


If [|z—a|-e, it is said that the ''variable z approaches a 
indefinitely" or ‘z tends to a”, and the fact is symbolised by 
z—»a. 

Remember that the notation z—>a means that the limit of 
z is a. 

The above studied limits of variables can thus be written as 

— — 
1. lim 1.99... 95 —2; 
n-*-«o 


2. limsina-0; 


ao 





3. lim 92229, 
a= a 
6°. If the variable a is an infinitesimal, its absolute value 
becomes less than any given positive number e, however small, 


Ja|<e. 


But then the absolute value of the difference between a and 0 is 
also less than e, 
ja—Oj<e. 


Hence it follows that the limit of an infinitely small quantity 
@ is equal to zero, 


lim a =Q. 


Sometimes this property of an infinitely small quantity is taken 
to be its definitive sign, and the following definition is given: 
an infinitely small quantity is a variable whose limit is zero. 

One can start from this definition, obtain the property [|a| «e 
and then prove all the other properties of infinitesimals as was 
done in Sec. 46. 


Sec. 50. Geometrical Representation of « Number, 
Variable, and Limit 


1°. Any real number a may be represented on a number scale 
Ox (Fig. 59) by a point whose abscissa is equal to a. Hence, in an 
analysis, one and the same small letter signifies a number, the 
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point representing this number, and the abscissa of the point. 
When we say “the number a", we also mean ‘the point a’’, and 
vice versa. 

2°. The variable z may also be represented on a number scale 
by a point, though in this case by a moving point. Let M 
on the axis Oz (Fig. 59) move in such a manner that the value 


— — Y — —— — = I 
Zz 2E 
Fig. 69. Fig. 60. 


of its abscissa is always equal to the numerical value of the vari- 
able z. Then this moving point M constitutes the geometrical 
representation of the variable z. 

3°. Let us take a constant point a on the number scale Oz 
(Fig. 60), and lay off, to the left and right of it, a segment of 
length e. We thus obtain a segment of 2e with midpoint at a. 


Definition. The set of all the points on a segment of length 2e, 
of which the midpoint between the ends is a, is termed the neigh- 
bourhood 2e of a. 

The number e is called the radius of the neighbourhood and 
a, the centre of the neighbourhood. 

Obviously any point a on the axis Oz can have an infinite 
number of neighbourhoods. 

Example. The neighbourhood of the point a=2 with radius 
e — 0.1 consists of all those points on the Oz axis, the abscissas 
of which satisfy Lhe inequalities 


2—0.4 « x «2-F0.1 


or 
19 z «2.1. 


Algebraically, the neighbourhood 2e of the point represents 
the set of all the values of z satisfying the inequalities 


a—e«r«a-e. 


4”. Let a be the limit of the variable z. In the geometrical 
sense, | r— a| represents the distance Ma (Fig. 61) between the 
moving point M and the fixed point a. When [r—a|«e, M 
lies in the neighbourhood 2e of a. 

It follows from the preceding that the number a is the limit 
of the variable x if all the values (points) of z, from and after a 
certain value lie in the neighbourhood 2e of the point a, however 
small the neighbourhood may be taken. 
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5°. If z approaches its limit a, being all the time smaller (or 
larger) than a, then M will approach a from the left (or from 
the right), and the points representing x values will, from and 


0 == E - M 0 = 2E 
A T en. 4 
le M 
Fig. 61. Fig. 62. 


after a certain value of’ z, all accumulate only in the left half 
(or the right half) of the semi-neighbourhood of the point a 
(Fig. 62, 63). 

If z, as it approaches its limit a, is sometimes larger and so me- 
times smaller than a, then the point M will oscillate about the 


0 ae 0 2e 
pe PE — A ee 
a M a 
Fig. 63. Fig. 64. 


Point a and the points corresponding to x will— from and after 
a certain value of r —accumulate in the neighbourhood 2e of a 
both to the right of a and to the left of it (Fig. 64). 


Ü mE 2. _ aN | 7 
— — —— > Y - Ts 
a Mm ———— er 
0 
Fig. 65. Fig. 66. 


6”. The variable z with limit a is a bounded quantity. Indeed, 
the point M (Fig. 65), after attaining a certain value, always 
remains within a definite segment of length |a|+e aud for this 
reason the following inequality is satisfied: 


|z|«lal-r e. 


, But the converse proposition is not true. For example, z sina 
is a bounded quantity, since 


|sina|« 1. 


However, sin a has no limit when a — oo, since tho values of 
Bin a oscillate between —1 and +1 and cannot be constantly 
confined to the neighbourhood 2e of any particular point. 

1°. An infinitely large quantity has no limit. 

Geometrically this may be represented as follows. Mark out 
on the axis Oz a neighbourhood of radius N — whero N is a positive 
number — around the point O (zero) (Fig. 66). Now, however big N 
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may be, a time will come, from and after which, 
|z|>N, 


and the moving point M, representing an infinitely large quantity, 
will move beyond the neighbourhood 2N, and in its further move- 
ment will always be outside this neighbourhood. 

It is customary to say that “the limit of z is equal to infinity” 
or “the infinitely large quantity z has infinity as its limit’’. The 
notation is limz=oo. If z is an infinitely large quantity such 
that all of its values are positive (or negative) from and after 
a certain value, it is written: 


limz= +o (or lim z = — œ). 
No mathematical operations can be carried out on œ (infinity); 


œ (infinity) cannot bo added, subtracted, multiplied or divided 
either by itself or by any number, since œ is not a number at all. 


Sec. 51. Relationship Between a Variable, Its Limit, 
and an Infinitesimal 


The difference between a variable quantity z and its limit a 
is an infinitesimal quantity, a; for example, 
T—a=a; 


because |r—a|<e. Whence 


i 


i.e., a variable x having a limit a can be represented as the sum of 
ils limit a and an infinitesimal a. 

Conversely, if the values of the variable z, from and after the 
allainment of a certain valuc, can all be represented as the sum of a 
number a and an infinitesimal a, then a is the limit of zx, i.e., 


[it z—a-a, lim z =a | (2) 


Sec. 52. A Variable Can Have Only One Limit 


Theorem. A variable cannot have more than one limit. 
Proof by reductio ad absurdum. Assume that the variable z 
has two different limits a and b. Then, from the foregoing, 


rada (1) 
and 

=b+B 2) 
whore a and f aro infinitesimals. 
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Subtracting (2) from (1) we get 
0 =(a—b) +(a—B); 
a—b=f—a, 


which is an impossibility because the number a—b, not equal 
to zero, is an infinitely small quantity B—a (Sec. 44, 4°). 
Corollary. Jf a variable has a limit, there can only be one limit. 


Sec. 53. The Limit of an Algebraic Sum 


Theorem. /f each term of an algebraic sum of several variables 
has a limit, then: 

1) the sum also has a limit, 

2) this limit of the algebraic sum of several terms is equal to a 
similar algebraic sum of the limits of these variables. 


Proof. We shall show the theorem to be truc for the case of 
three terms; we assume that variables v, y, z have limits a, b, c, 
respectively. 

Let us write each variable as the sum of its limil and an infin- 
itesimal (Sec. 51): 


rz-a-a, 
y=b+ß, 
2=c+Y, 


where a, B, y are infinitesimals. 

Adding the first two equations and subtracting the third from 
this sum, we see that the variable (x+y—z) is equal to the 
number (a+ b—c) added to the infinitesimal (a -1- $ — y). There- 
fore (Sec. 51), the constant (a -+b—c) is the limit of the variable 
(<+ y—2), 

lim (1+y—2)=4 + b—c, 
or 
lim (x 4- y —z) = lim z -}- lim y — lim z, 
8S required. 


Sec. 54. The Limit of a Product 


1°. Theorem. If each factor of a product of several variables has 
@ limit, then: 

1) the product also has a limit, 

2) the limit of the product of several variables is equal to the 
Product of the limits of the factors. 


Proof. First wo shall prove the theorem for a product of two 
variable factors z and y. We assumo that x and y have limits 
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respectively equal to a and b. Then (by formula 1, Sec. 51) 
z-a--a 
y=b+P 
where a and f are infinitesimals. Multiplying one equation by the 
other, we find that the variable (zy) is equal to the number (ab) 


plus the infinitesimal (ab + af + af), i.e., zy = ab + (ab + ap -- ap). 
Hence (Sec. 51) ab is the limit of the variable zy, 


lim (z-y) =a-b 
or 
lim (z-y)=limz-limy, 
as required. 
Proceeding from this proof we shall find the limit of a product 
of three variables z, y, Z, each of which has a limit of its own: 


lim (x-y-s) = lim ((ry)-z] = lim (zy)-lim z= lim z- lim y- lim z, 
since 
lim (ry) = lim z: lim y. 


2”. Corollary 1. A constant factor can be taken out of the sign of 
the limit, 
Indecd, regarding the constant c as a variable having all of its 
values equal to c, we get 
lime=c, 


lim (c- z) 2 lim c- lim z =c- lim z. 


3°. Corollary 2. /f a variable has a limit, then: 
1) the variable raised to a positive integral power also has a limit, 
2) the limit of a positive integral power of a variable is equal to 
the limit of the variable raised to the power in question. 
Let exponent n of the power z" be a positive integer. Then 
n times n times 


po — — ——— 
lim (z") =lim(z-z...z7)=limz-limz...limz=(lim 2)". 


Sec. 55. The Limit of a Quotient 


1°. Lemma. /f a positive number a be the limit of a variable x, 
then, from and after a certain value of z, all subsequent values will 
be larger than a quantity b, where b is an arbitrary positive number 
smaller than a. 


Proof. Since a>0, there is an infinity of positive numbers 
existing between O and a. Take ono of these numbers b near a, 


a>b>0, 
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and construct on the axis Oz a neighbourhood of a with radius 
equal to a—b (Fig. 67). 


2(a-5) 
0 -- -p~ 
— 
LI 
Fig. 67. 


By the definition of a limit, the values of z, from and after 
a certain value, will all lic within this neighbourhood and thus 
be larger than b. 


2” Theorem 1. /f a variable z has a limit a not equal to zero, 
then the inverse quantity l 

1) also has a limit, 

2) which is equal to i, i. e., to the inverse of the limit of the 
given variable. 

Proof. Since a0, either a>O or a«0. Let a0, i.c.. 
4 is positive. We shall show that i-i is an infinitesimal. 

We have 


According to the lemma, the values of z, after a certain value, 
are all greater than b, whero b is a positivo number smaller 
than a. Taking only these values of z into account, let us increaso 
the right side of the equation substituting b for z in tho denominator. 

en 


1 1 1 
— <a al. 





Since the fraction 3 is constant and a is an infinitesimal, the 


whole right side of tho inequality is an infinitesimal (Sec. 46, 4°, 
Corollary 1), 





a lal<e 
And therefore 
t~il<e, 
z 
l. e., 
lim2=2=_2 
lim z 


89 


If a is a negative number, then taking the constant factor—1 
outside the limit sign will enable us to reduce this case to the 
one we have considered. 

3°. Corollary. Jf a variable z has a limit a 40, then the inverse 


of the variable, 1, is a bounded quantity. 


4°. Theorem 2. If the dividend and divisor are variables with 
limits and the limit of the divisor is not equal to zero, then: 

1) the quotient also has a limit, 

2) the limit is equal to the quotient of the limits of the dividend 
and divisor. 


Proof. Let us write the quotient of z in the form of a product: 
Udo 
za Y 


Applying theorems on the limit of a product and the limit of 
an inverse quantity, we get 


: : 1 $4. : 
lim 2 =lim(<-y)=!lim 7 limy = 5 limy= 5% 


as required, 


Sec. 56. The Limit of a Rational Algebraic Expression 


An algebraic expression is said to be rational in z if its value 
can be obtained from the value of z and other known numbers by 
means of the following five algebraic operations: addition, subtraction, 
multiplication, division and raising to a positive integral power. 

For example, a polynomial of the form 


Ar +Bx"1+...4+Pzx+0Q, 
or a fraction of the form 


Az" Brr14...4-P24+ 0 
arm di mod ki pl? 


in which the cocfficients are certain numbers and the exponents 
are positive integers, are rational algebraic expressions in z. 

The theorems concerning the limits of an algebraic sum, prod- 
uct, quotient and their corollaries may be generalised thus: 
if a variable quantity x has a limit, then: 

1) any rational algebraic expression in x also has a limit (assum- 
ing that, in the case of a fraction, tho denominator has a limit 
other than zero), 

2) to find the limit of a rational algebraic expression, it is neces- 
sary to replace the variable x by its limit and perform the opera- 
Lions indicated in the expression. 
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34211? . 
ifr 2, 
which means that the limit of z is 2. Applying the generalised 
theorem, we replace z by its limit 2 and get 

34 22— 1? 342-2—22 3 


lim 124273" 2422-37 5" 


Example. Find the limit of the fraction 


Sec. 57. The Sign of a Variable and Its Limit 


Theorem 1. The limit of a positive variable (if the latter has a 
limit) is either positive or zero. 


Proof by reductio ad absurdum. Assume that the limit of z isa 
negative number a. Between this negative number a and O there 
exists an infinity of negative numbers. Let us take one of these 





Fig. 68. Fig. 69. 


numbers b near a and mark out on the axis Oz a neighbourhood 
of point a with radius b—a (Fig. 68). Any number within this 
neighbourhood is negative. Since lim z =a, the values of z, from 
and after a certain value, will all lie in this neighbourhood, i.c., 
will all be negative. This is impossible since it is given that z 
has only positive values. 

But if the limit of z exists and cannot be negative, it can 
only bo either positive or zero. 


Theorem 2. The limit of a negative variable (if the latter has a 
limit) is itself either negative or zero. 
Proof is similar to the foregoing. 


Sec. 58. Conditions for the Existence of a Limit 
of a Variable 


Theorem 1. /f a variable has values intermediate between those 
of two other variables having a common limit, then the variable 
has the same limit. 

Proof. Let 

y<t<z 


and lim y=limz=a. Mark on Oz (Fig. 69) a neighbourhood 2e 
of point a. From and after a certain moment, the values of y and 
z will all belong to this neighbourhood and the values of z will 
lie within the interval NP, the end points of which are N (y) and 


91 


P (z). For this reason, the values of z will belong to the neigh 
bourhood 2e of a and, consequently, lim z — a. 

Theorem 2. /f, beginning with a certain time, the values of a 
variable all the time increase (or decrease) but remain smaller 
(or larger) than a particular number, then the variable has a limit 
which is smaller (greater) than, or equal to, this number. 

The proof of this theorem lies outside the scope of our course. 


Sec. 59. On the Limit of a Quotient of Infinttesimals 


1°. The limit of the quotient of = obtained by dividing an infin- 
iiesimal a by a variable quantity x having a finite limit a, other 
than zero, is equal to zero. because the quotient = may be regard- 


ed as the product ($) i.e., the product of a finite quan- 


tily, 2 , (Sec. 55, 3°) and an infinitesimal, a, the limit of which 
is zero (Sec. 46, 4°). 
2°. The limit of a quotient = obtained by dividing the variable z 
with limit a, different from zero, by an infinitesimal, a, is infinity. 
Indeed, the quotient = may be treated as the inverse of E . 


Since from the foregoing < is an infinitesimal, and its inverse =, 


is an infinitely large quantity, its limit is infinity (Sec. 50, 7°). 

3°. If the dividend a and the divisor B are both infinitesimals, 
the theorem of the limit of a quotient is not applicable, since 
its application would give the indeterminate result 


It may be noted that the limit of a quotient of two infinitesi- 
mals may not always exist. 

The solution of some very important technical problems in- 
volves the search for the limit of a quotient of infinitesimals (as 
will be shown in Ch. VI), and the finding of this limit is one . 
of the problems of mathematical analysis. 


Sec. 60. Examples in Finding Limtts 


Let us examine a few cases of finding limits where the theorems of op- 
erations on limits cannot be applied. 
1°. Find the limit of the fraction 
z2452+6 
i-r 





Solution. A forma! application of the rule in Sec. 56 about the finding 
of the limit of a rational algebraic expression will suggest the substitution 
of z by its limit. But then we get 


lim z24-52+6 _04+5-04+6 

z20 Diz 040 
which is a meaningless expression. In this case the numerator is a bounded 
quantity, sinco its limit is equal to 6, while the denominator is an infini- 


tesimal, since its limit is zero. Ilence (by Sec. 59, 2°) the limit of the 
given fraction is infinity. 
z2—3zr4+2 


2°. Find the limit of the fraction 5% 
2zr2?—S52+4+2 
Solution. Replacing z by its limit, we get 


lim 3242 | 4—642 0 
2D 2z2—5z42 8—1042 0° 


if z — 2. 


Since zero cannot be divided by zero, tho example presents a case where 
the theorems of operations on limits are not applicable. In such cases, an 
attempt is made to convert the expression into another one (identical with 
tho first), to which the theorems of operations on limits are applicable, and 
then to find the limit. 

In the given instance, factoriso the numerator and denominator and 
reduce the fraction. The roots of the numerator are 2 and 1, of the denomi- 


nator, 2 and f 


lim z2—323z-4-2 elim (z—2)-(z—1) _ 


x2 2225242 £429 (2—2) (1) = 


x-2 (1—2) (221) xr221—1 41 3 
3°. Find the limit of Is 
Solution. When z increases indefinitely, both the numorator z—5 and 


the denominator z+8 ere infinitoly large quantities. 
Hence: 


when z —- co. 





We again have an instance of the non-applicability of the theorems of 
Operations on limits, since co is not subject to any mathematica! operation. 

t us transform the given fraction by dividing the numerator and denomi- 
nator by z termwise: 








1 5 
lim 2 lim A, i. 
> Y 8 01,48 1+0 
r 
: x — T 5 8 
Here, 0 is the limit of the infinitoly small quantities — and —. 
RO —3a , 
4*. Find the limit of tho sum == tn if z — a. - 


Solution. If z — a, thon z—a —- 0, z—3a > —2a, z?—a? —- 0, and 
each fraction is an infinitely large quantity. Again the theorems of opera- 
tions on limits cannot be applied since they lead to the expression co-4-co. 

Transform the given expression by reducing the fractions to a common 
donominator and adding them: 


: 1 z—3a . z2+a+z2—32 
in i-a Haza) ==) +97 


2 (z—a) a 2 2 1 
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CHAPTER V 


FUNCTION AND ITS CONTINUITY 


Sec. 61. Argument and Function 


1°. Definition. The quantity y is said to be a function of z if to 
every permissible numerical value of the argument x there corre- 
sponds a single definite numerical value of y. 

‘Permissible’ means such values of the independent variable for 
which the function has real numbers for its values. 


Examples. 1. For the function y=|/z, positive numbers and 
zero are the permissible values of r, since negative values of z 
givo imaginary values to the function. 

2. For y=arc sin z, permissible values of the argument are all 
numbers z satisfying the conditions —1<x< +1 since only for 
these values of z are values of y possible. 

3. The perimeter P of a regular n-gon inscribed in a circle of 
radius R is given by the formula: 


P =2Rn sin m : 

The perimeter P is a function of tho number of sides n: only 
positive integers greater than 2 are permissible values of n. 

4. For the function y == , permissible values of z aro all 

roal numbers with the exception of —1 and 4-1. When r= +1 

the denominator z?—1 becomes zero and the fraction 





2 


E 
becomes meaningless, since division by zero is impossible. 

2°. The set (aggregate) of all permissible values of the argument 
forms the domain of definition of the function. 

In particular, the domain of definition of a function may be an 
Open or closed interval or both. 

The set of all real numbers x satisfying the condition a<xSb, 
where a — b, is called a closed interval. 

The closed interval a<z<b in abbreviated form is denoted as 
la, b]. Geometrically, the closed interval a<c<b is a set of 
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all the points belonging to the segment ab of the number scale 
Ox (Fig. 70), including the end points of the segment, a and b. 
The set of all real numbers z satisfying the two inequalities a < 
<x <b is called an open interval. 
The open interval a « z «b is deuoted as (a, b). 
Geometrically, the open interval a « x «b is a set of all points 
on the number scale Ox (Fig. 70) lying between the points r—a 


Fig. 70. 


and x=b, the points z=a and z =b themselves not forming part 
of the interval (a, b). 
Nole that the set of all real numbers z is denoted by the ine- 


qualities ue gee: 


3°. Examples. 1. The domain of definition of the function 
y =arcsinx is the interval —1<x<+1. 

2. The domain of definition of the function P =2Rn sin mn , 
where P is the perimeter of a regular n-gon inscribed in a circle, 
is given by the set of all integral numbers n in the interval 2< 
«n«- oo. 

3. Three intervals constitute the domain of definition of y — 


Soper: —o<r<-1, —-1<r<+1 and 41<r<4om. 





We will also say: the function y= Z is defined in tbe inter- 


vals — — r«—1, -1<r<4i, and --1«z «4 o. 

4. The definition of a function does not require that y must 
necessarily change with a change in the value of the argument z. 
It is sufficient if y has a definite value for every permissible 
value of 7. 


Example. Let y be the reading of an electric meter and z the 
lime. y is a function of x since for every instant of lime z the 
meler indicates the amount of electric power consumed, y. The 
function y remains unchanged during those intervals of time 
when no power is consumed. 

We may conceivably have a function 


y —c 


where c is à constant quantity denoting that the value of y is 
one and the same for all values of c. Tbe graph of such a func- 
tion is a straight line parallel to the z-axis or coinciding with 
it if c=0. 
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5°. The definition of function is usually associated with Dirich- 
let. However, a few years before Dirichlet defined function, the 
definition was given in an article hy the great Russian mathemati- 
cian N. I. Lobachevsky “On the Disappearance of Trigonometrical 
Lines’’, published in 1834. 


Sec. 62. General Designation of a Function 
1°. That y is a definite function of x is indicated by the equation 
y=$(1) 
which is read “y is equal to f of z” or “y is a function of 7". 
the letter f hero signifying the dependence of y on +, i.e., the 
rule under which, for every permissible value of the argument s, 


a corresponding value of the function y can be definitely deter- 
mined. 


In accordance with the notation y —/(:), the fact that the 
length J of a rod is a funclion of the temperature / is written 


l=/(0, 
and that the volume V of a gas is a function of the pressure p 
(temperature being constant): 

V=9(p). 
Here the dependence is signified by the symbol q, and not by f, 


to underline that the relationship between Y and p is different 
from the relationship between l and (, c.g., 


f(t) =l (1 a). 
while 
9(n-;5- 


Thus the symbols f(z), p(x), F (2), ctc., signify different func- 
tions of one and TAB poo z, while the symbols f+), 
1 (0), 1(2) signify one and the same function of different argu- 
ments, 


Examples: 
e 
1) f=; f, 
2) f(x) =sin z; f(z) ^ sin z. 
2”. The numerical value of a function f(s) for any particula 
value of tho argument z is signified by writing the LO dar 
value of z in the symbol f(x). For example, the symbols f(2) an 


1 (a) signify numbers respectively equal to the value of /(7) when 
zz2 and ra. 
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If f(x) 2 z2, then f(2)=2?=4, and f(a)=a?. 

If f(7)=sinzx, f $)-sng-7. 

3”. The symbol f(x) can also help us write the properties of a 
function. For example, the property of logarithms that the log 


of a product — sum of the logs of its factors, log, (1-y)= 
= log, 7 -!- loga y can be written wilh f designating the logarithm: 


f(z-y)=f(z)+f(y). 
Or, the property of sines: 
sin (1 + y) 2 sin z- cos y + cos x-sin y, 


m be stated in functional notation (signifying sin by f and cos by q) 
thus: 
f(x y)- f(1): e) 9-7 (y). 


Sec. 63. Graphical and Analytical Representation 
of a Function 


Of the different methods of representing a function (in words, 
in tabular form, graphically, by formula, etc.), the graphical and 
analytical methods are of particular importance for our purposes. 

1°. If in the plane of a system of rectangular coordinates rOy 
a curve be drawn such that on any straight line parallel to the 


y 





Fig. 71. 


y-axis there lies not more than one point of the curve, then the 
curve signifies some function y = f(z), and the value of f(r) for 
any given value of x is determined in this case geometrically as 
follows: 
` 4) the point x is marked on the z-axis (Fig. 71, a); 

2) a straight line parallel to Oy is drawn through z until it 
intersects the given line at M (Fig. 71, b); 

3) a parallel to Ox is drawn from M and intersects the axis 
Oy at the point f(x) (Fig. 71, c). 

As a result of these three operations, point r is mapped into 
point f(.«); /(r) — the value of the function — corresponds to the 
number +; the number f(c) is the ordinate of the point / (x). 
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The domain of definition of the function y= f(«) represented 
graphically is the set of abscissas of all the points of the given 
line. 

2°. If the functional relation is expressed by a formula, we say 
that the function is defined analytically. For example, in the 
formula for the area of a circle, 


s=nxnr?, 


the area s is analytically shown to be a function of the radius r. 

For the analytical determination of a single function it is some- 
times necessary to employ a number of different formulas. For 
example, the reading of the electric meter at the commencement 
of the day was 20 kwh. Then during the day the following con- 
sumption of electricity took place: from 5 to 8 o'clock, 5 lamps 
of 60 w each, and from 17 to 24 o'clock a 100-watt radio and 
five 60-watt lamps. Denoting the meter reading by y and the time 
by z, we obtain equations of the dependence of y upon .: 


20, when OSs 5 
20+ 0.3 (x — 5), when 5zrx 8; 
y= 20.9, when 8<<17: 


20.9-+ 0.4 (x — 17), when 17x x « 24. 


3”. A function is said to be explicit if the formula defining the 
function indicates directly the mathematical operations to be per- 
formed with the argument in order to determine the function y. 
Otherwise, the function is said to be implicit. 


Examples: 1) y —az?, y = f(x) are explicit functions; 
2) y—z-0, F(r, y) 20 are implicit functions. 


4°. Functions studied in algebra and trigonometry: 

1) y = x", where n is a given rational number; 

2) the exponential function y —a*, where a 20, a1, — oo 
<s< +0; 

3) the logarithmic function y=log,z, where a>0, a1, 
0<iI<+0w; 

4) tho trigonometric functions sinz, cosx, tanz, cots, sec z, 
cosec z; 

5) the inverse trigonometric functions: arcsin., arecos.r, 
arc tanz, ctc., are called basic elementary functions. 

The function y =z", where q is an irrational number, and the 
above-mentioned exponential, logarithmic, trigonometric and inverse 
trigonometric functions are called elementary transcendental 
functions. 

Those functions are also called elementary which are obtained 
by doing a number of simple mathematical operations of addition, 
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subtraction, multiplication or division on basic functions and by 
employing the signs of the basic elementary functions. 


arc cos z—V gin z 
For example, f(z) = “Jog (1+ 38s) 
is an elementary function. 


Sec. 64. Graph of a Function 


4°. If for every value of z within the domain of definition of 
the function y = f(z) a point is constructed in a plane, the abscissa 
of the point being equal to the given value of z, and the ordinate, 
to the corresponding value of f(x), then the locus of M [z, f (x)] 
thus obtained is called the graph of the given function. 

The construction of the graph of a function is based on investi- 
gation of the variation of the function. The methods of such 
investigation will be indicated later on. For the present, when 
constructing the graph of a given function, we shall use methods 
of algebra to find the peculiarities of its variation. 

2”. Let us draw the graph of the function y —2?. This function 
is defined for all values of z from—oo to +œ; for positive 
values of z the function is positive and for negative values, 
negalive. The construction of every single point of the graph 
corresponding to values of z in the interval — o<zr<+o is 
obviously impossible practically. Let us assign several values 
to z and calculate tho corresponding values of y from the for- 
mula y=". 
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Taking r as the abscissa and y as the ordinate, construct the 
points M, M,, Ma, ... (Fig. 72) according to their values in the 
table, and draw a smooth curve through the points M,, Ma, M3..., 
elc. This curve is the graph of the function y= z’. 

The abscissa of each point of this curve is equal to the value 
of the argument z, and the ordinate is equal to the correspond- 
ing value of the function y= z?. 
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3”. The graph of the function y —|z| is a broken line (Fig. 73) 
consisting of the bisectors of the quadrantal angles of the second 
and the first quadrant. 


4°. The function y= tel is defined for all values of z except 


z=0. In the interval — co <2<0, y= —1, and in the interval 
O<a<+o, y-— 41. The graph (Fig. 74) consists of two 
y 
0 I 
Fig. 73. 








Fig. 74. 


balf-lines y= —1 and y= +1. The first does not have the last 
Point and the second (y= 1) does not have the first point. They 
represent, as it were, two parts of a single straight line out oí 
which the point z=0 has been extracted, and the parts thus 
obtained are displaced parallel to the z-axis at a distance equal 
to 1: one below the z-axis and the other abovo it. 

5°. The function y= is defined for all values of x, except 
z=0, and is positive. Tho graph lies ontirely above the z-axis 
and consisis of two branches, one to the left of the y-axis and the 
other, to the right of it. When z approaches zero either from the 
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side of positive values or from the side of negative values, y in- 
creases without bound, the graph rises without limit higher and 
higher in the form of a spire with the y-axis as the axis of 
symmetry. When the absolute value of z increases without bound, 
y tends to zero and both branches of the curve approach, without 
bound, the z-axis. 

Let us construct the graph (Fig. 75) using the following points: 


If z= 





11,1 
że] sr +z) 





y= m +1| +4] 416] 400 


Sec. 65. Increment of the Argument and Function 


1”. Let us take two arbitrary values of the argument z in the 
domain of definition of the function y= f(z): the first we shall 
call the initial value and the second, the altered value. 

The initial value of z is assumed constant during the course of 
the following discussion, and its corresponding point A (Fig. 76) 
on the «-axis fixed. It is customary to denote the altered value of 
xz by «+Ax. Its corresponding point in Fig. 76 is P. 

Az is the quantity by which the argument varies in its transition 
from the first to the second value and is called the increment of the 
argument. 

Ax is equal to the difference between the second and the first 
value of the argument. 


Examples. 1. Given: two values of z, 
3.0 and 3.1; Ar=3.1—3.0=0.1. 


2. Given: two values of z, 5 and 4.8; 
Az =4.8—5= —0.2. 
3. Given: two values of z, —1 and —0.98; 
âz = —0.98— (— 1) — 0.02. 


2°. To the values z and r+Azx of the argument there corre- 
spoud definite values of the function: the initial, y, and the altered, 
y -i Ay. 

Ay is the quantity by which the value of the function y changes in 
the variation of the argument by Az, and is called the increment of 
the function. 

Ay is equal to the difference between the second and the first value 
of the function. 
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Let us plot the points M (zx, y) and M,(z + Ax, y + Ay) of the 
graph of the function y =} (z) (Fig. 76). Ay=NN,=ON,—ON. 


Geometrically, the increment of the function Ay is the difference 
between the ordinates of the points of the graph of the function cor- 
responding to the altered and initial values of the argument, 


The increment of the function Ay can be positive as well a~ 
negative. When Ay is positive, the segment NV, = Ay on the axis 





Fig. 76. Fig 77. 


of ordinates (Fig. 76) is above the fixed point N, and when it is 
negative, below it (Fig. 77). 


3°. Examples. 1. By how much is the arca y of a square altered when 
the length of its side z changes by Az? 


Solution. The area of a square 
yz. 


If the length of the side of the square is z4+Az, then its area will be 
y+ Ay, and 


y+ Ay — (z 3 Axy*. 
Subtracting the initial value of the arca from the altered value, we get 
Ayz (x --Az)?—2a?. 
Removing brackets, we find that the area has changed to 
Ay —2z- Az + Az?. 


If, for example, the side increases from 3 to 3.1 metres, the area of the 
Square will increase by 


Ay —2z-Az + Az? —2-3-0.14- 0.120.061 (m2), 
since z—3 m and Az—0.1 m. 1 
2. Find the increment Ay of the function y= corresponding to an 


arbitrary increment Az of the argument z. 


Us: When the argument has the value z, the function has the 
value 


v= > , 


and when the argument =z + Az, the function is 


1 
vo Fr 


Subtracting the first equation from the second, we obtain the increment 
of the function: 


Ay= 


1 1_ z—z—Az _ Az 
z+Ax z  z(=+A)  z(z+Az)" 


For example, increasing the argument z from 4 to 4.5 gives the function 
an increment 


E E 


4-45 36 


(since z-4, r4-Ar-4.5 and Az-—0.5) i.e, the function decreases 
by 36 . 


4°. Let us find the expression for the increment of the function 
f(r) due to a change of Ax in the argument z. 
The initial value of the function is 


y= (z). 
Its altered valuo is 
y + Ay =f (z+ Az). 
By subtraction we find the increment of the function: 


[Ay =1 (+42) —1(2)] 


Sec. 66. The Limit of a Function at a Finite Point 


1°. Jf the value of the argument x of a function y=f(x) tends 
towards the number c (according to what law is immaterial), and 
xc, and we can find a time, after which the absolute value of the 
difference between the value of the function f (x) and the number A 
becomes less than a given positive number e, however small: 


0) -426. 


then the number .\ is the limit of the function f(x) at the point c. 


Note that when speaking of the limit of a function f(x) at 
c it is always assumed that ==*c, i.e., that 


O<ix—ce}. 
2%. Example. Let / (7) = 23. We shall show that lim z? =8. 


g x2 
lt is known that 


[535—822 2r 4| 2—2]. 
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Let us examine how z approaches to 2 within some definite ucighbour- 
hood of the point 2, say, within the neighbourhood of a radius equal lo 1, 
i.e., 


2—1«z«24L10r 1<z<3. 
For any value of z in this neighbourhood 


71<|122+22+4|<19 
and 
[23—8| < 19-|z—2]. (1) 


Let us take an arbitrary small positive number e. From equation (I) it 
follows that 


et 
|z3—8|< e if |z—2]1& Ag =ê 


Since the number 2 is the limit of z, a value of z will be found, from 
and after which the inequality |[z—2|<5 and, consequently, the in- 
equality | 3—8 | «7e will be fulfilled. This means that lim z? —8. 


x2 " 

3*. The concept of the limit of a function given in 1? can now be defined 
exactly. 

Definition. The number A is the limit of the function f (x) at the point c 
when: 

1) x tends to c (no matter by what law) and 0< |x—c|; 

2) for any given small positive number e there exists a positive number 6 
such that absolute value of the difference between f (x) and «Al ts less than e 
1f the absolute value of the difference between 
x and c ts less than ò, i.e., 


l/()—A|«e, if |z—e[<ó (11) 


4”. Geometrically, fulfilment of the ine- 
quality 


|f (z)—A|«e 
after fulfilment of the inequality 
]z—e|« à 


signifies that, if on the axis Oy we con- 
struct a neighbourhood of the point 4 of 
arbitrarily small radius e (Fig. 78), then 
a radius ô can be found for such a — of c on tho axis Or 
that all values of the argument z (with tho exception of z—c) belong- 
ing to the neighbourhood 26 of c, determine the values of the function 
belonging to the neighbourhood 2e of tho point A. 





5°, It may happen that when z — c the function will be an infi- 
nitely large quantity. For example, the function 


1 
== 
(Fig. 75) is an infinitely large quantity when <— 0. 


* Here, ño must be less than the radius of the neighbourhood, 1. 
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In this case we say that at the point z—c the function has an 
infinite limit. 

6°. Definition. +00 (or —oo) is the infinite limit of a function f(z) at 
the point c, when 

1) z tends to c, and 0| x—c|, 

2) for any large positive number N there ezists a positive number Ô such 
that 

fi) >N (or f(2«—N) if |z—c|« 8. 


In this example: 
1 2 1 
— >N if a< 


. 1 
if "r—0!«c6———. 
or i le YE 


Sec. 67. The Limit of a Function when x— œ 


1°. Some functions have a finite limit A when the argument z 
increases (or decreases) without bound. 








Example 1. f (7) — 2 has 2 for its limit when z— + œ 
y (Fig. 79). Indeed, 
f(ry= Bt 24. 
Whence 
? fG)-2-—.. 
1 Taking an arbitrarily small posi- 
tive number e, we have 
0 I 
M(0-2i«€e, it izl- t. 
Hence, 
Pig, TA. lim f (2) 22. 
xo») 
Example ^ Mn d = 0. Indeed since 10* — 0, for any definite 
value of zx 


10‘—O<e if x<loge. 


Example 3. lim 10* = -+- co. Indeed, we may take any positive 
number V, however large, and we will find that 
10 >. if x>logN. 
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2”. Definition. The number A is the limit of the function f (x) as r= 00, 


el a given small positive number e there exists a positive number N such 
that 


Il/(x)—A|«e if z>N (or z<—N). 


Sec. 68. Some Observations 


1”. By definition (Sec. 66) the number A is the limit of the 
function f(x) at the point c when x—>c by any law whatsoever. 
Sometimes it happens that the limit of the function f(.c) atc 


t 





Fig. 80. Fig. 81. 


differs when z tends to c from the loft (i.c., remains less than c) 
and when z tends to c from the right (i.e., is greater than c). For 
example, the function 
y-2f(z2——r-. where c2 0, 
14-1077 
has the limit 4 “on the left" and the limit O “on the right” 
(Fig. 80). 


Indeed, let us denote the value of the fraction ! 


I-—C 





by =z, 


zz 





r—c ` 


If z approaches c from the left (z<c), then the difference 
Z—c approaches zero, remaining negative all the time. And z 
in this case will tend to — co. Since lim 10'— 0, 

2-»(—00) 


x«c 


lf z approaches c from the right (z>>c), then the difference 
z—c will approach zero, remaining positive all the time. And z 
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in this case will tend to + œ. Since lim 10^ = + o», the fraction 
+00) 





has O for its limit: 
lim f (z) =0. 
z>: 


When the limits of a function at the point c ‘from the left” 
and ‘from the right’’ differ, the function cannot, in the ordinary 
sense of the term, be said to have a limit at c. 

2°. The limit of a function f(x) at c—number A—should 
not be confused with the number f(c), which is the value of the 





Fig. 82. Fig. 83. 


function f(r) at c. The following cases may occur: 1) the 
number f(c) docs not exist, whereas the function has a limit 
lim f (x)= A. In Fig. 81, the point z=c is taken out of the 


graph of the function y=f(z). Thus the function f(x) has 
no value at z=c, but the limit lim f(z) exists, and on the graph 
toc 

il is equal to OA; 

2) the function has a value at the point z—c (Fig. 82), f(c)= 
=("M, but the function has no limit at z— c; 

3) the value of the function at tho point c, f(c) and the limit 
of the function at. that point, A, both exist, but A Æ f (c). (Fig. 83). 


Sec, 69, Continuity of a Function 


1°. We shall make clear by a concrete example the meaning 
of the concept ‘tcontinuily of a function al a point”. 
Let it be required to compute tho value of the function y= x? 


when ;--] 2. Now |2 is the limiting value of a series of its 
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approximate values: 
z—1.4, 1.41, 1.414, ... 
or z—1.5, 1.42, 1.415,... 
as the degree of accuracy of calculation increases: 





x I xi 
| 
First approximation | 1.4 and 1.5 | 2.7 and 3.4. 
Second Approximation .| 1.41 and 1.42 2.80 and 2.87 
Third approximation » | 1.414 and 1.415 2.827 and 2.833 


In Fig. 84, the values of the function y-—2? are represented 
to a first approximation by points M, and M;, toa second approx- 
imation, by points M, and M; to a third approximation by 
M; and M,, ..., and thro- 
ugh each point are drawn 
straight lines parallel to Ox 
and Oy. The straight lines 
drawn through M, and M; 
parallel to Ox are more 
closely spaced than those 
drawn through M, and M;; 
and, similarly, those drawn 
through M; and M, are still 
more closely spaced than 
those drawn through M, 
and M,, and so on. 

The distance between the 
Straight lines parallel to Ox 
can be made as small as wo 
please by zl ficiently brin- 
ging together the straight À 
lines parallel to the axis FM 
Oy, and the point M will : 
always lie in the rectangle thus formed. Consequently, the given 
function y —23 has the value (M2)? at the point x=\ 2 and has 
a limit also equal to (V 2)*. This property of the function is decisive 
in defining the continuity of a funclion at a point. 

2”. Definition. 4. The function f (x) is said to be continuous at 
the point z—c if the limit of the function at c is equal to its value 


at this point, i.e., if 
lim f (z) — f (c) (111) 
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Thus the condition for continuity of a function f(x) at a point 
x=c is that: 

a) the value of the function at z=c be some definite num- 
ber f (c); 

bbs limit of the function f(z), when z tends to c on the left 
as well as on the right, be one and the same definite number, 
lim f (7) *; 


o) the numbers lim f (z) and f(c) be equal. 
o 


a € 
2. Every point where the function is continuous is called a point 
of continuity of the function. 






y 





-3 -2 -1 Of 249 T - 4 01 2 t 
Fig. 85. Fig. 86. 


3. A function is said to be continuous over an interval if it is 
continuous at every point of the interval, including the end points. 

4. A point where the condition of continuity of the function is not 
fulfilled is called a point of discontinuity of the function and the 
function itself is said to be discontinuous at the point. 

3*. Non-fulfilment of the condition of continuity (III) may 
consist, for example, in the following. 

1. The limit /(r) at the point c is not the same on the left as 


on the right. For example: a) the function f (x)= : y » Where 


, 1410775 
c0 (Fig. 80), at r—c has a limit 1 on tho left and a limit 
O on the right (Sec. 68), hence z —c is the point of discontinuity; 


b) the function / (x)= —- (Fig. 74) at r=0 has a limit —1 on 


the left and a limit --1 on the right, r—O is the point of dis- 
continuity of the function, 


,* The function f(z) is one-sided if the point z —c serves as the boundary 
point of the domain of the function. 
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2. The limit f(x) at c is not equal to the value of the func- 
tion when z—c. For example, the function f(r)e|z| if + is 
any real but non-integral number, and O if x is an integer; it 
has one and the same limit 3, 2, 1, 1, 2, 3 on the left as well 
as on the right at points —3, 

—2, —1, 1, 2, 3, respectively, y 
but none of these limits is equal 
to the value of the function at 
these points, which value is zero. 
The graph of this function (Fig. 85) 
is a broken line consisting of the 


bisectors of the coordinate angles 2 

in the second and the first quad- 1 

rant, the points having integral 

values of the abscissa “taken out" 0 r 


of the bisectors. The values of 
the function at these points are 
situated on the z-axis. 

When z= —3, —2, —1, 1, 2, 
3, etc., the function is discon- 
Linuous. 


3. The limit of the function f (+) at c is infinite. For example. 
the function y=3 (Fig. 86) at the point z —O has an infinite, 
not a finite, limit (Sec. 66, 5°); r=0 is the point of disconti- 
nuity. 

The function y= 2H 24 (Sec. 67) at x 20 has the 


limit — œ on the left and the limit + o» on the right (Fig. 87). 
and no point on the graph represents the point r=0. When 
z=0 the function is discontinuous. 


Fig. 87. 


4°. The foregoing instances of discontinuities in functions occur in 
engineering practice. For example, girders used in construction work often 
carry a load like this: to the left of a given cross-section the load is dis- 
tributed evonly lengthwise and has one value, to the right it is also distribu: 
ted evonly but has quite a different value. Thus at the given cross-section of 
tlie girder thero is a jump in the linear distribution of load along the gir- 
or. Tho law of this distribution of load corresponds to a discontinuous 
unction, and tho jump in linear load distribution corresponds to the point 
of discontinuity of tho function. Loads concentrated at individual points 
ol a girder may correspond to isolated points of the graph of distribution 
of load along ihe length of the girder. 24 

5°. Equality (111) may be replaced by two inequalities: 


11(2)—1f(0)!<e if |z—e] «8 


and tho continuity of the function of the point is represented geometrically 
as follows (Fig. 88). Construct on the axis Oy a neighbourhood of the point 
f(c) of any small radius 2. If the function y= f(z) is continuous al c. 
then on the axis Oz ono can find around the point c a neighbourhood of 
radius ô such that all its points are mapped into the neighbourhood 2e of 


11) 


the point f(c). In other words, if we draw two strips: one of width 2e 
bounded by two straight lines parallel to the axis Oz, y=f(c)+e and 
y —[ (c) — e, and the other of width 28 bounded by two straight lines paral- 
lel to the axis Oy (z=c+8 and z—c— 0), then all the points of the graph 
of the function lying in the second strip belong also to the first strip. 

This condition is not satisfied in tho case of a discontinuity in the func- 
tion; namely, a strip of some particular width 2e bounded by straight lines 
parallel to the axis Oz will be found such that a point of the graph lying 





in some other strip of width 20 bounded by two straight lines parallel to 
the axis Oy will lie outside the first strip, however small we may choose 
the width 26 of the second strip (Fig. 89). 


Sec. 70. Another Expression for the Condition of 
Continuity of a Function 


From the condition of continuity (III) it follows that 


lim (z —c) — 0, (1) 
lim [f (2) —f(e)]=0 (2) 


(the validity of these equations can be verified by finding limits 
by the theorem of the limit of an algebraic sum). 
But the difference z—c expresses the increment Az of the 
argument at c, 
z—ce=Az. 
Note that 
lim Az — 0. 
The difference f(z)— f(c) expresses the increment Ay of the 
function due to the increment of the argument at c, 


f (z) — f (c) = Ay. 


That z tends to c is equivalent to Az tending to zero. There- 
fore equation (2) may be written in tho form: 


m 
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i. e., for a function continuous at a point the increment of the 
function is an infinitely small quantity when the increment of the 
argument at this point becomes an infinitely small quantity, 


Sec. 71. Testing a Function for Continuity 
Example. Wo shall prove that sinz is a continuous function for any 
value of z. This can be done by showing that for sinz, al any point r=c, 
lim Ay=0. 
4x70 
Now, denoting the values of the sine respectively by y and y+Ay when 
its arc is equal to e and c+ Az, we have 


y=sine and y + Ay=sin (c+ Az). 


Subtracting tho first equation from the second, we get 
Ay=sin (c+ Ar) —sin c, 
or, by trigonometry: 
a+R a—fp 
j sin ——. 


Ar . Ar 
Ay =2 cos (e E) sin uo 


sina—sin = 2 cos 


In absolute values: 
| dy | 2-| cos («2 


| cos Cer) can nevor exceed unity; taking this expression to be equal 





sin $| 
y: 


to 1, we gel [sin $z « al (Sec. 44, 3%). Henco Ay < 2-1- past (ke, 
1Ay 17 [Az]. Since it is given that [Ar|<e so also, | Ay| «e or 

lim Ay=0, 

Ax—U 


and, consequently, sinz is a function continuous for all values of z. 


Sec. 72. The Properties of Functions Continuous ata 
Point 


1°. Finding the limit of a continuous function may be replaced 
by finding the value of the function of the limit of the argument. 
Indeed, since c — lim z, j 
xc 
equation (III) may be written as 


[Informa] v 


„This property is sometimes expressed briefly thus: the limit 
sign of a continuous function can be referred to the argument. 

2°. It may be proved (Lhoùgh we shall not hero reproduce tho 
proof) thal clomentary transcendenta! functions (Sec. 63, 4°) aro 
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continuous at any point in the domain of their definition. Hence 
formula (V) can be applied to them to obtain 


lim sin z = sin (lim z), lim arc tan z = arc tan (lim z), 
lim log z = log (lim z). 


3°. The function f(x) that is constant in the neighbourhood ‘of 
the point c is continuous at that point. 


Proof. Given that f(x) is equal to some constant quantity, say, k, in 
the neighbourhood of z=c: f(z)=k. Therefore 


lim f (2) =k 


But since, likewise, 
1(c)=k, 


we have 
lim 1(2)=1(c) 


consequently, the function is continuous at the point c, as required. 


4°. The sum, difference, product or quotient of two continuous 
functions at the point z —c is itself a continuous function provid- 
ed, in the case of the quotient. the divisor (denominator) is not 
zero. 

Proof. Let f(z) and q(z) be two functions continuous at the point 
z=c, i. e. let limf/(x)=f(c) and lim @(z)=(c). Then, on the basis of 

zc 

the theorems of limits (Secs. 51, 52, 53), we get 

1. lim [/ (2) + 9 (z)) — lim f (z) + lim 9 (z) —/ (c) + 9 (c); 

zc ze Tac 


2. lim [f (7): 9 (z)] — lim f (z)-lim q (x) =f (c) -p (c); 
ae ae a 


lim / (z) 
—— AME ION 
^ ERG ings) OA 


5°. It follows from the foregoing that the polynomial 


Az" + Br™1+ ...4+Pr+Q 
and the fraction 
Az? + Br"-14 .,..4+ Pz+@Q 
az™4brM™—-1l+.,,, +kr+l 
(the fraction assumed to be irreducible) are functions continuous 
for all values of the argument except for those which, in the case 
of the fraction, reduce the denominator to zero. 


CHAPTER VI 


DERIVATIVE FUNCTION 


Sec. 73. Linear Function, Its Rate of Change 


1°. A function expressed by the equation 
y=kx+b 
is called linrar, and its graph is a straight line. 


Let us find the increment Ay of a linear function due to an 
increment Ar in the argument: 


Ay =k (z+ Ax) +b—(kx+b) or [ Ay=%-a7 | (1) 


This equalion expresses the basic property of linear functions: 
the increment of a linear function is directly proportional to the 
increment of its argument, 

Geometrically this properly is demonstraled by the fact that 
for one particular increment Az of the abscissas, the increments 
Ay of the ordinates are equal for 
all points of the straight line 
y =kx+4-b (Fig. 90). 

2°. No other function has this 
properly. 

Let us prove thal. any function 
y = f (£), the increment Ay of which 
is directly proportional to the incre- 
ment Az of its argument, is a linear 
Junction. 

Given that y=f(x); Ay=k-Az. 
It is required to prove that 
f(z) - kx-r b. 

Proof. Taking the initial value 
of the argument to be zero and 
the altered value z, we obtain for the increment of the argu- 
ment: Áz=x—0=zx, Under these conditions the initial value of 


tho function y= f(x) is a constant f(0), which may be denoted 
by the letter b, 





Fig. 90. 
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The altered value of the function is f(z). The increment of 


the function 
Ay = f (z) — f (0). 


f (z) = Ay + f (0). 


Since it is given that Ay=k-Az=kzx and f(0)=b, we have 
f (z)=kz+b as required. 
3°. It follows from (I) that 


i.e., the ratio of the increment of a linear function to the incre- 
ment of the argument does not depend on the value of the argu- 
ment; il is constant for a given function and equal to the slope of 
the straight line which represents the graph of the function. 

The aforesaid ratio is called the rate of change of the linear 
function, 

A linear function varies uniformly and the rate of change is 
numerically equal to the slope. 

4”. A practical example of a linear function is the distance s 
travelled by a body moving with a uniform velocity v, 


=ut+ So 


or tho length / of a spring subject to the action of a stretching 
force P (Hooke's law): 


Henco 


l=kP + lo 
or the volumo v of a gas that varies with the temperature T, 
v=1 + pr, 


etc. 


Sec. 74. Examples in Finding Rates of Change 


1°. Let the distance s travelled by a body freely falling in a 
vacuum during time £ bo given by the formula 


= 1 2 
s=>y8l , 
where g—the acceleration of gravity —is approximately equal 
to 9.8 m/sec?. 
Let us calculate the rato of freo fall of such a body at 
t=2 sec. To do this, let us determine the average velocity of 
the body over some interval of the time immediately succeeding 


t —2 sec, for example, over an interval of 0.1 sec between ¿=2 
and /, —2.1 sec (1, —t=0.1 sec). 
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Let the distance travelled during ¿ be s, and that during ¢,, s,. 
Then the distance travelled during the interval /,—! is 


s-s-lgi—lgü-lg(40(,—0. 


The average rate of fall during this interval is 


si—s 
ut 





Vao = =F el +0. 
Numerically, 
vaw = 5 8 (2.1 +2) = 2.05 g. 


Let us reduce the interval of time, (,—¢, step by step, each 
time by a factor of 10. We get the following table. 


t | t | trt | A g (tit vao Ada 

2 | 24 4.1 2.05g e+, 

2 2.01 4.01 2.005g q, 

2 2.001 4.001 2.0005g 28+ nny) 
2 2.0001 4.0001 2.00005g 2g 4L 


In the last column, the average velocily is written as the sum 
of two terms: a constant A=2g and a variable a equal to a 
fraction in which the numerator g is a definite number while the 
denominator increases without bound. Such a fraction is an infin- 
itesimal (Sec. 47). 

Thus, the variable average velocity is the sum of a constant 
2g and an infinitesimal «a. Therefore (Sec. 49) when ¢,—(-—> 0, 
the velocity has a limit equal to 2g: 





The values of the average velocity, 2.05g, 2.005g, elc., cal- 
culated for the time intervals 0,1 sec, 0.01 sec, etc., are approx- 
imations to the value of the velocity al time /=2 sec, and 
this approximation is the closer to the actual volocily the small- 
er the interval of timo taken. The limit of the average velocity 
when t,—t tends to zero is the velocity v at time t. 

Hence, at timo ¿=2 sec, the velocity v = 2g - in/sec. 
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Note that we took times /, later than /; but we could just as 
well have taken t, prior to t: t,=1.9; 1.99; 1.999, etc. Then the 
average velocity would be 1.95g, 1.995g, 1,9995g, etc., with the 
same limit 2g (Sec. 44, 2°). 

2°. The difference s, — s is the increment of the distance and may 
be denoted by As (Sec. 65), while the difference t,—+t is the 
increment in time and may be denoted by At. We then have 
$4—5$ As 


1) Vao = pt Ot , 


i.e., the average velocity of a freely falling body is given by the 
ratio of the increment of the path to the increment of the time 
during which the increment in path takes place; 

$4—53  , As 


2) v= lim = lim + 
) ty-t0 41-4 apro Al ? 





i.e., the exact value of the velocity of a freely falling body at a 
particular instant is the limit of the ratio of increment of path to 
the increment of time when the latter increment tends to zero. 

3°. If a kilogram body absorbs one and the same quantity of 
heat (Q,—Q cal) during a rise of different temperatures ¢ by one 
and the same amount (^, —t)*, then the relation 


has a constant value, and the amount of heat Q is a linear func- 
tion of the temperature t. The ratio se in this case represents 


the rate of change in the quantity of heat Q for an arbitrary 
process of variation of temperature ¢ and is called the heat capac- 
ity of the body. 

Caroful experiments have revealed that the quantity of heat Q 
absorbed by a substance is not a linear function of ¢. For example, 
the heat Q absorbed by 1 kg of iron in a temperature rise from 0° 
to £= 200° is given with sufficient accuracy by the formula 


Q = 0.1053 £ + 0.000071 23. 
— use this formula to find the heat capacity of iron at 


t= ^ 

Solution. To simplify the writing we shall denote 0.000071 by 

a and 0.1053 by b. Then 
Q x bt J- at*. 

Suppose that Q calories of heat are absorbed by 1 kg of iron 
when the latter is heated from 0° to ¢°, and @+AQ calories are 
absorbed by it on being heated from 0° to (t+ At)’: 

Q — bi 4- at?, (1) 
Q+ AQ =b (t 4- At) +a (t +A£)?. (2) 
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Subtracting (1) from (2) we tind the quantity (AQ) by which 
the quantity of heat Q changes when the temperature changes 


by Al”: 
AQ — b. At 4-2at- At p a- At, (3) 
Dividing (3) by At we get the average rate of change of the 
quantity of heat Q (average heat capacity) over the interval 
[^, t - At]: 
AQ — b+ 2at .- a- At. (4) 


We note that b-r2at is constant for the given values of b= 
20.1053, a 20.000071, «= 50°: 


b 4-2at 2 C, 


where C = 0.1053 + 2.0.000071.50 = 0.1124 kcal. 

The term a- At of the sum is a variable quantity depending on 
the value of At. As At tends to zero, a- At becomes an infinitesi- 
mal, and the constant C becomes the limit of the average rate 
of change Ae, 

At AQ 
un At se 


This constant C represents the rate of change of the quantily 
of heat Q at a given temperature ¢° for any arbitrary process of 
temperature variation and is called the heal capacity of the body 
at this temperature. 

Thus, the heat capacity of iron at t=50” is C —0.1124 kcal. 


Deduction. The rate of change of the quantity of heat absorbed 
by a body at a given temperature (the heat capacity of the body 
at that temperature) is the limit of the ratio of the increment of 
the quantity of heat to the increment of temperature when the lat- 
ter tends to zero. 


Sec. 75. Derivative Function 


Let us try to determine the rate of change of the quantity y 
as a function of the variation of z. Since we are interested in 
all possible cases, we shall regard the relation y= f(c) aud the 
quantities z and y as purely mathematical entities without assign- 
ing a physical meaning to the symbols. To find the rate of 
change of y with respect to z we shall use tho same methods of 
calculation as were used in the previous seclion. 

Wo consider a function y= f(x) continuous over the interval 
fa, b]. Let us tako two numbers in this interval: z and r4- Ar. 
During the course of our discussion we shall treat r as some 
fixed quantity and Az as its increment, Now, the increment Ax 
of the argument will cause an increment Ay in the function. 
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. Thus, 
Ay = f (z+ ^2) — ] (2). (1) 

The ratio of the increment Ay of the function to the incre- 
ment Az of the argument is found to be 

Ay _ f(zrAz)—f(2) (II) 
Az Az i 

From the foregoing, this ratio is lhe average rate of change 
in y with respect to z over the interval [z, z-|- Az]. 

Let Az tend to zero without bound. 

For a continuous function f(x) the fact that Az tends to zero 
causes Ay to tend to zero (Sec. 70), and the ratio (II) becomes 
a ratio of infinitesimals, generally speaking, a variable quantity. 
Let this variable ratio (II) have a definite limit * denoted by /' (z). 


lim /&42—16).— y (a) (111) 
4x0 


From the physical point of view, this limit is the value of the 
rate of change of the function f(x) with respect to its argument 
for a given value x of this argument. In analysis, this limit is 
called the derivative of the given function at the point z. 


Definition. The limit of the ratio of the increment of a given 
Junction at x to the increment of its argument at that point as the 
latter tends to zero is called the derivative of the function at that point. 

2°, Let a definite value of the rate of change of the function 
f (r) correspond to every value of the argument zx. Then the rate of 
change f/'(7) is a new function of the argument r called the 
derivative function of the given function f(x). 

For example, the derivative function of the quadratic function 


Q = bt + at? 


Q' =b+2at. (Sec. 74, 3°) 
37. A derivative function is denoted thus: 


is a linear function: 


l) a prime is used, or 2) the symbol dv is written before the 
symbol of the given function. 

If the given function be denoted by the letter y, its derivative 
may be designated as follows: 

1) y”, read as “derivative of the function y”, or 

d : 

3) "n , read as ‘dy with respect to dr”, or “dy ovor d.c". 

If the function is given as f (+), the derivative may be written as: 

ae (£), read as ‘derivative of tho function f(z), or "f prime 
of r“ or 


* We cannot assert that tho ratio n4 always hus a definito limit. 
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df (z) 

2) dz 

4”. Finding the derivative of a given function is called differen- 
tiating that function. 

The general rule for differentiation (for finding the derivalive) is: 

1) find the increment Ay of the function, i.e., find the dif- 
— of values of the function for values of the argument z + Ar 
and z; 


, read as ''df of z with respect to dz”. 





2) find the ratio A by dividing the above-obtained equation 
by Az; 
3) find the limit of the ratio ¿2 when Az— 0. 


Example. Find the derivative of the function y=x%--1 at 
any point z. 
Solution. 
1) Ay =(2-+Az) 1— (254-1). 
Solving we get 
Ay = 32?- Az + àz- Az? + Az’; 


2) AL = 3294 32-Az+ Az; 
3) I= lim (32% 4 3z. Az + Az?) = 327 + 31-0 +0 = 32°. 
dz 4x0 


y 5”. Note that the derivative of a linear function y =kr+ b 
13 a constant quantity, &. 
Indeed, for the linear function y — kz--b 


Ay=k-Az; 
y. 
a: 


JV — lim 2* = lim k=hk. 


dz  a4xso0M* azo 


6”. Derivatives are oflen encountered in science and engincer- 
ing. Somo examples of derivatives: 

1) in the motion of a body, the path traversed s is a function 
of the timo ¢; the velocity of motion at timo ¢ is tho derivative 
of the path s with respect to the time /, i.e., 
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2) in tho rotational motion of a rigid body (e.g., a flywheel) 
about tho z-axis (Fig. 91) the angle of rotation p is a function 
of the time £: 

p=1f(t); 7 


the angular velocity œ at any given time ¢ is a derivative of the 
angle of rotation with respect to the time, i.e., 


3) during cooling the temperature 
T of a body is a function of the 
time ?, 


T =f (ty; 


and the rate of cooling at any 
particular time ¢ is a derivative 
of the temperature 7 with respect 
Fig. 91. I 3 dT 
to the time £, i.e., 5r; 

4) the heat capacity C of a body at a given temperature t is 
a derivative of the quantity of heat Q with respect to the tempera- 
ture £, 





5) careful experiments show that when a rod is heated the incre- 
ment in length, Al, can only approximately be said to be proportion- 
al to the change in temperature At, For this reason, the function 


l =f (t) is not a linear function, and the ratio Sis only the average 


coefficient of linear expansion over the interval [t,¢+ At]. The 
coefficient of linear expansion a, at a given temperature f, is 
a derivative of the length / with respect to the temperature t, 


a = 


eje 
j € 


Sec. 76. Tangent to a Curve 


1*. Take a point C on the straight line AB (Fig. 92) and draw 
through it a straight line CM not coincident with AB. Imagine 
that CM rotates about C in such manner that the angle 
y between CM and AB tends to zero. Then the fixed line AB is 
called the limiting position of the moving line CM. 

2”. Imagine that on the curve AB (Fig. 93) a point M approaches 
without bound a fixed point C on the curve, and the secant CA 
rotates about C. It may happen that irrespective of whether 


122 


the point M approaches C in the direction from A toC or in the 
direction from B to C (point Af’ in Fig. 93), there exists one and 
the same straight line C7, which is the limiting position of CM. 





Fig. 92. 


Definition. The straight line CT, the limiting position of the secant 
CM, is called the tangent to the curve at the point C. 


Point C is called the point of contact or tangency. 


3°. Corollary. Angle y (Fig. 93) formed by the tangent CT with 
the axis Oz is the limit of the angle a formed with the same axis 





Fig. 93. 


by the secant CM, for which the given tangent CT is the limiting 
position, 

Indeed, angle y between the tangent CT and the secant CM 
is equal to a — o (Sec. 16): 


a—qQc-y. 
According to the definition of a tangent, angle y is an infini- 
tesimal, and therefore 
9 c lim a. (1) 
4°. Theorem. /f the line y — f(x) has a tangent at the point x, 


not parallel to the axis Oy, then the slope of the tangent is equal 
to the value of the derivative f' (x) at z. 
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Proof. The slope of the tangent 
tan ọ = tan (lim a) 
since, from the foregoing, ọ = lim a. 
Excluding the case of 9-75. we have, by virtue of the conti- 


nuity of a tangent (Sec. 72), 
tan (lim a) = lim tan a. 


Hence, tan q — lim tan a. 
By formula (VI), Sec. 5, for CM (Fig. 94) we have 


tan a= feto 1) ] 
T 
Passing to the limit when Az—0 (point M approaches point 
C without bound at the angle a—>»ọ when Az—>»0) we have 
lim tan a = lim ELO y (z). 
4x0 4x0 z 


Consequently, 
tan 9 — /' (z) (IV) 


Sec. 77. Geometrical Meaning of a Derivative 


1°. The converse theorem embodying the geometrical inter- 
pretation of a derivative is also true: if a function y —f(z) has 
a definite derivative at the point z, then: 

1) a tangent to the graph of the function exists at this point, 

2) the slope of the tangent is equal to the value of the derivative 
f (x) at zx. 


Proof. It is assumed that the limit of the ratio * exists. But the 


ratio n4 is the tangent of the angle formed by the secant CM (Fig. 94). 
Ay _ 
"Az - tan a. (1) 
Hence, as is given, there exists lim tana—tan (lim a). 
Ax20 Ax-0 
It follows from equation (1) that 
z Ay 
a=arc tan 2. 
As a consequence of the continuity of the arc tangent, we have 
lim a= lim arctan AY arctan lim Ay . 
4x70 áx-0 Ar Ax-0 Az 


124 


Ay 


But it is given that lim —— exists and is equal to f'(x) Thercfore 
5x0 Az. 
lim a=arc tan /' (z). 
áx—=0 


Assuming arctan f' (1) =q,, we gel 
lima=q. 
4x0 


Thus, a has a limit, which means that there exists a straight line pass- 


ing through point C that makes an angle with Oz equal to lim a. Such 
Ax-0 


a straight line is the tangent to the curve at the given point C[z, f (2)] and 
its slope tan p=f' (z). 


2”. Remarks. 1. The slope k of the straight line y=hs-b 
is called the slope of the line to the axis Ox. The slope of the tangent 
to the curve y=f(x) at the point (z,, yi) is called the slope of 
ay AE it is equal to the derivative at this point, i.e., tan q = 
= Ty). 

2. If the tangenl to the curve y = f (x) at the point (+), 4,) forms 
with the axis Oz: a) an acute angle q, then the derivative 
f (2) 2 0, since tan $0 (Fig. 95); b) an obtuse angle q, then 
the derivative f’ (z,) <0, since tan q < 0 (Fig. 96). If the tangent is 
parallel to the x-axis (Fig. 97), then angle ọ = 0, tan q =0and f (r,) =0. 

When the tangent is perpendicular to the z-axis, the approach 


of a to + can yield one and the same infinite limit both on the 


right and left: tan p= + œ (Fig. 98) or tan q = — œ (Fig. 99), 
or infinite limits of unlike sign (in Fig. 100 at C, the limit on 
the left is tan p= +œ, while the limit on the right is tan 
= — oo). In the first case (points A and /3 in Figs. 98, 99), the 
finction f(x) is said to have an infinite derivative at these points; 
in the second case (at C in Fig. 100), there is no derivative, 
either finite or infinite. 

Note that infinite derivatives are considered only at points of 
continuity of the function f(z). 

3. If the function f(x) has a finite derivative at a point z, the 
function is said to be differentiable, at this point. The function 
f (z) is differentiable over the interval a < «<b, if ils derivative 
I’ (x) is finite al every point of this interval. 

4. A curve having a tangent is sometimes situated on both 
sides of the tangent (Figs. 97, B; 98, 99). The tangent in such a 
case is said to cross the curve. 


4°. The straight lino perpendicular to the tangent and passing through 
the point of contact is called the normal to the curve. According to the 
condition for mutual porpendicularity of two straight lines, the slupo of tho 


normal is —— 


rey ' 





Fig. 100. 


Sec. 78. Relationship Between Differentiability and 
Continuity of a Function 


1°. Theorem. /f the function y f(x) has a definite derivative 
at the point x, then the function is continuous at this point. 


Proof. We write the identity 


since it is always understood that Az+0. When Az tends to zero, 


the ratio 52. has a definite limit (given) and, consequently (Sec. 


46), is a finite quantity. Az is an in- Y 
finitesimal. Hence, the product 


SY Az is an infinitesimal with limit 


equal to zero: 


lim Ay=0. 
4x0 
0 y 
Consequently, the given function Fig. 101. 


y = Í (x) is continuous (Sec. 70). 
°., The converse theorem is not true: a continuous function may 
not have a derivative. For example, the function 


y=(|z| 


(Fig. 101) at the point z=0 is continuous. However, no definite 
tangent exists at c=0U: the function is not differentiable. 

3°. Corollary. A function has no derivative at a point of discon- 
tinuity, 

The first clear-cut distinclion between the concept of continuity 
and differentiability was given by the brilliant Russian scientist 
N, I. Lobachevsky. 


CHAPTER VH 


DERIVATIVES OF ELEMENTARY FUNCTIONS 


Sec. 79. Preliminary Remarks 


4°. In a simultaneous examination of two or more functions it 
will be assumed that each one of them is differentiable, i.e., 
that it has a definite derivative at 
any arbitrary point zr. 

2°. The formulas for finding deriva- 
tives are also called formulas of dif- 
ferentiation. 


Sec. 80. The Derivative of a 
Constant 





Fig. 102. Theorem. A constant function has 
a derivative equal to zero at any point z. 

Given: y —c (Fig. 102). To prove: c' =0. 
Proof. For any value of z and for any increment Az, the 


increment Ay is equal to zero. Tho ratio 4L =0, i.e., 


lim 4 — —0; 
ax-0 OF 


| e=0] (I) 





Sec. 81. The Derivative of a Power 


1°. If a function is defined by tho equation y= z", where the 
exponent n is any real number, the function is called a power 
function. 

The exponont n may be positive or negative, rational (i.e., 
integer or fraction) or irrational. 

2”. Theorem. The derivative of the power of an independent 
variable is equal to the exponent multiplied by the independent 
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variable to the same power minus onc, 
i.e., if y =T”, y 2 (z")' =n-2"1, 
Proof. Let n be.a positive integer. The increment of the function 
Ay = (z+ Az)®—2", 
Using Newton’s binomial formula, we get 


Ay=x"+ + zac 4+ po zr? Ax? + 








1:2 
+ nm—1)(—2 , z"3 A394... Ax"— a^, 
12.3  — 
or 
= nine m n (n—1) (n—2) 23 Ad 
Ay — n. z"^! Az + 22 2"? Aa? + vd As? 4- 
+ eve + Az", 
Dividing through by Az, we get the relation 
— 2 i—1)(n—2) n- 
M n. ziq mine zu 22 Ax p 207002, IE 3. Az? 4 
+... Ar. 
And passing to the limit at Az — 0: 
" : Ay nel, 
y' =lim -"-=Rn-x 
y 4x0 Az 


Consequently, 


[i = nz" (II) 


Remark. The theorem is true also for negalive, fractional, 
and irrational exponents. Proof will be given below. Let us start 
using this formula for all constant exponents. 


3° Examples. 1. Find tho derivative of the function y— z*. 
Solution. By formula (II) y' z:4:z3. 


2. Find the derivative of tho function y=} z?, 
y: 


J 
Solution. Writing the radical as u fractional power, wo gel y=x". 


By formula (II), 


E 1 
3. Find the dorivativo of the function Vo us 


Solution. Writing tho fraction us a negative power, wo gol y=z-3, 
By formula (11), 
3 
y =—32 == —G. 
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4. Find the derivative of the function == . 
z 


tol 
. 


Solution. y=z=_ 
By formula (II), 

-3 
" 2 


md a e 
y=—50e “= 


— 
zyz” ' 
4°. Corollary. The derivative of an independent variable is equal 
to unity since 
z' =(21)'=1.21H=gyP=1, 


Sec. 82. The Derivative of the Product of a Constant 
and a Function 


1°. Theorem. The derivative of the product of a constant with a 
function is equal to the product of the constant into the derivative 
of the function, i.e., if y=c-f(z), where c is a constant, then 
y =0c-f (z). 

Proof. First we find Ay, i.e., the difference between the values 
of the given function c-f(x) for values of the argument x+Az 
and z: 

Ay =c-f(z+Az)—c-}(2), 
or 
Ay =c [f (z+ Az) — f (2)]. 


We find the ratio M by dividing through the above equation 


by Az: 
Y Luc [6+47)—1(2) 
Az Az ` 


We then find the derivative (applying Sec. 52, 2°): 


A Am — e, 
y erum He) of (z). 


y'=lim -> =c. lim 
aro 47 4x0 


[te-f Gr =e-f" el (111) 


which is what is required. 

The proved theorem is sometimes stated as follows: in differen- 
tiation, the numerical factor may be taken out of the differentiation 
sign. 


Therefore, 
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2°, Examples. 1. Find the derivative of the function y = 2-24, 
Solution. By formula (III), y' —2-(z1)' and by formula (II), 


y! = 2-429 — 823, 
4 
Yr 


Solution. Converting the fraction and the radical into a negative frac- 
tional power, we get 





2. Find the derivative of the function y— 


yeu (a cet T 


Sec. 83. The Derivative of an Algebraic Sum of 
Functions 


1°. Theorem. The derivative of an algebraic sum of functions is 
equal to the algebraic sum of the derivatives of those functions. 

Let us prove this for the sum of three functions: u (x) --v (7) — 
—z (z). For the sake of brevity we shall denote the functions 
simply as u, v and z. Thus: y=u+v—z. 

Let us take any arbitrary value of x and change it by Az. 
Then u, v, and z will each change their values by Au, Av and Az, 
ee this will cause the function y to change its value 
y Ay. 

y + ây = u 4 Au +v + Av — (z+ Az), 
Ay =u + Au +v + Av — (z + Az) — (u + v — z). 

Removing brackets, wo get 

Ay = âu + Av — Az. 


Dividing this equation through by Az, we obtain the relation 
Ay, 
Az’ 
Ay _ ôu Av Az 
‘Az Az * Az Ar^ 
Wo find the derivativo 
3 Ay a Au A Av A Az 
lim —= = lim —+ lim -2:— lim —— 
ax-0 ÔF axso AZ d RN Az ax Az’ 


[y =u (2) —0 (2) —2 (2) =u (2) v (2) —2"(2)] (IV) 


as required. 


or 
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2”. Example. Find the derivative of the function 
3 = 
v=5-V zT. 
Solution, Introducing negative and fractional expononts, we get 


1 


y= 332247. i 


y is the algebraic sum of three ¿Fuoctions: 3z-?—u, 22=v and 7=2. 


By formula (IV), y’=(3z—2)’—(z2)’+(7)'.. By formulas (III), (ID, (D, 


1-272 6 1 
‘= —6§r-I— — ‘= —/—_4+———_}.. 
y 6z 37 “+0 or y (+37) 


Sec. 81. The Derivative of a Product of Functions 


1°. Theorem 1. The derivative of the product of two functions is 
equal to the derivative of the first function multiplied by the second 
function plus the derivative of the second function multiplied by the 
first function, i.c., if y=u(x)-v(z), or, concisely, y=u-v, 
then y' — (u-v)' =u’v+0'u. 

Proof. Taking some arbitrarily definite value of x of the argument, 
let us give it the increment Az. Then the functions u, v and y 
will also receive corresponding increments Au, Av and Ay: 

y + Ay = (u + Au) (v + Av), 
and the increment in the function y will be 
Ay = (u 4- Au) (v+ Av) —u-v. 
Removing the brackets and collecting terms, we get 
Ay =v. âu +u. Av + Au- Av. 
Dividing through by Az, we obtain the ratio AE. 
c MERC. ee pue 
"Ar 7 uoa; Au Ar ' 

Passing to the limit when Az — 0, we get 

I Ay : ` Au Ñ : Av A ¡Av 

lim ¿%= 1 - lim —— + lim u- lim — + lim Au. lim +=. 
Kee AT geno Arad ÀF Sur MS =: &x-.0; an» o Dz 


Remember that u and v signify the numerical values of the 
functions u(r) and v(x) for some definite value of z, i.e., u and v 
do not depend on Az. Therefore lim v —v and lim u=u. 

Ax—=0 áx—=0 

Under the condition given in Sec. 79, the functions u and v 

possess derivatives and, hence, are continuous (Sec. 78). Since u 


is continuous (Sec. 70), lim Au — 0. 
Ax-0 
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By definition: 


. Ay , x Au ; : Av 
lim ~> =y’, lim — =u and lim ——=v’. 
Aano Ar LM LIA AE az+o Az 
Consequently, 


as required. 
2°. Example. Find the derivative of the function 
y=(2r2 4+ 31)- (3— 21). 
'Solution. The given function is the product of two functions: 
2124 3r=u and 3—2r =v. 
By formula (V) we find 
y’ = (2x? + 3z)' (3— 2z) + (3— 2z)' (21? 4 31) = 
= (áx + 3)-(3 —2z) + ( — 2) - (2x2 4- 3x). 
Removing the brackets and simplifyng, we get 
y'=3 (3— 473). 


3°, Theorem 2. The derivative of the product of n functions is 
egual to the sum of n products obtained by multiplying the derivative 
of each of these functions by all the remaining functions unchanged, 
i.e., 






(u,-u5 ... Un) Suus: . Unt 


; a (VI) 
UU ys... Unf... -F Unul oo o Unig 





Proof. Lot us take the product of three functions u,-uz-uj. 
Treating the product u,-uz as one function and differentiating 
by formula (V), we find 


(uyugus)’ = [(u,u2) - us)” = (u,u5)' ua + Uy (uiu) = 
= (uus + u¿U,) U3 + UUW, = UUU + u;u,us + UU Uo. 


Similarly, treating the product of three functions, u,u,uz, as 
one function and then difforentiating, we find the derivative of 
tho product of four functions, and so forth. 

In general, it is possible to prove that if formula (VI) is true 
for a product of m factors, it is also true for a product of m+1 
factors. : 

Consequently the theorem holds for any number of factors n. 


Sec. 85. The Derivative of a Fraction 


1°. Theorem. The derivative of a fraction is equal to a fraction, 
the numerator of which is the derivative of the numerator multiplied 
by the denominator minus the derivative of the denominator multi- 
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plied by the numerator, while the denominator is the square of the 
given denominator, i.e., if 

. A (z) 

Y= 5 


concisely, y= —, then y'= =(+ y= — 


Proof. Let us — an arbitrarily detinite value of z and let the 
value of the denominator v be different from zero. Altering the 
value of z by the increment Az, we get increments Au, Av and 
Ay of the functions u, v and y, respectively, 


_ u+Au 
VEA = VC 


and the following increment of the function y: 


or, 


Reducing to a common denominator and doing the subtraction, 
we get 


"FA * 


¿vio the numerator vAu—u-Av by Az, we find the ratio 
Y. 
Az `’ 


m 8. 
Ay _ Az Az 
Az v (v + Av) . 


We then find tho derivative: 


lim v. lim Au lim u. lim ae 


lim AY _ Arvo Asso AF aso asso AF 
axso ÔT lim v-( lim ia lm 2” 


áxr=0 Azr=0 
As we have already observed in the preceding section, 


linv2v; limu=u; lim A =u’; lim 2 —v'; 


4x0 4x70 4x30 4x0 4 
lim Av=0 
Ax70 
Hence 
1 vu’ —uev’ 
= vi 
or 


(VI) 





ns required. 
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2°, Example. Find the derivative of tho Iunction 

12247 

127 ° 

Solution. Putting z24+-7=u, 12—7=v, we find by formula (VII) 


r (2247) (227) — (3$ 7) (1247) 
y= (z? — 7)? 





or 


3°. Corollary. 1. If the denominator of a fraction is a constant 
c, then 


and the derivative is found as the derivative of an integral func- 
tion. In this case, 


y= [-9y.-9 (VID 


i.e., if the denominator of a fraction is a number c, the derivative 
of the fraction is equal to the derivative of the numerator divided by c. 
2. If the numerator of a fraction is a number c, i.e., 








y= v (a) = m * 
then by formula (VII) 
c'v —v'c O · —v'.c c-v' 
pay Que ie. 


or 

PE AAA 

v= (sy) =- qx) 
i.e., if the numerator of a fraction is a number c, the derivative is 


equal to minus that number multiplied by the derivative of the denom- 
inator and divided by the square of the denominator. 





4°, Example. Find the derivative of tho function 


= 3z4 3a2 
YET 


,_( 3x4 3a? 
7 =( “a ye Sur ): 

The derivatives of fractions aro found by formulas (VIII) and (IX) 
respectively. 


Solution. 
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Thus we get 





y o (Qr) — —308(22)' _ 3-479 Q Salz _ 379 | Ba? 
YE A — — z3 


Sec. 86. Remarks 


We have stated before that a function is said to be differentiable 
if it has a derivative. From theorems (formulas II to IX) it follows 
that a function obtained by the addition, subtraction, multiplication 
or division of differentiable functions is itself a differentiable 
function. 


Sec. 87. The Function of a Function 


1°. Examples. 1. Let y = V 2pz. If we put] 
2pz -u, 
it becomes evident that u is a function of z, for instance, 
u =ọ (z2). 
Then the given function 
yz 2pz = Vu 
is a function of u, which, in turn, is a function of z. Writing sym- 
bolically, if y —f(u) and u =ọ (z), then 
y =1[9 (z)). 


2. y --sinz? is a function of a function because if we put 
z =u, then u=@(z). And so y=sinu=sing(z) is a function 
of a function. 

3. More complex functions of functions are also met with in 
practice. For example: y = log (sin z?).. 

Here sin x° is a function of a function, and this in turn is the 
argument of the log function. In this case, the logarithm is a 
funclion of sin u, sin u is a function of u, and u itself is a function 
of x. 

Symbolically, this function may be written 


y =F (fle (2) 


The function of a function is called a composite function. 


Sec. 88. The Derivative of a Function of a Function 


1”. Theorem. 7f y is a differentiable function of u and u is a dif- 
ferentiable function of z, then 
1) y is a differentiable function with respect to z, and 
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2) the derivative of y with respect to x is equal to the product of 
the derivative of y with respect to u into the derivative of u with respect 
to z, i.e., if 


y=f(u), and u=q(2), then $=} (u).' (z). 


Proof. Take a definite value z to which there corresponds a 
definite value u; in turn, to the value u there corresponds a 
definite value y. We give z an arbitrary increment Az. This 
increment will cause an increment Au in u, which in turn will 
cause an increment Ay in y. We shall assume that Au and Ar 
always differ from zero*, i.e., 


AuX0 and Azs;j0. 


Now, it is given, by the theorem, that A 


equal, respectively, to the derivatives f'(u) and q' (x), i.e., 


and du have limits 
Az 


z Ay $ e du _ " 
lim ta =f (4) and lim år =T (2). (1) 
The functions f(u) and ọ (zx) are differentiable, which means 
(Sec. 78) that they are continuous, and hence the fact thal A. tends 
to zero will cause Au and Ay to tend to zero (Sec. 70). Consequently, 
in equation (1), Au— 0 may be replaced by Ar— U. Then 

equalities (1) may be written as 

: dy . a : Au _ , 

im a =Í (u) and; un "Az 79 (1). (2) 


Multiplying the two equalities together, we get 
: SY Lodi Au =/ (uy. Cn. 3 
Jim “x m arm ee) (3) 


Applying the theorem on the limit of a product (Sec. 52), we get 
im M ſim AW. n 89 Ou) jim 
dim ae Jin aro im Caras) 7 at 
Putting E. in place of the left-hand side of equation (3), we find 
that 
dy _+ o 
Ge 7I wu) (2), 


as required. 





* Tbe theorem can bo shown to bo true oven fn those casos whero Au 
becomes zoro for certain values of Az, howevor small tho latter may be. 
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The following alternative form of this formula is convenient 


for practical use: 
| AL — falu) z (X) 


This form is obtained by replacing q'(z) by uz. 

2”. In the same manner we can show that formula (X) is appli- 
cable even when the given function is made up of a larger number 
of intermediate functions. Thus, for example, it can be shown 
that if y=f(u), where u — o (t), and t= (z), then 


JV — f (0-9 ()-W (2). 


3°, Example. Find the derivative of the function y—(az-- 5b)". 


Solution. Putting az-+b=u, we see that y=u" is a function of a 
function. Therefore, differentiating with respect to the variable u as a 
power function, and at tbe same time applying formula (X), we get 


y'—n-un-l.u', 
Replacing u by az+b, we have 
y' —n-(az + b)"=1.(a2 4- b) 
or, since (az +b)'=a, 


y' —an (az + b)n-1, 


4°. lí y=u", where u=q(z), then y' =n-u""1.u' (XI) 





i.e., the derivative of the power of the argument in a composite function 
is equal to the product of its exponent into the base to the power less 
by unity and into the derivative of the base. 

Formula (X) is basic to the technique of differentiation. 


5°, Example. Find the derivative of the function 
y= (54+-323)10.(3:24-8)5, 


Solution. Differentiating with the aid of formula (V) for the derivative 
of a product, wo have 


y' = [(5 + 323)10]”.(3724- 8)5 + [(3z9 + 8)5]’ -(5 4-325)10, 


Tho dorivativos [(54-32z3))9]' and [(312+4-8)5]” can be found from for- 
mula (X1): 


y' —10 (5 4-323)9.9z2.(3z2 4- 8)5 + 5 (32? -- 8)4-6z- (5 ]- 323)10. 
Taking common factors out of the brackets, we have 
y' = 30z (5 + 3z5)9- (32? + 8)* [3z (322 4-8) + (5 -323)]. 
Performing tho operations in tbe square brackets, we got 
y' —30z (5 + 3z3)9. (32? + 8)4- (1223 4- 2áz +5). 
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6”. Example. Find the derivative of the function 
ya 2-1 
y 3—z2 ki 
Solution. 'Applying [formula (VII) for the differentiation of a fraction, 
we have 
20 2:—1 
— — 
(3—2)2 
1 1 
y = 200-8182 (271) 
E oe . 


((3— 222) 


The derivative of (3— 22)? is found from formula (X1): 
1 1 
2(3—z2)* -+ (3—22) ?.(—22) (2x — 1) 
ye eub — 
gary 202-0 — 20—2).z(:—10 
= V3—22 _ Y 3—z? 
3—z? a 3—z? 
z 6—22?4-272—z x 6—z 
(322) 332 — (3—z2)y 3—a* ` 








Sec. 89. The Limit of the Ratio of a Sine to an Are 


Theorem. The limit of the ratio of sin a to arc a when the arc a 
tends to zero is 1, i.e., 
lim 229... 4 
a0 s : 
Proof. Take an arc BE (Fig. 103) less than a semicircle and draw 
the chord BE, a radius OA perpendicular to the chord BE, and 


the tangents BD and ED to the cir- B 
cle at points B and E. From tho 
equality of the right-angled triangles 
OBD and OED it follows that the D 
tangents have a common point D I 
and that BD = DE. NALE 

E 


It is known from elementary ge- 
ometry that the length of the arc 
BE of a circle: 1) is greater than its Fig. 103. 
chord BE, but 2) is smaller than tho 
perimeter of the broken lino BDE described about this arc and 
having common ends with it. Thus, 


2BC < 2- AB < 28D, 
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Whence, 
BC<-AB< BD. 


Dividing the inequalities by the length of the radius R of the 
given arc, we have 





RR) ^R 
The ratio -AR is the radian measure of the arc AB; let us 
denote it by a. Then the ratio BE =sina and 5? — tano. 
Therefore, 


sina <a « tana. 
Dividing the inequalities by sina, we get 


a 1 
1< sin a < cosa ' 
or 

1> qna > cosa. 


When a—.0, the limit of 1 and the limit of cosa — 1, and 
since IL is between 1 and cosa, hence (Sec. 56) its limit must 


also be equal to 1. 
Consequently, 


Sec. 90. Derivatives of Trigonometric Functions 


1°. The function sin x has, at any point zx, a derivative equal to 
cos x, i.e., (sin z)' = cos 1. 


Proof. If y=sinz, then Ay=sin(z+Az)—sinz. Using 





the formula sin a — sing = 2cos T P. .sin € , we get 
Ay =2 cos (s +) sin 57. 


Let us now find the ratio M (for this it is sufficient to divide one 


factor, sin . by Az): 


Az Az an 
rd 
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The derivative 


. Ar 
sin —,— 
x 2 
7 lim cos (z + )- lim —,——. 


áx=0 Ax 


Since the cosine is a continuous function, by Sec. 72, 1°, we have 


lim cos (= + t =cos lim ( z+ SE) =C05 T. 





4x70 Ax70 
. Ar 
sin —,— Az 
In order to find lim —; Ve put = 
Then Az 22a and a — 0 if Az — 0: 
sin bz 
2 SQ sing 1 . sing 1 1 
lim = lim =-, lim E LN 
Ax0 A 0-0 2 2 2-0 2 2 


Consequently, m =2-cosz- T - COS z, as required. 
2°. If y —sin u, where u =ọ (x), then 


[v = (sin u)=cosu-u'| (XII) 


Example. Find the derivative of the function y= sin (2—3z). 
Solution. By formula (X11): 


y' =cos (2—3z)-(2—3xz)' = —3-cos (2—3z). 


3%. The function cos x has, at any point x, a derivative equal to 
— Sin xz, i.e., (cos z)' 2 —sin Z. 


Proof. It is known that cos x= sin ($- z) . Therefore, 


(osz) = [sin (==) ]' =cos (Pz): ($-2:)- 
=cos (4 — z )(-1)= —sin z, 


Since ($- z) = —1 and eos (5 —2) — Sin x, as required. 
4%. If y=cosu, where u—q(z), then 


oun) 


E The function tan z has, at any point z, a derivative equal to 
Xosz 10., (tan 2) = 


. 


cos3 z 
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Proof. Since tan x= mrz , we get, by using formula (VII), 


(tan z)' = sinz N' __cosz-cosz—(—sinz)-sinz — 
T) =\ cose costa = 
_ cos*z+sin?z _ 1 

cos? z ^ cos?z " 








8S required. 
6°. If y=tanu, where u- q(z), then 
r , 1 , 
y'= (tan u)’ = 7: (XIV) 
7”. The function cot z has, at any point x, a derivative equal to 


: 1 
str + bes (cotz) — quz. 


Proof. Since cot z=%%., we get, by using formula (VII), 





sin z 
(cot ay |f cose’  —sinz.-sinz—cosz.cosz — 
UM sinz ag sin? z m 
> sin?z+cos? z _ 1 
= sin? x ad siniz ' 


as required. 
8°. If y=cotu, where u = ọ (1), 


y =(cotu)’ =-——L—.u' (XV) 


sin? u 





9°. Examples. 1. Find the dorivative of the function iia N 
Solution. d formula (XV) we a 
Ge 


Goo o es 
simi 
2. Find tho derivative of the function y— 4 sint 2s. 
somien, Tho given function is a power function and may be written 
as y=2 (sin 2z)*. Therefore, differentiating by formula (XI) we get 








sin: Ž z2. sin 2. 


y=z - 4 (sin 2z)8 (sin 22). 
Wo find the derivative of sin 27 by formula (XII): 
y' = (sin 2z)3-cos 27 - (2x)' = 2 sin? 2z - cos 27 = sin? 2z.sin 4z. 
3. Find the derivative of the function y=) 1—tan$z. 
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Solution. The given function is a power function and may be written as 
1 
y=(1—(tan z)3J?. 
Then, by formula (XI), 
1 


y'=2 (1—(tan zy] 2.(1—(tan 7)?]' = 1 


*(—2 tan r)-(tan r} = 


2 Y i—tan?z 
tanz tan x 
E - = ÃO 
y 1— tan? x-cos? x cos z Y cos 2x 


Sec. 91. Two Systems of Logarithms. The Number e. 
Changing from One System of Logarithms to 
the Other 


1%. The function y=log,z is called a logarithmic function. 
y is also called the logarithm of the number z to the base a. 
The other conditions are: a>0, a +1 and number z>0. 1f the 
base a=10, the logarithm is called a decimal logarithm and is 
denoted by the symbol log x without the base indicated: 


logio z= log z. 


Because of their simplicity decimal logarithms are very conven- 
ient to use in practical calculations. But in theoretical discussions 
natural logarithms are moro convenient and are widely used. 
The baso of natural logarithms is a number equal to the limit 
of the expression 


when |m | — co. 

Academician Leonard Euler (1707-1783) of St. Petersburg invos- 
tigated the formula (found by Daniel Bernoulli) for calculating 
this limit (which he denoted by c): 

: 1 ym 1 1 1 1 
moe 147 ette 0 


Figure 104 shows tho graph of the functions y= (1 +2)". 


To every value of z there corresponds a real number y only 
when the base (1 +=) is positive, which occurs only when 


z>0 or z<—1. 

The numbor e is irrational, i.c., it is expressed by a nonter- 
minating nonrepeating decimal fraction, and can be found to any 
desired degree of accuracy Ly formula (1). The sum 


1,4 1 1 EUR 
icta 043tgat ig tecum; a6 
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1 
k.1-2-3-4...k * 
e =2.718281828459045.... 
Definition. Jf the base of the logarithm is e, then the logarithm 


is a natural logarithm and is denoted by la without the basal 
index: 


here, the error does not exceed 


log, z=Inz. 


2°. Changing from one system of logarithms to another. Let us 
take the problem of finding the logarithm of a number to the 





Fig. 104. 


base a if the logarithm of the number to the base b is known. 
Denoting the number by N, we can write (by the definition of a 
logarithm) 
N =aloeaN and N= bdloson, 
Whence 
alogaN — blogbN. 


Taking logarilhms of both sides iu the known system of loga- 
rithms, i.e., to the base b, we get 
log, N -loga a = log, N - log, b = log, N, 
since log, b — 1. Whence 


1 | 
log, N — log, N. logs a (A) 


i.o., to obtain a logarithm to a new base it is sufficient to multiply 
the known logarithm by the inverse of the logarithm of the new 
base to the original base. 


Tho constant factor 
of base from b to a. 





i i is called Lhe modulus for a change 
ogo a 
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Putting a=e and b=10 in formula (A) we gel the formula 
for changing from decimal to natural logarithms: 


In YN = log V--—— 


1 
"log c (1) 





and putting a=10 and b=e we get the formula for changing 
from natural into decimal logarithms: 


log N =In N- 


ln 10 (2) 





The moduli have the following values: 


aT = 2.3025850929... and 


lo 
3”. By formula (A): 
log, N = log, N- 





Ty = 0.4342944819. . 


— 
log, a" 
1 


log, N = loga Nae. o : 


Multiplying these equations together, 


1 
loga N. logo N= log, N. loga N. Togy a- loga b ' 


and eliminating loga V:log,N, we find that 


| log, b-logya = 1 | (B) 


In other words, the moduli log; b and log, a are reciprocals. 
4°. Formulas (1) and (2) can be written as 


In N = log N-In10 
and 
log N =InN log c. 


Sec. 92. The Derivative of a Logarithm 
1°. Inz has, at any point x (0< x « -i- oo), a derivative equal to 
to: , 1 
zo» de, (nx =>. 
Proof. Putting y=Inz, we have 
Ay = In (z + Az) —Inx 


or 
z+Az 


Ay = ln —— 


10-1320 14 


a 


or 
Ay ln (14-52 
To find the ratio Ze we multiply the right side of the above 


equation by + : 


Az A 
Az 1 1 m 1 

Put UE — Then, Az Em 

Ay 1 1 

az." ln (1 T— 
Since 

m-ln (1 +5)=15 € tz). 

we have 


Ay _ 1 
mn (14) 
On the right-hand side of the above equation, m is the variable 


(x being constanl), and Iml- [i jo | if Az—0.- 
Let us find the limit of 4 = = When Ar—>0 and [m — co. 
lim "e lim ln (14 
àx-0 Įm! m 


15 in virtue of the continuity of logarithmic functions (Sec. 72, 
15: 


lim Sl. In lim( 1 4- — =)” 


Axr=0 Az mio 
But 
. å , 
m AL (In zx) , and Jim (tu = "=e. 
Hence 
(In z)' =+-1ne, 
or, since Ine s= loge” = 1, (ln iy-1, thus proving the proposi- 
tion, 
2. ff y=Inu, where u=q (7), then 
= (Inuy =2.u' (XVI) 


i u 
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3°. The function log,z has at any point r (0<r<+0w) e 

P , 1 : , 
derivative equal to na? Lee (loga?) = ma * 

Proof. We have, by putting b=e and N =z in formula (A) for 
change of base, 


log, 7 — ln debo. 
Ina 


Since d is a constant factor, formula (111) gives us 
1 


Ina? 


(log, 7)' = (In z)'- 
or (log, z)' ==> thus proving the proposition. 


4°. If ys log,u, where u= q (7), then 


| y' = (loga u) = — $ u | (XVII) 
SS | 


5°. Examples. 1. Find tbe derivative of the function y= log, (12 + 4). 
Solution. Applying formula (XVI1), we get 


4 "e 27 
Y SaF mna H 7 GEpiyma: 


2. Find the derivative of the function y= ln (z? + 4)?. 


Solution. When differentialing a logarithmic function it is generally 
useful to take logarithms first (if this is possible of c urse). This simplifies 
finding the derivative. Taking the logarithm of (72+ 4)*, we get 


y=2-In(z? + 4). 
Applying formulas (111) and (XVI), we get 
1 4x 
y =2 AURA we 
t+sinz 


Tsing * 
Solution. Taking the logarithm of the root and the fraction, we get 


3. Find derivative of y=1n 


1 
vL In (1 4- sin )- 7 In (1— sin x). 


Differentiating the difference and applying formulas (111), (XVI) and 
(XII), we find 


ud 
Ez 095977 


1 1 
Sain (008) = 
cos z í 1 Os y 2 cos r 1 
EE err T sinz jua C73 "sir cor coss’ 


1 
The aoswer turns out rother simplo: cosa - Taking a second look at the 
original function, wo discover that it moy be simplified by using tho 
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formulas of trigonometry. Indeed, 


x 
; 14 cos ($-2) 1 
i004: nee (3) ($ 
1—cos (3-2) 





irsinz | A AR oz 
y=ln i—sinrzr 4 2)" 


We find the derivative: 


a r d 1 1 
v= [ in cot (a5) "acres Due 
PIG EC Roz 
2 4 2 
1 


2 
x(-4)-—- — = > 
27° — a z n £N. x z xs 
2 sin 4-3) 4^3 si2($—3 
—— 
sin (3 —2) uid 


Did we save time and energy in first simplifying the function to be 
differentiated? Evidently not. The solution became longer and called for 
the application of a number of trigonometrical formulas, while the first 
method required only one formula. Thus, it is not always true that prelimi- 
nary simplification of a given function leads to quicker results. Therefore, 
this is not usually done when differentiating. 


Sec. 93. Monotonic Functions 


Mefinition. 1. The function f(x) is called an increasing function 
if, for any two different values of the argument zx, to the greater 
value of x there always corresponds a greater value of the func- 
tion, i.e., 

ifx,<z. and f(z,)<f (2). 


2. The function f (x) is called a decreasing function of x if, for 
any two different values of the argument z, to the greater value of 
the argument there corresponds a smaller value of the function, i.e., 


if z,«— x. and f (x,)>f (z2). 


Examples. 1. The exponential function y=a*, where a>1, 
is an increasing function in the entire domain of its definition: 


o <r <+. 


2. The function sinz is an increasing function in some intervals 
and a decreasing function in other intervals. For example, in the 


interval -<r <-+ sinr is an increasing function, and in 
" 1 3n .. . y " 
the interval 3<r<F il is a decreasing function. 
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3. The function f(x) is called a nondecreasing function if for all 
values of x, and T}, when x, < £», f (0) & f (22). 

Similarly, the function f(x) is said to be a nonincreasing one if 
for 1,< 22, f (x4) > f (22). 

Thus a nondecreasing function differs from an increasing func- 
tion in that, in the former, two values of the function (at different 
values of the argument) may be equal, while this is impossible in 
the case of an increasing function. 

4. Nondecreasing and nonincreasing functions are called monoton- 
ic functions; and increasing and deercasing functions are called 
strictly monotonic functions. 


Sec. 94, The Derivative of an Inverse Function 


1°. The equation y =f (x) defines y as a (single-valued) function 
of z. If it also permits defining x as a single-valued function of y, 
z — f (y), then the first function, y =f (7), is called a direct function, 
and the second one, z —f (y). is called an inverse function. 

Denoting the inverse function in the ordinary way, i.e., nol as 
z=f(y) but as y=f(r), we obtain for the direct function: 
z= f(y). 

2°. Theorem. /f: 1) x=f(y) is a strictly monotonic function 
and 2) has at point y a derivative f' (y) not equal to zero, then: 

1) the inverse function y = f (x) has a derivative at point x, corre- 
sponding to point y; and T 

2) the derivative, with respect to x, of the inverse function f (+) is 
equal to unity divided by the derivative of the direct function f (y) 
with respect to y, i.e., 


(XVII) 





Proof. By giving y an increment Ay0, we obtain in the 
function z= f(y) an increment Az such that 2-¡- Axr = f (y -i Ay). 
In view of the strict monotony of the function x= f (y) 


r--Arse:, d.e, Ar #0. 
By the definition of a derivative we have 


. : Ay A 1 
yx = lim => = lim -—. 
"s Arvo AF axo AZ 

Ay 


Now, since the function z=/(y) is continuous, Ar— 0 if 
Ay — 0 (Sec. 70); hence (Sec. 78) Az — 0 can be replaced by 


149 


y — àys0 Ay 


Sec. 95. The Derivative of an Exponential Function 


1°. Wo can treat the exponential function y =a” (where a>0, 
—ocr<+o, 0<y<+o) as the converse of the loga- 
rithmic function: 
z= log, y. 


The function x=log, y is strictly monotonic (increasing when 
a> 1 and decreasing when a «1) and has a derivative at y. From 
the foregoing, the inverso function y=a* has a derivative at z 
and is found by formula (XVIII): 





Replacing y by a* we have 


(ay =a*-Ina | (XIXa) 


2°. If base a=e, i.c., if y=e*, then 


| (y = e“ | (XXa) 
since Ina=Ine=1. 


3°. If the exponential function is a function of a function: 
y =a" or y=e", where u — q (x), then 


| y =(a") 2 a*-u'-lna | (XIX) 


BR 
| y — (e)! — e"-u' | (XX) 
Donec e BMC, 


4*. The function y=:a* can always bo represented in the form of an 
exponential function with base e as follows: from equation y—a* it follows 
a 
Iny=z-»In a. 
Hence 
yz ean a 
Pulling Ina=k, we get tho equation of the exponential function 
y=-a* in the form ; 
y—ehr, 


Functions y=e** and y:=c-e"*, where k is a constant, are frequently 
met with in practice. 
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Sec. 96. The Derivative of Any Power 


1°. Formula (II) for the derivative of a power function was 
hitherto not proved for fractional and irrational exponents. We 
shall now proceed to give the proof. First let us note that powers 
with fractional and irrational exponents are hero considered only 
for the case of positive bases, 

In the equalion y —z", x —O and n is a fractional or irrational 
number. Taking the logarithms of y=2" to the base v, we get 


Iny-nlnz. 
Whence 


yzenlnz, 


Since e^!^ z has a derivative, z” must also ¡have a derivative. 
By formula (XX), 


y = (enin s)! = enin sq = 2".n- —n.o-, 


| 
z 
Consequently, (z")' =n-2""1 thus proving the theorem. 

2*. Functions of the type u”, where the base u and the erponent v are sepa- 


rate functions of x, are called composite erponential functions. 
Assuming u œO and the functions u and v to be differentiable with 


respect to z, we shall show that &" has a derivative. 
Taking the logarithms of y—u" to tho base e, we get 


In y —v-Inu; 
y=e Inv, or u=e inn 


Since e"'!? u has a derivative, u” also has a derivative, which is found by 
formula (XX). 


3”. Examples. 1. Find the derivative of y—z*. 
Solution. z*—e*'!^*, Hence by formula (X X): 
y! =(e Mn OZ (rln zy meris. (anz. t1) zx. (Inz-4 1) 


2. Find the derivative of y=(cos z)*!" =, 
Solution. 


(cos x)tin x esinx-Incos x, 
y' = (e x-1n cos xy = ein x-In cos *.(sin z-In cos z) = 


èin x In cosx sinz . 
=e 2 xi — — - 
(cos In cos z cosz Sinz 


=(cos z)"!9-*.(cos x-In cos r—sin z-lan z). 


Sec. 97. Derivatives of Inverse Trigonometric 
Functions 


1°. The functions sin y and tan y increase in the interval — FS 


<y<+5 , and cos y and cot y decrease in the interval O< y< a. 
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i.e., these functions are strictly monotonic and have derivatives 
at every point of these intervals. Therefore their inverse functions. 
arc sinz and arc cosz in the interval —1<zr<-+1 and arc 
tan z and arc cot z in the interval —œ < T< +œ, have de- 
rivatives (Sec. 94). 
2°. If y=arcsinz, then z=siny. By formula (XVIII), 
1 1 t -4 


arc sin x : = —— == —— m —M—— 
( da (sin yy “osy — y'1—sin?y 


Since sin y — r, by replacing sin?y by x? we obtain 


1 





(arc sin x)’ = par (XXla) 
3°. If y=arc cosx, x=cosy. By formula (XVIII), 
ieu A IP | em 
(arc cos 2); mm siny Vico, 
or 
(arc cos x)’ = — (XXIIa) 
Via? 
4. If y=arc tan z, z=tany. By formula (XVIII), 
(arc tan x); MN —— A 
“7 (ton yy sec? y 1+tan? y 
Since tan y =x, we get, by replacing tan? y by 2°, 
, 1 
(arc tan z)' — Tat (XXIlIa) 
5°. If y=arccotz, z—coty. By formula (XVIII), 
(arc cot z) = —1— = — — — 
(cot y)y cosec? y 1+cot? y 
or 
OC b : 
(arc cot x)’ = Tui (XXIVa) 





*) The plus sign in front of the radical is because cos y >0 since 


aA a 
54. 
**) sin y >0 because 0 a. 


152 


6°. If the inverse trigonometric function is a function of tu, 
where u = 9 (z), then 








(arc sin uy ely! (XXI) 


Y lw 





1 ARS 
arc cos u)’ = — --;- ——--u' XXII 
( ) V I—u2 I ) 
(arc tan u)’ = (45, (XXIII) 
, 1 ; | ; ; 
(arc cotu)' = —iygu (XXIV) 
7°. Examples. 1. Find the derivative of y=arcsin ar. 
Solution. By formula (XXI), 
! —— 
— O oe 
2. Find the derivative of y=are tan (212—7). 
Solution. By formula (XXIII), 
Ms 1 353 22 E 
y = Tate Re VW = ala its S 


Sec. 98. Derivatives of Second and Higher Orders 


The derivative f’ (z) of the function f (7) is itself a function of the 
independent variable z. This derivative may be a differentiable 
function and hence its derivative can in turn be found. 


Example. The given function is y —z*; the derivative of the 
given function is (<$) 24z?; the derivative of this derivative is 
(42% = 1223, 

The derivative of the given function is called the first derivative, 
or a derivative of the first order; the derivative of the first de- 
rivative is called the second derivative, or a derivative of the second 

? 2 
order. The notation is y", f"(x) or y”, f? (z), or ri un. 
The derivative of the second derivative is called the third deriva- 
Live, or a derivative of tho third order, and is denoted by y^, 
- d? d3f (. 
I" (x), or y'?, f" (z), or SH, To etc. 

Tho process of finding derivatives one after the other is called 

successive differentiation. 





Examples: 
1. y=2% y =48; y'—12:5 y"-24z; ylY—24; yV-- 0 
2. y zInz; =t; y= —ict=—t; 
a z 1.2 , a.- 1-2-3 
Y= +1272 = 5; y Y = —1-2-30t= — + ele. 


CHAPTER Wi 


STUDYING FUNCTIONS WITH THE AID OF THEIR 
DERIVATIVES 


Sec. 99. How to Determine Whether a Function 
Increases, Decreases or Is Constant* 


Let y=f(x) bo a definite and differentiable function at every 
point of the interval 


axzxb. 


1°. It is known from Sec. 80 that a constant function has a 
zero derivative at every point of the interval. In advanced 
courses of analysis the converse is proved: that the function f (x) is 
constant over the interval [a, b) if at every point of the interval its 
derivative f' (z) is zero. 

Let ‘us show this graphically (Fig. 105). If /'(z) =0 at every 
point of the interval [a, b], the tangent to the graph of y — f (z) 





Fig. 105. Fig. 106. 


is parallel to the z-axis at every point r(a<z<b). As the value 
of r varies, point M of the graph (which is the point of con- 
tact of the tangent) moves to tho right but retains the direction 
of the tangent at M since the tangent does not change its direc- 
tion over the interval ax z & b. As a result, the curve of y = f (z) 
over this interval is obtained as a straight line MN parallel to 
the z-axis, and the value of the function, f (a), remains constant. 


* Reread Secs. 93 and 77 before boginning this chapter. 
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2. If y=f(z) is an increasing function over the interval 
a<zx<b (Fig. 106), then, as z increases, each successive value 
of y is greater than the preceding value; and, hence, for every 
given value of z, the increments Az and Ay are both positive. 


The relation st is also posilive and remains so whenever Ar 


tends to zero. As a result (Sec. 55), 
its limiting value—the derivative 
f'(r)—is either positive or zero: 


f (x)>0. 


If y=f(x) decreases over the 
interval a< z < b (Fig. 107), every 
increase in z leads to a decrease in 
the value of y. In other words, for 
a positive increment Az in any 
value of z, the increment Ay is 
negative. The ratio * is always Fig. 107. 
negative, and in the limit, as 
Ar—0, the value of the ratio is a negative number or zero. 


f (z) <0. 


Since the value of the derivative f'(x) is equal to the slope 
of the tangent to the graph of the function y =f (x): 


I (z) 2 tang, 


and in the case of an increasing function f' (r) 2 tan 9 O, the 
tangent to the graph of the increasing function makes an acute 
angle with the z-axis or is parallel to it (Fig. 106). For a de- 
creasing function, f' (1) 2 tano <0, and the tangent to the graph 
makes an obtuse angle with the z-axis or is parallel to it (Fig. 107). 

In the interval a< z «b of an increasing (or decreasing) func- 
tion there is no interval a, <x<b, (where a «a, « b, « b), at 
all the points of which the derivative is zero, for if f’ (r) were 
zero over tho interval a, zx b,, the function f(x) would have 
one and the same value at all the points of this interval; i.o., it 
would not be an increasing (or decreasing) function. 

The points of the graph of an increasing (or decreasing) func- 
tion where the tangent is parallel to the z-axis aro isolated points 
in the senso that their ubscissas do not constitute an interval. 
Such are the points P and P, in Figs. 106 and 107. 

3*, In advanced courses of analysis the following conditions 
are shown to be sufficient to determine whether a function is an 
increasing or decreasing one. 

The function f(x) increases (or decreases) in the interval a < 
<r<b if: 
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1) the derivative f'(z) is not negative (or not positive) in the 
interval a<z<b, 
F (2) 20 [or f (z) 0], and 


2) no subinterval a, xz b, (a< a, < b, <b) exists in the inter- 
val, at all the points of which the derivative f' (z) =0. 


4° Example. Delermine the intervals over which the function y=x3— 
—z*—8z-+ 2 increases and decreases. 

Solution. To make use of the conditions of an increasing or decreasin 
function, find the derivative of the function and determine the values o 
z for which the derivative is positive or negative: 


y’ =322—2r—8. 
Factorise the right-hand side of the equation, since it is far easier to con- 
clude about tho sign of a product from tho signs of its factors than about 


the sign of a sum from tho signs of its terms. 
The roots of tho trinomial aro 


¿ tt VIFA _ 145, 
= 3 3" 
Whence 


y=3(243 ) 6—2. 
4 


4 4 
Factor 243 is negativo when 2<-3 and positive when z>——. 


Factor z—2 is negative when z< 2 and positive when z > 2. The product 
will be positive or negative depending on the position of z on the z-axis 


with respect to points =$ and 2. These points divide the z-axis into three 


intervals: 
1) —o«z:«-4. 2) 44422. 3 2<1<+00. 


m determine tho sign of the derivative in each interval, we tabulate the 
results: 














Sign of 
Number of Characteristic of Sign of Sign of 
interval interval M x-2 1" (x) The function 
4 = — 
E <-3 + increases 
4 = zd 
2 — i «:c2 T decreases 
3 2« z« oo T + + increases 


Thus the function increases in the intervals —œ < 4 and 2<1< 


< +œ and decreases in the interval =$ <z<2. The graph of the function 
is shown in Fig. 108. 
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3”. The function y=2 (Fig. 109) has the derivative y=3z2, which is 
positivo for all values of z except z=0. When z=0, the derivative y' —U. 
The function y=x3 increases in the interval —œ < 1< +œ; r-—U is an 


y 
y 
0 T g = 253 
8 — — 
aod 
Fig. 108. Fig. 109. Fig. 110, 


isolated (and the only) point for which the derivative is zero; here the lunc- 
tion increases. Indeed, when z=0, z?—0 and when r«U, zr? « 0; lastly, 
when r0, z?>0. 


Sec. 100. Extreme Value Problems 


1°. It is required to fence off the largest possible rectangular 
area adjoining the wall of a house (Fig. 110). A wire net 60 metres 
in length is available. Find the dimensions of the rectangle. 


_ Solution. Let the width of the rectangle be x metres (m) and 
its area y m?. Then 


y = (60 — 22): x = 60r — 22°. 


Since z and y cannot be negative, the factor 60— 2r — 0 and 
0 — z «30. 

The area y is a function of z. Let us find the intervals of 
x-values for which y increases and decreases: 


y' =60—4z. 


For x<15, y'>0 and the function increases; for «> 15, 
y <0 and the function decreases. 


If the width 5 30 





10 | 15 








20 | 25 





r= | 0 
Then tho arca y= | 0 | 250 | 400 | 450 | 400 | 250 














The curve (Fig. 111) first rises from the origin O to M (x = 15) 
and then falls off. At z—15 tho function is a maximum. 
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Hence the area of the plot is greater (maximum) if z — 15 metres 
(width) and 60—2x=30 metres (length). 

2°. What should be the dimensions of a room of area 36 m? so 
that its perimeter is the smallest possible? 


Solution. Let the length be z m. Then the width is Bn, and 
the perimeter 


y=2(14+)=24% 


Since the perimeter y is a function of the length z defined for 
all positive values of z, 
0<i<+ow. 
Let us find the intervals in which it increases and decreases: 
y=2-2_200_ 265 eq 


The sign of the derivative is determined by the sign of the 
difference z — 6. In the interval 0 — z — 6, y' — 0; and in tbe inter- 
val 6 « x « -r oo, y' 2 0. The perimeter decreases over the interval 


y 
M 
450 
400 
300 


200 


07$ !ü 15 20 25 30 T 





Fig. 111. Fig. 112. 


0<zr<6 and increases over the interval 6 < z< +œ. The curve 
in Fig. 112 is plotted from the following table: 


If zou (Js ONES 


Then —-00 | 30 - 2 |z 4.4 24 | 24.3] 25 —> 00 














Hence the perimeter of the rectangle is smallest (minimum) 
when the length is G metres and the width is Š =6 metres, i.c., 
when the room is a square. 


Sec. 101. Maximum and. Minimum of a Function 


It is very often important in engineering practice to know the 
greatest (or least) value of a quantily, and, as is clear from the 
foregoing examples, the problem reduces to finding the maximum 
and minimum of a function. 

Definition. 1. The function f(x) is said to have a maximum ut 
rcc if its value at this point is greater than at any point within 
a certain neighbourhood of x —c. 





Fig. 113. Fig. 114. 


2. The function f(x) has a minimum al z-—c if its value at 
<=c is smaller than at any point within a certain neighbourhood 
of z=c. 

The generic term for “maximum” and ‘‘minimum’’ is *'extre- 
mum” or “extreme”. 

The value of the independent variable for which the funclion 
bas a mazimum (or minimum) is called the mazimum point (or the 
minimum point) or the extremum point. 

A function may have only a maximum, e.g., the function 
y —60z—22? (Fig. 111), or only a minimum, c.g., the function 
y = 2z 4- 22 (Fig. 112) or a maximum and a minimum, e.g., 
y = x?— x? —8z 4+ 2 (Fig. 108). A function may also have several 
maxima and minima (Fig. 113); and in such a case the maxima 
alternate with the minima. A function may also be without any 
maximum or minimum. For example, y — x*, y cot z, y =a“ donot 
have either a maximum or a minimum since as x increases from — oo 
to +0, the first and third functions increase while the second 
function only decreases, 
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The maximum (minimum) of a function may not represent its 
greatest (least) value. Thus the function depicted in Fig. 113 has 
at cs a value greater than its maximum values c,M, and c¿M., 
and at cy the value of the function is less than its minima cm, 
and c.m, The minimum value cm, is greater than the maximum 
value c,M,. The maximum (minimum) of a function at a given 
point generally represents its greatest (least) value in comparison 
with the values of the function at points to the right and left 
of the particular extremum point only in a sufficiently close neigh- 
bourhood. 


Sec. 102. A Test for Extremes / 


1°. Theorem (necessary condition). Jf in the neighbourhood 26 
of the point z-—c: 

1) the function f(x) is differentiable, and 2) x —c is an eztre- 
mum point of the function f(x), then its derivative at c is zero, 
i.e., f' (c) - 0. 

Proof. To be definite, let x=c be a maximum point (Fig. 114). 
Let c — Ar represent the values of the independent variable x in 
the left semincighbourhood of c, and c+ Az, the values in the 
right semineighbourhood, such that 0< Az < ô. The value of the 
function /(x) at c is f(c). In the left semineighbourhood it is 
f (c— Ax), in the right, f(c + Az). Thus the values of f(z) within 
the neighbourhood 26 of c represent a function of Az, and the 
values r-c'F Ax approach c without bound if Az — 0. 

By the definition of the maximum of a function, 


[(c—Az)«f(c) and f(c4-Az) «f (e). 
Whence, 
f(c—42)—1(c) <0 and f(c4-Az)—/ (c) <0. 

The left sides of the inequalities express an increment in the 
Function at the point z=c when the argument changes by—Az 
and +Azx, respectively. Let us write down the ratio of the incre- 
ment of the function to the increment of the argument: 

f (c —^z)— f (9 . f (c -- Az) — f (c) 
— cx ee y IÉ—— «9 (2) 
Both the relations (1) and (2) have the same limiting value 


when Ax— 0 since il is given that f(x) has a definite derivative 
at the point c: 


in p im fit52—!(0 _ 
A E c 


It follows from inequality (1) (see Sec. 55) that f'(c) is either 
positive or zero. Inequality (2) shows that f' (c) cannot be positive. 
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Hence 
f (c) =9, 

as required. 

2°. Theorem (sufficient condition). // in the neighbourhood 26 
of the point x=c: 

1) the function f (x) is continucus, x 

2) its derivative f'(z) is positive to the left of c and negative 
to the right of c, then z=c is a mazimum point of the functicn. 


Proof. The given function is continuous at c; therefore (Sec. 69, 2:) 
the number f(c) is the common limit for f(c—As) and f(c r A+) 
when Az—>0 (as in the preceding theorem, here and hencefor- 
ward 0< Az < ô). 


lim sl (c—Az)=f(c) and 
—-5x-— 
lim f (c+ Az) =f (c). 
+Ax>0 


The given function f(x) increases in 
the left semineighbourhood of c since its 
derivative is positive to the left, and 
decreases in the right semineighbourhood 
since here the derivative is negative 0 "ua T 
(Fig. 114). Hence the values 2 


f(c—Az) and /f(c4- A2) Fig. 115. 
increase as Az — Q. * 

In other words, both f(c— ^x) and f(c4- À«) approach their 
limit f(c) in such a way that for every value of Ax0 

f(c—Az)<f(c) and f(c+Az)<f(c). 

But then f(c) is a maximum of the function f(r) at the point 

=C, 

3°. In the same way it can he proved that if in the neighbour- 
hood 26 of the point «=c: ae 

1) the function f(r) is continuous and 2) the derivative f'(x) is 
negative to the left of the point x=c and positive to the, right, tle 
value z c is a minimum point of the function (Fig. 115). f 

4”. In both the maximum point and the minimum point the 
erivative equals zero (1°). But the converse is not true. A func- 
tion may have no maximum or minimum at a point where its de- 
rivalive is zero, 

For example, the function y= z? has a derivative zero at the 
Point z=0 (Sec. 99, 5%. However the point +=0 is neither a 
——— 

*A 
lesse 





ccording to tho definition of a decreasing function (Sec. 93), to a 
r value of tho argument thero corresponds a greater value of tho func- 
tion, Le., when Z4 > Zz, 1 (24) < f(z9. 
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maximum nor a minimum; the function y= z? increases for all 
values of z including z=0. 

Hence it follows that the function f(x) has no mazimum or 
minimum at z-—c if at z-c its derivative equals zero, and has 
the same sign both to the left and to the right of the point x=c. 

5”. Definition. The values of the argument z for which the de- 
rivative f' (1) is zero are called stationary points. 

Tangents at such points are parallel to the z-axis. 

In the neighbourhood of a maximum the tangent to the graph 
of the function makes an acute angle with the z-axis if the point 
of contact is to the left of the maximum, and an obtuse angle if 
the point of contact is to the right (Fig. 114). Conversely, in the 
case of a minimum the tangent forms an obtuse angle with the 
a-axis if the point of contact lies to the left of the minimum, 
and an acute angle if the point of contact lies to the right of the 


minimum (Fig. 115). 


Sec. 103. Procedure for Finding Extremes 


1*. To find the extreme of a function: 

1) find the derivative of the given function; 

2) equate the derivative to zero and solve the equation ob- 
tained; of the roots obtained, place the real roots in the order of 
increasing magnitude for the sake of convenience. If all the roots 
are imaginary the function has no extreme; 

3) determine the sign of the derivative in each of the intervals 
bounded by stationary points; 

4) if around a particular stationary point the derivative is posi- 
tive to the left and negative to the right, the stationary point 
represents a maximum of the function; and if, on the other hand, 
the derivative is negative to the left and positive to the right 
of a stationary point, the latter point represents a minimum of 
the function. If the derivative has the same sign on either side 
of a stationary point, there is neither a maximum nor a mini- 
mum at this point; 

5) in the expression for the function, substitute the argument 
(independent variable) by the value which corresponds to the 
maximum or minimum of the function. We thus obtain the 
maximum or minimum value of the function. 

If the function has points of discontinuity, these points must be 
included in the stationary points that divide Oz into intervals 
over which the sign of the derivative is determined. 


Sec. 104. Examples in Finding Extremes 
1°. To find the maximum and minimum of the function 
y=2+312— 33, 
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1) Find the derivative 
y! =61 — 3x2. 

2) Equate the derivative to zero and solve the equation oblained: 

6x—312=0; r(2—2z)—0; x¡=0; 72=2. 
3) Points O and 2 divide the z-axis into three intervals: 

1) —o«z«0, 20<x<2 and 3) 2<r<+00. 
We factorise 6z — 3z?: 
y'= —3r(r—2) 
and determine the sign of the derivative in each of the intervals: 








No. of Characteristic Sign of | Sign of Sign of 
interval of interval —3x x-2 y 
1 —co«r«o0 T = = 
2 0<r<2 — — 
3 2«r«-ro — -F — 


4) The derivative is negative in the interval lying to the left of the point 
z=0 and positive in the interval lying to the right of this point. Hence 
x=0 is a minimum point of the function. 

The derivative is posilive to the right and negative to the left of the 
point z= 2. Hence this point is a maximum point of the function. 

5) In the equation y=2+312—zx3 substitute for z its values O and 2. 
Thus we obtain 


Umin=2, Ymar =ô. 
2°. Find the maximum and minimum points of the function 
3z? + 51 4- 25 
yer pilo 
Solution. At z— —2 the function has no numerical value. 


The value —2 is a point of discontinuity. Noling this, 
1) find the derivative: 


^1 3(1?4-42—5) | 
Y =— zr oC 
(z-+ 2) 
_ 2) the derivalive must he equated to zero. But a fraction is zero when 
ils numerator is zero. And the numerator is zero when 
24 4—5=0. 
Solving this equation we obtain 
za. 5, r= +i’. 


The point of discontinuity z= —2 is included in tho points that divide 
the z-axis into intervals over which the sign of the derivative is determined. 





_ 2 It may happen that the numerator is a constant. This case is examined 
in Sec. 107. 
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3) The sign of the derivative at any point z, except at points of discon- 
tinuity, is determined by the sign of z14+4r—5, since the coefficient 3 
in the numerator of the derivative and the denominator of the derivative 
(z 4-2) are both positive. For convenience factorise the expression 


124 áz—5— (2 4-5) (1— 1). 


No. of Characteristic Sign of Sign of Sign of 
interval of interval x+5 z-i “y 











—œ <Ir <—5 
—5< r <-—2 
—2 <r < +1 
+1i<r<+40ow0 


Ono = 
tll 


+ 


+++ | 


4) The function has a maximum at z— —5 and a minimum at z=1. 
3°. Test the following function for maximum and minimum: 


y=cos z-sin3 z. 
Solution. R " 
1) y' — —sin z sin? z 4- 3sin? æ · cos z-cos z 


'z3siniz (cott2—3) 


y'=3sini r (eter 75) (cot z— 75 ) s (1) 


2) Equating cach factor separately to zero we obtain 


or 


or 











Sin! —0; sin r=0; z=0; 
1 1 n 
cot z — =0; cot I===—; r——-—i 
*Y3 3 3 
1 





col z— 





— =0; cot z= 
y3 : 

It may be noted that in solving trigonometric equations only the main 
values of the arguments are taken into account. 

















No. of Characteristl sienio olga Sign of 
. aracterls no 
interval of interval cot z+ V5 cotz— Vs y" 
n n 
1 — y &*&—3 + = x 
2 — <zr<0 — — 
3 0cz« * + + + 
n n 
4 aX 7 + — — 


llence the function has a minimum at z=—5 and a maximum at 


=>. At z—0O there is neither a maximum nor a minimum. 


Sec. 105. Second Derivative Test for Extreme Values 


4°. Lemma. /f at xz —c the derivative is positive (or negative), 
then in a sufficiently small neighbourhood of the point r=c an 
increment in the function and an increment in the argument at 
z=c have identical (or opposite) signs. 


Proof by reductio ad absurdum. For the sake of definiteness 
let f’ (c) > 0, i.o., 


a Ay 
lim —>0. 
4x0 Az 
Assume that Ay and Az have opposite signs when Ar— 0. Then 
Av is negative and its limit (Sec. 55) is 


F (e) <0, 


which contradicts the initial conditions of the problem. 
The other part of the lemma is proved in the same way. 


2°. Theorem. /f at x —c the first derivative of the function f(z) 
equals zero, f' (c) 2 0, and the second derivative is positive, f" (c) >0, 
then the function f(x) has a minimum at x —c; 

if the second derivative is negative, f”"(c) «O0, then the function 
f(z) has a minimum at r=c. 


Proof. The second derivative has the same relation to the first 
derivative as the first derivative has to the function, i.e., 
"ta Wm L EA2—/' (6) 
Aa a Az i 
In accordance with the lemma, if the derivativo (in this case, 
the second derivative) is positive at r=c, then in a sufficiently 
small neighbourhood 26 of the point c an increment in the function 
(in this case, the first derivative) has the same sign as the incre- 
ment in the argument (independent variable). To the left of the 
point c an increment in the independent variable is negative: 
hence the increment in the function is also negative, i.e., 


f (ec—Az)—f'(e) <0, (O< Ar <8). 


F (c— Ax) < f’ (c) - 0. (1) 
To tho right of c an increment in the independent variable 


is positive, i.e., 
f (c+ Ax)—f () 5 0. 


Whence 


Whence 
f'(c+Az)>f’ (c)=0. (2) 


We thus have that the first derivative of the function f(x) on 
the left of the point c is negative (1) and on the right of the point, 
positive (2). This proves that at z — c the function f(z) has a mini- 
mum. 

The theorem is likewise proved for the case when f”(c) — 0. 

3”. The theorem that has just been proved is a second method 
for finding an extreme. It differs from the first one'(Sec. 103) in 
that the third and fourth operations of the first method are replaced 
by: a) fiuding the second derivative and b) determining its sign 
at the stationary point. The result of the investigation may be 
stated thus: 


1f the sign of then at x=c, 
frie) is f(x) has a 
plus minimum 
minus maximum 


If f" (c) 2 O0, the test of the function for maximum and minimum 
must be conducted by the first method. 
4°. Example 1. Test the function y=5—zt—23— $ zi by the second 
method for maximum and minimum. 
Solution. 1) Find the first derivative: 
‘= —21—312—13, 
2) Equate the first derivative to zero and solve the equation: 
—2z—3z2—33—0, or z(x?--3z--2)—0, 
whence r=0 or 12437120, 
Solving the quadratic equation z? 4-3r4-2—0, wo get 
: —3+1 
z 
Three stationary points are obtained: r,-=—2, z;— —1, and z3—0. 
3) Find the second derivative: 
y” = —2—6r—322, 


4) Determine the sign of the second derivative replacing z, successively, 
by its values iu the first, second and third stationary points: 


when z= —2 y" = —2—6.(—2)—3-(—2)2= —2, 
when z= —1 y*— —2—6-(—1)—3-(— 1)? = +1, 


when z=0 y*——2. 
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Hence the given function has a minimum al x-- —1 and a maximum 
al z— —2 and at z=0. 


Example 2. Test for maximum and minimum the function 


y — r$. 
Solution: 
1) y 4r 
2) 4x3=0; r=0: 
3) y^ — 1222; 


4) when r=0, y" —0. 


Since the second derivative is found to be zero, the first method of 
testing is employed. When z<0, y'—4z?« 0, and when r70, y'=: 
=4r3>0. Hence the function y=x* has a minimum at the point r=0. 


5°. The second method for finding the maximum and minimum 
should be employed when the second derivative is easily obtain- 
able. If differentiation involves complex transformations and 
does not simplify the expression of the first derivative, the first 
method may lead to quicker resulls. 


Sec. 106. Extreme Value Problems 


1°. The difference between two numbers is a. What are they if their 
product is to be a minimum? 
Solution. Let the smaller number be z. Then the larger one will be 
ud. Their product is z (r-ra) and is a function of r. We denote it 
y y: 
y=x?*+azx. 


Find the value of x for which y is a minimum: 


1) y =2x+a; 2) 2r4+a==0; ys 3) y^ =2; 4) the function has 
a minimum at z—— : 


Thus, the product of two numbers differing by a is least if one of them 
E a a 
is —.. — 
8 Y and the other 4 2c 


2^, Tho EDEN of a girder of rectangular cross-section is proportional 
to the product of its width by the square of its height. llow is one to cul a 
girder of maximum strength out of a beam of d cm thickness? 


Solution. Let the factor of proportionality be k (dependent on the 
eniin ef tho beam) and the strength y. Then by the statement of the 
roblem 


y =k- b-h? 

where (Fig. 116) b is the base and A is tho altitude of the reclangle. The 
cquation contains two independent variables, b and h; let us express h 
in terms of b. In triangle ABC, AB=d, AC=b and BC=h. Lence 


h? = d? —b?, 
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Therefore, 
y=k-b(d2—b3), or y=d?kb—kb3, 


Find the maximum of this function by tho second method: 
1) differentiating with respect to b, we get 


dy _ ay . 

Ji = ak 3b; 
2) d'h—3kb!—0; b—-3.; 

Y3 
dy. . 
3) de —6kb; 
d 6kd P 
4) when b=-= y'— ———— <0 (since k>0 and d 7 0), 
l ya "ys 


the function has a maximum. d 
Thus the strength of the girder is a maximum if the width — 


Let us determine the altitude: 


d? 2d? 
gS JEEN E E ee. 
h2=d2?—b?=d 3 3 
Whence 
d E 
h=="Y 2 
3 y 


Since => h—by 2. 
We have obtained a result of great practical importance: the strength 
of a girder of rectangular cross-section is greatest when its height is equal 


Fig. 117. 





to the base multiplied by Y 2. This"relation does not depend on the quality 
of tho materlal as it is independent of k. Since Vixis=t, the sides 
of the rectangle are approximately in the proportion 7: 5. 

The. following is a methed for constructing a rectangle of maximum 
strength. 

Divide the diameter AB (Fig. 116) by points D and £ into three equal 
parts. From points D and E erect perpendiculars DC and EF on AB. The 
perpendiculars intersect the circle at C and F. Join C and F with A and 
B respectively. ACBF is tho required rectangle of maximum strength. 
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Indeed, the leg AC is a mean proportional between the hypotenuse .17/ 
and segment AD: 


AB AC... pa, d d 
"AC AD’ AC=] AB-AD= — 
Similarly 
AB BC ——55 2 d 3 
— —— j = Z . = -—a=>—- ⸗ 
RC gp! B0=WAB-BD Va 34773 Y? 


Hence, BC — AC. Y 2. 

3*. It is required to make a cylindrical vessel of aluminium (without 
8 cover) of a given column v with the least expenditure of metal. What 
dimensions should it have? 


Solution. The quantity of metal required depends on the surface of the 
vessel. Hence the problem reduces to finding the smallest surface that will 
enclose the given volume v. Let radius of the base of the cylinder be r and 
its height h (Fig. 117). We have two independent variables: r and h. Ex- 
press h in terms of r. 


The volume of a cylinder is v=nr?h, whence h= m Let tho surface 


of the cylinder be y. It consists of the area of the hase, ar?, and the area 
of the side, 
2v 


v 
2nrh—2nr.-5—-—. 
nr- r 


llence y=ar24 2 B 


Let us find the minimum of this function noting that x and v are con- 
stants and r is the independent variable. 


d J= 
1) er Y ZOO. 


2) Equating the numerator of the derivative to zero and solving the 


equation, we get 
V v 
r= — 
n 


3) Take tho derivative of sE Soma : 


r? 
d?y " (Ti 
are 9 uy 
3/79 12 Av 
4) Ww =y 2 SM og a i 
1) When r x' wn Qn + v 6n 0. 
n 


yx 

Menco, when r— i = the function has a minimum. 

Let us determine h so as to establish tho relation between r and ^. 
us dor c d qd 

n? n ra Fa =V n’ 

Le., r=h, 


Thus, to make a cylindrical vessel (without a cover) with a minimum 
expenditure of motal, the hoight must be equal to the radius of ils base. 
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Sec. 107. Maximum and Minimum of a Function at, Points 
Where the Derivative Has No Value 


1°. The function y=| z| (Fig. 118) at z—0O is continuous and has a 
minimum. However it has no derivative at this point (Sec. 78). For all other - 
points on the left or right of z=0 there exists a derivative, which we shall 
find by the general method (Sec. 75) as lim xt ? 

x-0 


For the point z, Az >0, Ay «CO and 
Ay 


lim -==-—1. For the point z;, Az» 0, Ay >0 and 
áx>0 Az 
x Ay 
lim -> = 
ax>0 ÂT + 


. Thus, the sufficient condition for the existence of a minimum is satis- 
fied for the function y —|z| at the point z=0. 





y 
p 
e j0 I 
Fig. 119. 


Hence a function can have an extreme at a point where the derivative 
of the function does not exist, yet the sufficient condition for the existence 
of an extreme is fulfilled. (Sec. 102, 2° and 3°.) 

2’, The function y —/ (x) — r? (Fig. 119) is continuous and has a mini- 
mum at the point x=0. However its derivative 


; 2 

z= = 
F (x) ape 
does not become zero at any value of x. On the left of z —0 (z< 0), the 
derivative is negative, on the right (r7 0) it is positive, Thus the suffi- 
cient condition for the existence of a minimum is fulfilled. 

At the point z=0 the derivative equals infinity. Indeod, if z «0, 
l'(r)— —œ as z— 0; but if z>0, f'(z)—- +00 as z —-0. The tangent 
to the graph of the function y — y z* at z=0 is represented by two half- 
lines perpendicular to the axis Or and bounded by the point O. This point 
is called a cusp. 

i at tho point under investigation the derivative is infinite, its recipro- 
cal 1S 





1 
— = 0. 
F (z) 
Hence, to find all possible extremes of a function, including cusps, it is 
— =. 
f' (x) 


necessary to examine also the real roots of the equation 
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Sec. 108. The Direction of Concavity of a Curve 


Let two points M, and M, have the same abscissa. If then the 
ordinate of M, is larger (smaller) than the ordinate of M. then 
it is said that M, lies above (below) M.. It is also said that the 
line y =f (z) lies above (below) the line y=@(xz) in the interval 
a<x<b if every point in this interval on the first line lie- 
above (below) its corresponding point on the second line, i.c.. if 


f(z) > (zx) lor f(x) <q (2)1. 


Definition. A curve representing the graph of a differentiable 
function y= f(z) is said to be concave upwards (downwards) over 





Fig. 120. Fig, 121. 


the interval a<z<b if al every point of this interval the curve 
lies above (below) the tangent to the curve at that point. 


The curve in Fig. 120 is concave upwards in the interval a < 
<x<b and concave downwards in the interval b< r <c. 

2°. In more advanced courses of analysis it is shown that a 
curve y= f(x) is concave upwards (downwards) in the interval 
a<zr<b if its derivative, f'(z), is an increasing (decreasing) 
function in this interval. 

To make this theorem clearer, mark, arbitrarily, a number ol 
points on the axis Oz (Fig. 121) and draw a straight line through 
each of these points in such a manner that the slopes of the lines 
increase with the abscissas of the points. Then, taking these 
straight lines as tangents to a cerlain curve [tan q = f'(z)]. con- 
struct this curve. It is evident that the curve can lie only above 
each of these tangents. 

3°. Sufficient condition for concavity upwards (downwards). 
1f in the interval a< z « b the second derivative {"(x) is positive 
(negative), with the exception of individual points at which it is 
zero, then the curve of y — f(x) is concave upwards (downwards) 
in this interval. 

Indeed, if in the interval a<x<b the second derivative 
f'(z) is, for example, positive (with the exception of individual 
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points where it is zero), then the first derivative f'(x) is an 
increasing function (Sec. 99, 3°) and the curve y= f(z) -must 
be—from what has been just now demonstrated—concave upwards. 

If f'(x)=0 not at some isolated (individual) points but over 
a certain interval, then, in this interval, f'(z) is a constant func- 
tion and f(x) is a linear function whose graph is a straight line. 
And a straight line, of course, has no concavity. 


Sec. 109. Points of Inflection 


1°. Definition. Jf in a certain neighbourhood of the point z—c 
the curve—the graph of a differentiable function y= f(x) — has 
concavities in opposite directions to the left and right of the point 
z=c the value of z-c is called a point of inflection. 

The point M of a curve (Fig. 122) with abscissa 2=c is also 
called a point of inflection. M separates the arc of the curve 
concave upwards from the arc that is concave downwards. Á point 

of inflection can only occur when the 
curve has a tangent. In the neighbour- 
T T hood of a point of inflection the curve 
lies on either side of the tangent: above 
and below it. It should be noted that 
M__N the curvo also lies on both sides of 
the normal. But a point like P in 
Fig. 122, where the curve does not have 


E one and only one tangent, is not a 
point of inflection. 
Fig. 122. 2°. Since the concavity of the curve 


y=f(z) is of different direction on 
the left and right of the point of inflection, r—c, the second 
derivative /'"(r) is either zero or has opposite signs on the left 
and right of the point. Assuming the second derivative to be con- 
tinuous in the neighbourhood of tho point z=c, we conclude 
that its value at the point of inflection is zero, i.e., 


F (c) - 0. 


3”. We thus have a rule for finding points of inflection: 

1) find the second derivative of the given function; 

2) equate the second derivative to zero, solve the equation *, and 
write the real roots of this equation in the order of increasing 
magnitude; 

3) determine the sign of the second derivative in each of the 
intervals bounded by the roots obtained; 


_ * Or find the values of r for which the second derivative has no numer- 
ical values. 
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4) if then in two intervals bounded by the point under study the 
second derivative has opposite signs, there is a point of inflection: 
éf the signs are the same, there is no point of inflection. 


4°. Examples. 
1) Find the points of inflection and determine the intervals over which 
the curve of the function y=In z is concave upwards and downwards. 


Solution. Find the second derivative: 


At all values of z—(0« r<+0o0), y” is negative. Thus the logarithmic 
curve has no points of inflection and is concave downwards. 
2) Investigate similarly the function y=sin zT. 


Solution. Write the second derivative: 


‘=cosz; y'— —sinz. 

Assuming —sinz=0, we find that z=%kx, where k is any interer. 
if Oz z« m, sin z is positive and y” is negative. If a< z« 23, sin z is 
aegalive and y” is positive, etc. Thus a sinusoidal curve has points of inflec- 
tion at 0, n, 2x, ... 

In the first interval 0<z< n its concavity is downwards, in the sec ml 
interval n< z< 2x the concavity is upwards, etc. 


Sec. 110. Constructing Graphs of Functions 


1°. The graph of a function is plotted on the basis of an investi- 
gation which includes: 

1) determining the domain of the function; 

2) determining the points of discontinuity and the limits ol the 
function to the left and right of these points; 

3) finding the points of maximum and minimum; 

4) defining the intervals over which the function increases or 
decreases; 

5) finding the points of inflection; and 

6) defining the intervals over which the curve is concave up- 
wards and downwards. 

2”. Construct the graph of the function y= 22 — 34? +4. 


Solution. Investigate the function. 

1. The values of y are real numbers for all values of s, ie.. 
the domain is — œ < x < 4- co. 

2. There are no points of discontinuity, since a polynomial with 
constant coefficients is a continuous function. 

3. Wo find the extreme: 


y! = 3x? —6z = 3z (1 — 2). 


There aro two stationary points: z=0 and r=2. 
The function has a maximum at z — 0 and a minimum at r= ?; 
Ymar =4, Ymin = 0. 
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Characteristic Sign of | Sign of Siga of 
of interval 3x x-2 v 
—o«r«0 - = + 
0<r<2 + = RE 
2« r« o0 + + 
4. The function increases in the intervals: —o<z<0 and 


2<1<-+00 and decreases in the interval 0<x<2. 

5. Find the points of inflection. y”=6x—6 and becomes zero 
when z—1. When z<1, y'—0; when z>1, y”>0. Thus the 
l second derivative has opposite signs 
to the left and right of the point 
x=1, which proves the latter to 
be a point of inflection. 

6. The curve is concave down- 
wards in the interval -œ< z < +1 
and upwards in the interval + 1< 
«r«- o. 

In a table of z- and y-values we 
write down the coordinates of the 
points of maximum, minimum and 
inflection so far found and give the 
values intermediate between them: 
A graph of the function is given in Fig. 123. 











mb zu 1 EN » fot |. 
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Sec. 111. Mechanical Interpretation of the Second 
Derivative 


Assume that a point moves in a straight line and the distance 
travelled is a function of the time: s= f(t). The velocity v (Sec. 
75) at time t is the derivative of the path with respect to time: 


The rate of change of velocity at time t is the acceleration a, 


ds N^ _ d?s 
==) =m 


The second derivative of the path with respect to time represents 
the acceleration of rectilinear motion at the given instant. 


Example. s=(t3—2) metres is the law of rectilinear motion of a point. 
Determine the acceleration at t=:10 sec. 
d?s 
dt? ° 
Differentiating the function s= 1—2, 


Solution. The acceleration is a— 


d?s 
we get qe =*. 
Hence, 
a=6t=6-10=C0; a=60 m/sec?. 


2°. If the motion is not uniform, the force F (producing the 
motion) is a variable quantity which is a function of time: F = 
= Í (t), i.e., F has a certain definite value for any given instant 
of time f. 

By Newton's law, the acting force F at any instant of time ( 
is equal to the product of the mass m, by the acceleration, a, i.e.. 


F=ma or f(t)=ma. 

— therefore f(t)- mS . 

, Knowing the equation of rectilinear motion, it is possible to 
find the value of the acting force at any instant by the process 
of differentiation. 


Example. Find the force which will cause a material point to oscillate 
rectilinearly under the law 


But in rectilinear motion a= 


s=.1-sin (wl + wo). 


: d?s 
Solution. f(t)=m. wii ° 


from which we find the second derivative: 
s= A-sin (wl + wo), 


$5 = A-cos (ot 4 x) o. 
des i 2 2 2 i 2 
wi —-1-sin (ot + Wo) 492 — 3-0? = —w?s; ] (t) — —mo?s. 


Thus the oscillations under considcration occur duo to a force proportional 
to the displacement s and acting in the opposite direction. 


CHAPTER IX 


DIFFERENTIAL 


Sec. 112. Comparing Infinitesimals 


1°. Let us write down a ratio of infinitesimals (that approach 
zero according to different laws) in such a manner that to any 
given instant in the approach to zero of one of the infinitesimals 
there corresponds some definite value of each of the infinitesimals 
under consideration. For example, let the corresponding values 
and relations at various times be such that: 


when the value of a= 10; 1; 0.4; 0.01 etc. 
the value of B 1000; 1; 0.001; 0.000001 etc. 
and the ratio £ — 100; 1; 0.01; 0.0001. etc. 


i.c., the value of the ratio of infinitesimals in this example does 
not remain the same as the quantities approach zero. Thus the 
ratio of infinitesimals is a variable quantity that may have either a 
finite limit (zero, as in the above example, or some quantity other 
than zero) or a limit at infinity, or no limit at all. 


2”, Definitions. 1) An infinitely small quantity B is said to have 
a higher order of smallness than another such quantity a if the 


limit of the ratio Bis zero, i.e., if 
lim Ê — 0; 
a 
2) the infinitesimal f is said to be of a lower order of smallness 
than a if 
B 


lim — =o; 
a 


3) B and a are called infinitesimals of the same order if the 
limit of their ratio is the number k, some finite quantity other than 


zero, i.e., if lim Ê =k, where k0 and kÆ oo; 
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4) B and a are called noncomparable infinitesimals if their ratio 
has no limit, 

3”. Examples. 1. In the above-cited example lim P 0, and p 
is of a higher order than a; lim 4 — co, a is of a lower order 
than f. 

2. a—1—z and P=1—a? are infinitesimals if x—-1. The 


. — z? 
ratio ES =1 +z. 





lim Ê = lim (1 +r)=2. 
a x1 


Thus, 1— z and 1— z? are infinilesimals of the same order 
when z—.1. 


3. Let us compare 1—cos x and x when x— 0. 


2sin? = in = 

sin* > sin > 

iQ Í—cosz : i : DNE E 

lim 22957 — lim —É - - lim ‘Sin ~, 

x0 i x-0 T x = = 
2 2 


T 
Sin 





= lim ‘limsin= =1-0=0 (Sec. 44, 3° and Sec. 89, 3°), 
= x 


2% 2 7” 


— 1—cosz, when z— 0, is an infinitesimal of a higher order 
an zr. 





Sec. 113. Differential of a Function 


1°. Definition. The product of the derivative f' (x) of a function 
f(z) by an arbitrary increment Az of the argument x is called the 
differential (dy) of the function y= f (x), i.e., 


| dy f (x)- az | (1) 


i 2. Thus, to obtain the value of the differential of a function 
it is necessary to know two numbers: the initial value of tho 
argument z and ils increment Az. 


Example. Calculate the differential of the function y= x? for a 
Chango in z from 3 to 3.1 
Solution. dy -—f'(x).Ar. First write the expression for dy for 
arbitrary values of x and Az. 
f' (1) = (2?) =: 22. 
Hence dy —2z.Az. 
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The initial value of z—3, the increment Az—3.1—3—04. 
Substituting these values into the expression for dy, we get 


dy =2-3-0.1=0.6. 


For a given value of the independent variable z, the differential 
of the function f(x) is a linear function of the increment of the 
independent variable Az. 

3”. Let us consider the geometrical significance of the differen- 
tial of a function. Fig. 124 shows the graph of a function y =f (z) 
with a tangent at the point z. From 
AMPT it follows that 


PT =MP.tang=Az-f' (2). 


But by definition f'(x)-Az=dy. 
Therefore 
PT = dy. 


The differential of the function f(x) 
for a given value of z is geometrically 
Fig. 124. expressed by the increment in the 
ordinate of the tangent to the curve 

of the function y= f(x) at the point z. 

4”. The differential dy and the increment Ay of a function are, 
generally speaking, not equal. In Fig. 124 dy — PT is less than 
Ay — PQ. Obviously, dy can also be greater than Ay. Such is the 
case, for example, if the rising curve MN is concave downwards. 


5”. Example. For the function y=x*, as x changes from 3 to 3.1, 
the increment Ay = 2z- Az + Az? — 2.3-0.1 +0.1?= 0.61. The dif- 
ferential dy = 2z- Az — 2.3.0.1 — 0.6. 

Taking dy as an approximate value of Ay, we find that the 
absolute error in the approximation is equal to the difference 
Ay — dy = 0.01, and the relative error is the ratio 





6°. The difference between the increment and the differential of a 
function, Ay —dy, is of a higher order than the increment of the 


argument, Az. 

As has been observed in Sec. 49, tho ratio at differs from its 
limiting value /'(z) by an infinitely small quantity a, and a— 0 
as Az— 0, 

A . 
z-i (z) =a. 


Doing the subtraction on the left side of the equation, we gel 


Ay—/' (z)-Az Ay—d1 

y Fe =a, or AI. =a, 
lim Ay—dy .. lin a =0. 
Ax-0 Az Ax 


7°. It follows from the foregoing that the differential of a function 
is approximately equal to its increment, the relative error tending to 
zero along with the increment of the independent variable (argument). 

8”. Whence it follows that the differential dy of a function 
y=f(x) has two properties: 

1) dy is proportional to Az (dy = kAz, where k= y'y 

2) the ratio ary tends to zero as Ar tends to zero. 

Conversely. /f a quantity z possesses two properties such that 


Y Ay—z 
1) 2=k-Ax and 2) lim =0, 
) z $ ) ax40 ÔF 
then z is the differential of the function y. 


Proof. Substituting into expression (2) the value of z in expres- 
sion (1), we get 





x. Ay—k-Az : "EP. Y] : , 
lim = lim Lk) = lim ——limk=y'—k=0 
8x0 Az 4x0 z ] ax-0 AZ d : 
i.e., 
k=y', 


and, consequently, 
z=kh-Ar=y’'-Az, 


i.e., z is the differential of the function y. 
Thus these two conditions fully determine a differential. 


Sec. 114. The Differential of an Argument. 
The Derivative as « Ratio of Differentials 


1°. Definition. The increment Az in the argument x is called the 
differential (dx) of the argument: 


[| dz az | (II) 


Perhaps tho notation is somewhat justified by the fact that 
the differential of the function y=x and the increment of tho 
argument are one and the same thing. 

Indeed, 


dy —(x):Az or dy=Az. 
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But since 
dy —dz, dz — Az, 


i.e., the differential of the function y-z and the increment of 
its argument are identical. 
2°. Substituting Az =dz into formula (I), we obtain 


| v= @-a2 | (1D) 


i.e.. the differential of a function is the product of its derivative by 
the differential of the argument. 

3”. Formula (III) has a notable quality, viz., formula dy= 
=f'(1) dz holds even when z is not an independent variable but is 
itself a function of another independent variable, say u. 

Indeed, if z is a function of u, f(x) is a composite function of u; 
the dr is dependent on the increment Au; and dy has to be evalu- 
ated from tho formula 


dy = fu (z): Au, 
but 
fu (x) = fz (z)- zu (Sec. 88). 


dy =f' (z): za: Au. 


Therefore, 


But since by definition 
zu: Au=dx, 
it follows that 
dy = f' (z): dz. 
4%. Example. Find the difforential of the function 
y=Ve==1. 


Solution. By formula (111) 











dy=y'-dz 
we find y”: 
1 ex 
‘= 2.2 = 
ee oy el y ex —i 
Ilence 
eX.de 
dy= 
yai 
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i.e., the derivative of a function is equal to the ratio of the differ- 
ential of the function to the differential of the argument. This is 
illustrated in Fig. 130 where 


dy PT , 
Jz MP = tan q =f (x) 


for an arbitrary value of dr = MP. 


Sec. 115. Applying the Concept of Differential 
to Approximate Calculations 


1°, The difference Ay —dy is a higher order infinilesimal than 
Az; hence, for a sufficiently small value of Az we have 


| Ay = dy = f' (x) Ax (IV) 


This means that for small changes in the value of the argument 
(from its initial value x), the change in the value of the function 
y — f (1) can be taken to be approximately proportional to the amount 
of change in the argument, the proportionality factor being equal 
to the value of the derivative f'(x); and the curve y =f (x), in such 
a case, can be approximately replaced by the tangent to it at the 
point zx. 

Since Ay=f(1+Azx)—f(2), by replacing Ay by its expression 
in formula (IV), we get 


f (z-- A2) — f (x) = f (r) Ar, 


(2-4 Az) e f(s) +f" UA (V) 











2”. Formulas (IV) and (V) are useful in many applications 
of the differential concept. Here we sball consider only applica- 
tions in the field of approximate calculations. 

In practice a measurement gives only an approximate value of 
a quantity. Let x be the approximate value of an argument ob- 
tained as a result of its measurement, and let z-|-A« be its true 
value. Then x determines the approximate value of the function 
f (£), and r--Az gives the value of the function, f(xr-J-Azx). 

The absolute difference between the true and approximate 
values is called the absolute error. 'The absolute error of the argu- 
ment is equal to |Az|. And the absolute error of the function is 


iAy|—]/ (x4: A2) — f). 


The absolute value of the ratio of absolute error to the vulue 
of a quantity is called the relative error. 
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The ralative error in determining the value of a function is 
equal to 
s 


|4 
y 





Determination of errors in measurements is one of the most important 
problems in engineering practice, particularly when the measurements are 
repeated many times, thus involving repeated errors due to a variety of 
condilions, such as, for example, geodetic measurements in surveying. 
Just as important is determining errors in calculation, in as much as the 
relative error appearing in the result of an operation (subtraction, multi- 
plication, etc.) is different from the relative error in the initial quantities 
which are operated on. 


To fiud the relative error of a function it is necessary first of 
all to find Ay —/(x4-Az)—]/(z). The right side of the equation 
y=f(x) is frequently a complex mathematical expression; and 
so finding Ay demands great skill and involves intricate trans- 
formations. Yet an approximate value of Ay (the differential of 
the function dy) can be found from any form of the function 
without any special difficulty by the use of the formulas that 
have been studied. For this reason, the increment Ay is usually 
replaced by the differential, and the relative error 6 is taken 


equal to 2], i.o., 


uy 
ó- y“ (VI) 


3°. Examples. 1. Let us demonstrate how comparatively easy 
it is to find the tabular difference of decimal logarithms. The 
tabular difference Ay is the increment in the decimal logarithm 

y = 10810 x 
as x increases by 1 and is approximately equal to the linear incre- 
ment dy (formula IV): 
, dr 1 
Ay = dy = (logy x) -dz=—>- Tro . 

Since 


1 
mi^ 0.43429 and dz = Arx, 


Ay ~ 0.43429. 27. , 


Assuming Az —1 and x=N, we find that the tabular diffor- 
euce is 
0.43429 
Ay = “N° 


* y in this formula signifies the approximate va ue of the function, 
i.c., f(z) taken with a defect. 
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2. Find the logarithm of a number N, which lies between two 
successive numbers N and N +1 given in the table. 
In the formula for the increment of a logarithm 


Ay = 0.43429. 4% 


we assume r—N, Ar=N,—N<l1. Then the correction Ay to 
log N is given by the formula 


0.43429 


Ay = — 


(XF.- X). 

This increment of the logarithm appears in the columns of 
proportional differences. 

The approximate value of log N, (formula V) is 

0.43429 . 

a (Ni — N). 

3. Let us determine the relative error occurring when a number 
is sought from its logarithm. 

Assume that the logarithm in question of number x was cal- 
culated with an error Ay, which in turn will produce an error Ax 


in finding the number z from the logarithm. Then the relative 
error in z is 


log N, = log N + 








From the formula 
Ay ~ 0.43429. 42 
we got 
Ar | PU _l4yl . 
E ™ 0.43429 * 
i.e., the relative error produced when a number is found from its 
logarithm is equal to 
[Ay] 
0.43429 


und is independent of the value of the number, being dependent 
solely on the error with which the logarithm of number r was 
taken. If tho logarithm of tho number is accurate to five places 
of decimuls, 


[Ay | & $ 0.00001, 
then tho maximum relativo error is 
| | — AA 
z 0.43429.2.100000 ^ 80858 ° 


st 
x= | 8088" 


| 


If the logarithm is a four-digit number, then | 
The absolute error in finding the number z is 

1 
36855 `| 7l- 

Whence we conclude that the fifth figure of a number cannot 
be accurate if the number exceeds 86858 and is found in a five- 
place table; and similarly for the fourth figure if the number 
exceeds 8686 and is found in a four-place table. When looking 
for a number in a five-place table, the sixth figure can never be 
trusted, and similarly for the fifth figure in any number when 
using a four-place table. It is therefore pointless to look for, say, 
the sixth or seventh figure of a number when using a five-place 
table. 

4. Theorem. The relative error of a product does not exceed the 
sum of the relative errors of its factors. 


Proof. Let y=u-v. Taking logarithms of the two sides and 
finding the differential, we get 





lâz| = 


ln y — Inu - Inv; 

dy _ du | de 
Whence 

HS 


: M ` d 
Since |+| is the relative error of the product and || and 





D are the relativo errors of the factors, the theorem is proved. 


5. Theorem. The relative error of a quotient does not exceed the 
sum of the relative errors of the dividend and divisor. 


Proof. Let y- ; 
Taking logarithms and the differential, we get 
lny =lnu— Inv; 


dy du _ dv 
y u v 
Whence 
dy du dv 














as required. 
If the maximum relative error is being sought, the sign < can 


be replaced by the equality sign. 


C. ELEMENTS OF INTEGRAL CALCULUS 


CHAPTER X 


INDEFINITE INTEGRAL 


Sec. 116. Integration as the Inverse of Dif ferentiation 


1°. Differentiation consists in finding the derivative or differ- 
ential of a given function. Integration is the inverse operation. 
The Purpose of integration is to find the functions of which the 
given function f (x) is the derivative. 

Example. To find the function of which «? is the derivative. 

Solution. Let the required function be F(s). It is given that 


, .. ; gr? 
F’ (z) = 2x?; we surmise that F(z) => since F (z) = E = 27, 


This function, z, is called the antiderivative or the integral 
of 22, 
. 3 
Let it be noted that if to the function A any number 1, —2, 


" 3 2 
ete., is added, the resultant functions 4T “ys elc., also 


Serve as the answer to our problem, since the derivative of each 
of these functions is equal to z*: 


zI — a 42 
(+1) = t7; 9-2) = 1". 
Hence it follows that there is not one antiderivative of 2? but 


a MS y : 3 jd 
an infinite number consisting of one and the same function “> 


to which somo constant is added. Let us denote this arbitrary 
constant by c. Then the antiderivatives for z? aro funclions of 
the form 


zI 
uote 
2^. In specific problems the ambiguity of the answer is elimi- 
nated by some supplementary condition. 
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Example. To find the function whose derivative is z? and whose 
value is 5 when z=3, 

Solution. The supplementary condition consists in the fact 
that the value of the antiderivative, which, as we have already 


noted, is Ste, is equal to 5 if z=3. Substituting 3 for z in 
= +c, we obtain 
S pen, and therefore c= — 4. 
Hence there is one required function: 
2-4 


3”. In practice it is often required to find quantities from 
their given derivatives, Let us study a few examples. 
Example 1. The velocity of a body at every instant of time 


t is equal to /? m/sec. Determine the distance travelled in t sec 
from the start if the body started from rest. 
Solution. The velocity at time ¢ is the derivative of the distance 
with respect to time, T thus 
ds — i 
am! E 
Whence it follows that 


3 
Hate. 


To determine c utilise the initial condition that the body start- 
ed from rest. Henco if (=0, s= =3+0 from which it follows 


that c=0, 
Thus the sought distance 
tà 
— 

Example 2. The slope of a tangent at every point of a curve 
is equal to 2z. Find the equation of the curve if it is given that 
the curve passes through the point (2, 7). 

Solution. The slope of a tangent is the tangent of the angle 
which the tangent to the curve makes with the z-axis and is 
equal to the derivative of the function of the curve y= F (z). 
Here 


Guessing, we find that 
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This equation describes an infinite number of parabolas y = 7? 
(Fig. 125) spaced successively on the y-axis in such manner that 
the ordinate of the vertex of the parabola in 
each case is equal to c (if r=0, y=c). In 
the figure, a tangent is drawn lo each 
parabola at x=1; the tangents are parallel 
to each other since under the conditions of the 
problem they have one and the same slope 
k= 2zz2.1— 2. 

The problem also states that the required 
curve passes through the point (2, 7). Therefore 
the coordinates (2, 7) satisfy the equation 
Vy —z*--c. Substituting 2 and 7 for the coor- 
dinates z aud y in this equation, we get 


722*-pc; c=3. 





Hence the equation of the required curve is 


Fig. 125 


y= «43. 


Sec. 117. The Indefinite Integral as an Expression 
of the Aggregate of Antiderivatives of «a 
Given Function 


1°. Definition. The antiderivative, or integral, of a given 
function is a function whose derivative is equal to the given func- 
tion, ‘ 

Thus F (z) is the antiderivative, or integral, of the function 


f(z) if 
PF (x) 21). (1) 

The question naturally arises: has every function an antideriv- 
alive? 

In advanced courses of analysis it is shown that every function 
continuous on the interval fa, b] has an antiderivalive. 

Ilenceforward we shall always assume that the given function 
f (z) is continuous. 

2°. Theorem. A function differing from a differentiable function 
by an arbitrary number has the same derivative as the latter function, 


Indeed, if D(z) =F (x)4-c, where c is an arbitrary number 
and /(x) is a differentiable function, then 
W (2) =F (a) e =F" (x) 
(since c' =0), as required. 
3°. Corollary. If / (x) is the antiderivative of the given function 
j (z), thon all functions which are obtained hy tho addition of 
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an arbitrary constant c to F(z), i.e., all functions of the form 
F(z)+c, are also antiderivatives of the given function f(z) 
since their derivatives are also equal to f(z). 

Thus, for a given continuous function f(x) there is an infinite 
number of antiderivatives, not one. 

4°. Converse Theorem. The difference between any two antideriv- 
atives having the same derivative is a constant. 

Proof. By the statement of the problem both functions ® (z) 
and F(z) have the same derivative f(z): 


O' (2) =f (2) and F' (z) =f (2). 
(P(z) and F(x) are differentiable functions and therefore their 


difference, © (z)— F (z), is also a differentiable function (Sec. 86). 
Let us denote this difference by the letter y: 


y =0 (1) —F (z). 
Differentiating, we have 
y' =[0 (zx) — F (z)]/ 2 9' (x) —F' (x) =f (x) —f (x) =0. 
Consequently (Sec. 99, 1°), the difference O (1) — F(z) is a con- 
slant. We denote it by the letter c: 
O (1) —F (1) =c. 
5”. Corollary. /f for a given function f(x), one antiderivative 
F (x) is found, then any other one is obtained by adding a certain 
constant c; it has the form F (x)+<c. 


For an arbitrary c, F(z)--Fc is a general expression for the 
set of all antiderivatives of the given function f(x). 


6”. Definition. The set of all functions whose derivative is equal 
to f(x) is denoted by the symbol | f(x) dz and is called the 
indefinite integral of the function f(x). 

The symhol | f(x) dz reads ‘‘indefinite integral of the function 
f (z) dx". 

By definition, 

(dz FG). (2) 


In equality (2) the symbol | is called tho sign of integration, 


f(x) is the integrand, f (z)-dr is the expression under the integral 
sign, F(x) is called the functional part of the indefinite integral, 
and c is an arbitrary constant of the indefinite integral. 

7”. To find the indefinite integral of any function it is sufficient 
to find one of its antiderivatives and add to the latter an arbitrary 
constant c. 
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Examples. 
1) EIL te; 2) ( 2zdr ite 
3) | cos r dx — sin r 3- c, 


since (sin xr)’ = cos x. 


Sec. 118. Properties of an Indefinite Integral 


1*. It follows from the equalities F’ (x)= f(x) and o dr = 
=F (z)+ c that : 


8) the derivative of an indefinite integral is equal to the inte- 
grand: 


[roa] 2 fex 


b) the differential of an indefinite integral is equal to the es pres- 
Sion under the integral sign: 


d | Ho dx =f (+) dx; 


c) the indefinite integral of the differential of a function is equal 
to the sum of this function and an arbitrary constant. 

Indeed, let F(z) be some definite antiderivative of the function 
f(z), i.e., f(x) =F" (2). 

Then 


f (x) dic = F' (x) de 2 dF (2); 
V I) dr = Varo. 
But since 
| [()drz F (x) c, 
it must follow that 
| dF (x) - FG) e. 


. The last two properties can be stated thus: the differential 
Sign cancels the sign of indefinite integration, and the sign of 
indefinite integration cancels the differential sign but adds an 
arbitrary constant. 

_ 2, The indefinite integral of an algebraic sum of several functions 
t8 equal to the same algebraic sum of the indefinite integrals of the 
individual terms of the first sum; for example, 


$ (2—u+0) dx= f zdx— Í udz+ $ vdx, 
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since 


[ f (z—u +v) dz | =z—u+v 


[$ zdz— | udz+ f vdz]'=[ f zdz |’ —[ ads] + 
+[ f vds | =z—u+v. 


3°. The constant factor of the integrand can be placed outside 
the sign of indefinite integration, i.e., if A is some constant, then 


f A-1(2)dz — A.N f(z) dz, 


and 


since 


[$ 4-faaz | 24-10 


and 


[4 | Ma d2]'=A-[ | 122] 24-102. 


Sec. 119. Integration by Formulas 
1°. 1. Since d(x+c)=dz, therefore | dz=x+c. 











2. Sine d( 7 +e)=2%dz, |a"dr=-2 +e. The for- 
mula is true for n «+—1; when n= —1, the expression IT 


loses numerieal meaning because the denominator becomes zero, 
and one cannot divide by zero. 


3. Since d(Inz-+e)=+-dr=% , ndm E=lnz+0. 
4. Since d(e* +c) =e* dr, | ede ene 


5. Since dato) 7 dr. | a dr= uuo 


Ina 


2°. Examples. 1. Evaluate | rz*dzr. 
Solution. By formula (2): 








dee 
" 2 in 3 3 B 
2. ( Vñdr=| z3dz= = feat +e=5 ry +e. 
d +1 E 
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3. Evaluate f (x + 1) (x— 2) dz. 
Solution. Opening the brackets in the integrand, we get 
f (12—1—2) dz. 


Then replacing the integral of the sum by the sum of the inte- 
grals, we have 


V stdz—( zdz— V zar. 
The constant factor, 2, in the third integral is taken outside of 
the integral sign: 
( z*dz-— f zdz—21 dx. 
Applying formulas (2) and (1), we have 
f (z+ 1) (z2—2)dzr= f z? dr — f zdr—2 ( dr = 


4. Evaluate — dz. 


Solution. Dividing each of the terms of the numerator by 2?, 
we get 


| z?—2z +3 dr = f (a7? — 217? 4 317?) dr = 


z3 


= f E-2 f z?dz+3 $ idr= In z—2.7 5. 
r-? 2 3 
43-73 +e=In24+ 323,7 te. 


_ 3°. The method of integration which converts tho given integral 
into a sum of integrals is called the expansion ‘method. This 
method was used in examples 3 and 4 above. 


Sec. 120. Integration by Substitution 


To reduce a given integral to “*tabular'' form, i.e., as givon in 
tables of integrals, uso is sometimes mado of the method of substi- 
tution of a new variable. 


1%. Theorem. Let F(u) be an antiderivative for the function 
f(u). Replacing the argument u by a function of the independent 
variable x having a continuous derivative, 


u=ọ(z), 
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we have 


| F) du= È fto (alg (2) az. (1) 
Proof. Replacing u by the function q (z), we get the compo- 
site function 
f (u) = f [9 (z)). 
The integrand f(u)du is the differential of the antiderivative: 
} (u) du = dF (u) = F' (u) du. 


But the formula of the differential holds even if u is the function 
of a different argument (Sec. 114, 3°), 


f f (u) du = F' (u) du = F' (u)- ' (2) -dz, 
since 
du = dọ (1) =’ (z) dz. 


But it is given that 
F' (u) =f (u) =f [e (2)I- 


1 (u) du = f [o (2))-9" (2)-dz. 


Therefore 


Consequently, 
| £(u) du ={ fte (ag (2)-ez. 


2°. In actual integration, use has to be made of equality (1) 
written in the reverse order: 


f Ho (z))-@’ (1) dz = | f (u) du. 


1 
3°. Evaluate | (2x — 3)* dz. 


Solution. Since the integrand is a composite function, let us 
introduce a new variable and put 


q (1) 22z—3-u, 
q” (x) dz = 2dr — dv; dz — 7 du. 


Introducing these expressions into the integral, we get 


1 n 3 

= - 1 h 2 

f (223 d2=" du => | u du = 1 ES 
2 


o dz 

4”. Evaluate f Bri 

Solution. Introducing a new variable, we have 
9 (z) =314+5=u; 


9' (z) dz «3. dz = du; dz — 4 du; 








d * 
— | 4 imeem hnr += 
=Inf3r+5 +e. 


5”. Evaluate f Goa . 
Solution. Let 2z — 1 =u. Taking the differentials, we get 2dr = 
= du, dz = + du, 





1 
-du 
dz 2 1 = 1 z 1 
| (227—193 =f už =3 fu tdu = 3 A 
6°. Evaluate | e" dr. 
Solution. To ‘reduce the integral to formula (4) put 3z =u. 
Then dz = 3 du: 
f e* dz = f edu 1 $ edu e A eem y e c. 
7°. Evaluate V a"* dz. 


Solution. To ‘reduce the integral to formula (5), put nr —u. 
Then ndz=du, dz=+ du, 








1 1 i 1 au = a 
f a™ dz = | a*.— du = — f rd ina teana tA 
8°, 2x dz 
Evaluate f FT" 
Solution. Tho integrand zu is a fraction. Putting the denom- 


inator z!--1—u and taking differentials of both sides, we get 
the numerator 2z dz — du. 


\ 54 = $ Z =Inu4c=In (2241) +c. 


9”. In general, if the integrand is a fraction in which the 
numerator is the derivative of the donominator, the indofinite 
integral is equal to the sum of tho natural logarithm of the 
denominator and an arbitrary constant. 
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| Ta 4^ 


we put /(z)=a and find that /' (z) dz — du: 


f O dz | E=Inu4c=I0/(2)+0. 


10°. Evaluate | 


Solution. In the fractional function 











z the numerator 


x is of course not the derivative of the denominator. Hence one 


should not assume | 2z?+5 equal to u. 
Noticing that the derivative of 2z?+-5 is 4z, we put 27145 = u 
and take the differentials of both sides: 4rdx=du, whence 


z dz — 5. du. 














=3V F5 +e. 
11°. Evaluate A 
Solution. The integrand consists of two functions: a function 
of a function (In 7)? and a simple function i. Let In z—u. Then 


(In x)? 2 u? and Vina Hence, 
(em | Gn z)9.— de 4 (laz) +c. 


12°. Evaluate ok 


Solution. Here e** is a function of a function and z? is a simple 
function. Let z!-—u. We get e**=e"—a simple function of the 
variable u. Differentiating the equation zt=u, we get z?dz= 


=f du. Then 
f ett-28dz= fe que | ea-le pe-letye 


13°, Let us examine a few instances of the simultaneous use 
of the methods of expansion and substitution. 

When the integrand is an algebraic fraction, it is sometimes 
necessary to isolate the integral part of the function by dividing 
the numerator by the denominator according to the rules of divi- 
sion of polynomials. 
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For example, 
(etter | (24t) tnt aera af. 


The first integral is tabular, the second can be found by substi- 
tution: 





Qz—1=u; 2dz-du; dr= du. 
1 
dz z” du 
2 8 dz A t | Alara 1 S- 
=214+2Inu+c=2x2+21n (2r—1)+ c= 
= 2r + ln (2r — 1)? 4- c. 





14°. If the integrand is a product, it is somelimes useful to 
transform one of the factors without altering its value. 


For example, E Vx+idz. In order to perform integration 
by substitution, add and subtract unity from the first factor z. 
Wo get 

f x Vzři-dr= f (14+1—1)VI+1dr= 


=+1)-11V2F1d2=f (1+1) V2FTd:— 


3 1 
= | Vi+idr= f (+1) dr— | (z+ 1) dz. 
Both integrals are found by substitution. 
z+i=su, dr=du, 
3 4 3 1 
| (z+ 1) dr— f (z+1)?dz = | u?du— Í u’ du = 
-iw Vu—$u Vute=iu Vu (3u—5)+c= 
= (+ 1) V z-1(3z4-3—5) 4 c= 
=F (e+ 1) 612 Vz Fi +c. 


Sec. 121. Standard Integrals and Their Uses 


1%. In solving examples in Sec. 120 we introduced a new vari- 
able u as a function of z and then employed the formulas of 
inlegration. Since this method is used very often. it is convenient 
to remember a number of formulas for the variablo u regarding u 
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either as an argument or as the function of a different independ- 
ent variable and taking du to be the differential of u. 
Tablo of basic formulas. 

















I. fur da =- +c, nx—1, II. nane. 
I. { eduz ere. Iv. V adu +e. 

V. | cosu du — sin u +c. VI. | sinu du = —cosu +c. 
VII. | iis —tanu- c. VIII. T — cot u +c. 
IX. V i Som are tan u +c. X. Y Vi = ^ arcsinu +c. 


The correctness of these formulas can be verified by differen- 


tiation. 
2°. Let us study a few cases where formulas (V)-(VIII) are used. 


1) ( cos 9r. dz. 


Solution. cos5z is a function of a function. To obtain a simple 
function and make use of formula (V) we put 5z=u. Then 


1 
cos or —cosu, dr = 5 du, 


f cos 5x dx = | i cosu du — -sin u J-c - 1 sinSz -F c. 





$ $ 
2) Er To employ formula (VIII) put 3r =u. 
Then dz — } du. 
| quss =} | € -$ cotu+c= — 4 cot 3z +e. 
3) e «sin (5x?) dz. Assume 5z?=u. Then zdr = jdu, 
| r-sin (52?) dz = 1 n sin u du = — ¿cos u+ c= 
= — ¿cos (1) +e. 


4) | sin? z-cos z-dz. Hero sin?x is a function of a function, 


andcoszr is a simplo function. Putting sin z =u, we get sin? z =w, 
which is a simple function of the variable u. Differentiating 
sin ru, we find that cos rdr=du. 


1 


| si æ cos dz | udu = b cus =z sintz+e. 


4 
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* sin = az 





5) _—— . If we put 2+ cos $-u and take the differ- 
24008 7 
entials of both sides, we obtain 
e E - ERES 
— y sin 3 di =du, sin dz= —3du, 
sin —dz 
a m = —3 lnu +c = —3ln (2+cos 5 te. 
2+cos = 
6) | A. Since sin z—2 sin >> cos» 
f dz -f dz 
siue 2sin Ž cos = 
2 2 


Multiplying the numerator and denominator of the fraction of cos > and 


knowing that 























cos = 
2 1 
5 » wo get 
sin 7 lan pl 
za z 
dz B cos = dz " cos 5 dz 
micos E.) 240 cos E inZ 2002 
2sin y cos 5 2sin z cos 5 sin 2 2 cos 2 
1 dz 
ize 2f 
tan 2 2 cos 2 
Assume that tan $-"u and take tho differentials of both sides of this 
equation: du. Hence 
2 cos?— 


2 


f E JD 


E az 
tan 2cos 2 








It is useful to remember that 





dz z 
$ — = In tan ze 
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7 \ * . This integral is reducod to the form of tho previous integral 


by the use of the formula cos z=sin (+=) . 


Assuming 5 +z=u, we get cos z—sin u; dr=du, Consequently, 


dz 
Vas | emia tan g +e=lntan( F+ 5) +e 
It is useful to remember that 


3”. Let us examine the application of tho basic formulas (IX) 
and (X). 
1. Reduce f to the tabular expression | — by 
y 1—u3 


dz 
y 25— 1623 
substitution of 16r? — 25u?. 
Whence 























= — arc sin u+e= arc sin z4-c 
(04 4 —u 4 ~ 4 5 , 


since from 4«=5u it follows that u-i T: 


2) Reduco \ a 


of 3c? = ou’. 


Whence + V3 =u VS; dz = —— du. 


LL by substitution 


to the tabular form f uz 





í dz — ELT du Y5 du 1 du 
: SFA gy l ire pu) rne 


e 


1 /3 
=> arc tan u + c = —- arc tan =z rdc. 
is + Vis Ys + 


Since from tho equation Y 3=u-Y 5 it follows that 


-y ic 
=y 52. 


3) Reduce | Vis e to porc by substitution of 57? = 3u’. 
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Whence zV5=u 3, dz VÀ. du. 


eared Pa | ayia 


_1 du 5 
=75) Vora = 77 resin Vi r--c, 


since it follows from the equality z V 5—u V3 that u = Vi... 


4) Reduce $ YII to Va by substitution of sin? x = 
— 931 T —u 
= 2u1, 


Whence sinz=uY 2, coszdz—- y 2-du. 


f cos z dz =y2 v Im = =V2f * —⸗ 


Y 2—sint?z 2-3/1 








du sin r 
=f — sinu kega sin A 


yi—wu 





since equation sin z =u |/2 gives ic 
5) Write | 


form f q. 
Whence In z= 2u, = = 2du. 


1 dx du 1 du 1 
| Fina =2 | a+ 4ua 2 $ ea Netane tes 


— 
2 


= 
eae 


i 
as Varia =a and reduce to tabular 


by substitution of (In x)? = 4u?. 








arc tan me peat arc tan ln V z 4-c, 


since equation In z= 2u gives u = nz : 


4°. It is also useful to know tho following two formulas: 


du _ 1 rte 
| z MP gute (xD) 


du is 
| vagi 0! u? + 1) (X11) 
Let us examine a fow instances whore these formulas are applied, 


1) Reduce yi to the tabular form Y Vac by substitution 
of 4z? —3u, 
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y3 


Whenco 2z—u Y 3, dz— «de 





| DER du -if du 
Vaia 2 — 2 Jy us—1 


=tin(ut Vai) ge T ln (At y €-0«- 


— — c= In (24 y 12173) + 
2 y3 
+c—In yi-l In (22 + p 422—3) +, 


since In V/3, as a constant, can be included in c. 


wees dx may be written as a sum of integrals by dividing the 


) 4-5 
numerator by the denominator termwiso: 


4-4 zdr dz zdz z dz 
|a 4125 i= | m5 t f 4125 =Í r25 * | 5—4r8 ' 


The first integral is found by substitution of 


4r*?—5-—u, 8xrdr=du, rde= 7 du. 


y l 1 d 1 " - 
Vue =y $ itt In u E e-- g. In (iz?—5) +e. 


The second integral is reduced to tho tabular form Y 3 by substi- 


tution of 4r? —5(?. 








Whence 2z—t)/5, dz— E dt. 
de 1 5( at — V8g d _ 1! tHe, 
\ 5417 2 | 5347 5:3 | 120 aye Sian 
DEL - 
ada cS — te i. ln LX e 
413. 4.2.. ayó yY5—2 
15 
since — T. 
V5 
Finally, 
A A V542r 
| dnos E= g Int EAS. 3 In — te. 
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Seo. 122. Integration of Powers of sin z, cos x, tan x, cot x 


In this section the exponents are considered positive integers. 
1°, | sin” zdz and | cos" zdz where m is an odd number. 


For example, evaluate | sin?z dz. 
Solution. First expand the integrand: 
sin? z—sin? z-sin z—(1— cos? z).sin z — sin z — cos? z-sin z. 
Then 


$ sin3zdr= f sinzaz— Í cos? z-sin z-dz. 


The first integral is tabular; the second is found by substitution: 





cosz=u, cos?r—u?, sin r dz— —du. 
g P u3 
f sinzdz— | cos? z sin z dr — —cos r+ | u? du = y — 
cos? z 
— cos r Le= —cosr 4- c. 


2°. | sin” zdz and | cos" zdz, where m is an even number, are found 
by familiar formulas of trigonometry: 


1—cosa —2 sin? $ and 1+ cos a= 3 cos? s " 


which are taken in the following form: 


2 


(XIII) sint r= 10082, cos? z= (XIV) 


Those formulas reduce the powor of the function. 
Example 1. Evaluate | sin? z dz. 


Solution. Using formula (XIII), 
1—cos 2x 1 | 


f sin? z dz= f 1t dac 


2 2 dzat | cos 2x dr. 


2 


The first integral is tabular; the second is found by substitution of 
2z=u, dz=> du. 
Substituting, wo get 


f sin? z dz = 


1 _A 1 — 
d:—>3 $ cos 2z dz —-, z—-- | cos u du — 


1. 1 da 
z—x sin ucte—z—4 sin 2r +c. 


Example 2. Evaluato etes 


. Solution. First expand the function cost z using formula (XIV): 
1 
cos! z — (cos? z)?— (+3) -i (1 4-2 cos 2r + cos? 2z). 


Again applying formula (XIV) to cos?2z, we get 


1,1 11+cos4z_ 1,1 1,4 - 
gtz +y A =7+3 0824343 cos áz = 


3,1 1 
=g +37 cos 2+5 cos 4z. 


Hence 
| cost zdz— 3 $ di | cos 22 dz += | cos áz dz. 
Assuming 
2z—u, dim du, 4r-—t, dz — t dt, 
wo get 


3 1 1 3 t 1. " 
gl tor p cosuduts, | estat go bL sin ut sinte 


3 1. 1. 
=$ z+ - sin 274-377 sin 4z +e, 


a 
3°, | tan" zdz and | col" zdz are found by the successive use of (be 
trigonometric formulas: 


[ tant zsetz—i | (XV) and | cot? == cosac? z—1 | (XVI) 


The transformation is done with a view to getting integrals of the form: 
f tan” z.sec?z.dz and | cot” x-cosec? z-dz, 


which are then solved by the following substitutions: 
tanz=u, sec? z.dz —du, 
cot z—u, cosec? z.dz = —du. 


Exnmple. Evaluate tan? x-dz. 
Solution. Transform tan? x using formula (XVI): 
tan? z = tan x-lan? z = tan z (sec? z —1) = lan z- sec? z —tan z= 


sinz 
ctanzsec?r— —— . 
cos z 
Henco 
| tan? z dr= | tan z-sec* z. dz— f sins de . 
cos x 
Pulling tan z—u,  sec?zdrz-—du; cosz=t, sinzdz=—dt, we obtain 


| lon? zdr= | udu— | tat ul—Int4e= E tan? z — in cos z - c. 
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Sec. 123. | Vax dx 


f Y aè? — z?dz is frequently encountered in practice and is evalu- 


ated by substituting z=a-sing. This is called trigonometric sub- 
stitution. 


Evaluate | V a?*—z*dz. Putting z= 


=a-sing, we have 
z*=a?.sin?g, dz —a-cosq dq, 


f Va —r?dz = 


= f Y a? — a?-sin?p -a-cos ọdọ = 





=a? f V 1—sin?p-cos p dọ = 


Fig. 126. 


=a? | cost p-dp= 
=a’. | 14005 29 de = 5 a? f de 4- 5 a* | cos 29. d = 
=} ap + 1 a* sin 29 +e. 


| cos 29-dp is found by substitution of 29 =t, de = 5 dt. 

Let us find the values of ọ and sin 29. 

Since z=a-sin q, sing == , and p=arcsin = : 

sin 29 = 2sin p-cos @ = 2sing Y 1— sin? ọ = 
=2.1 yis V a*3— z*. 

These values of Q — arc sin = — and sin docs V a3—z? aro put 

into the integral: 
f V a3 —zidz — 4, at ++ at sin29 +e = 


c4 z / qt — a? a 
=72 Zaresin 142% Va—x.ce, 


whenco 


f Vai=adr=>0 arcsin 432 ai z* 4c (XVII) 
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To make it easier to remember this formula, let us interpret 
its terms geometrically: the first term of the formula 1 a* arc sin 


2 
22i aꝰ is the area of the sector AOB (Fig. 126) with radius 


a 
a and arc q, the second term 52 V a?—z? is the area of a tri- 
angle with hypotenuse a and one leg z lying opposite the angle q. 


Sec. 124. Remarks 


To conclude this chapter on the indefinite integral it may be 
called to mind once more that one of the problems of integral 
calculus is to find the antiderivative from the given derivative 
of f(z), and that if the given function f(z) is continuous on the 
interval a iz Xi b, there exists for it an antiderivative. But if an 
antiderivalive exists for every continuous function, is it always 
possible to find this antiderivative? 

Analysis gives a direct answer to this question: not every 
indefinite integral can be expressed in terms of algebraic, trigono- 
metric, inverse circular, logarithmic or exponential functions as 
a result of elementary operations on them. 

For example, ( E cannot be found as a result of elementary 
mathematical operations. But the values of this integral can be 
found approximately to any desired degree of accuracy by means 
of an infinite series. 

Integral calculus provides methods for finding integrals of only 
certain (true, the number is rather large) functions. 

We considered only the very simplest methods of integration 
and as applied only to the simplest functions. 


CHAPTER XI 


THE DEFINITE INTEGRAL AND ITS APPLICATIONS 


Sec. 125. The Definite Integral as a Measure of the 
Amount of Change in the Antiderivative 


Let us examine how to find the amount of change of a func- 
tion with respect to ils derivative f(x) as the argument z varies 
from z=a to z=b. We assume that the given function f(r) is 
continuous in the interval [a, bj where a — b. 

1°, Theorem. When the argument x varies from r=a@ to +=), 
each of the antiderivatives of the given function f(x) has one and 
the same increment. 

Proof. From a set of antiderivatives whose derivative is f(x) 
let us take any two of them and denote them by F(z) and O (2). 
They will differ from each other by a certain number c: 


F (z) — 9 (1) 2c. 
F (z) — 9 (x) +e. 


Let us determine the values of these two antiderivatives for 
I=b and z=a. 


Whence 


For z=b, F(b)=0(bh+-<. 
For z=a, F(a)=0(a)+<c. 


Subtracting the second equality [rom tho first, we get F (b)— 
— F (a) = 0 (b) —0 (a), as required. 
2°. Definition. The difference l'(b) — F (a)—which is the value 
9] the increment of any antiderivative of the given function f(x) 
as the argument z varies from z—a to z=b—is called the defi- 
nite integral of the function f (x) between the limits a and b and is 
represented. by the symbol 
b 
f f (x) dz. 
a 
The numbers a and b are called, respectively, the lower and 
Upper limits of the definite integral. Of course the numbers a and 


205 


6 are not limits in the sense in which we have hitherto used the 
word. They are merely the boundaries of the range of variation of z. 
b 


The symbol f f (z) dz stands for ‘‘the definite integral from a to 


b of the function f(z) dz". By definition 


b 
Í /(z)dz=F (b)—F (a). 


3”, Rule. To evaluate a definite integral it is sufficient to: 

1) Jind the indefinite integral of the given function; 

2) take the functional part of the indefinite integral and substi- 
tute into it, in place of x, first the upper limit b and then the 
lower limit a; and then subtract the second resultant value of the 
substitution from the first. 

The second operation is symbolically written as [F(x)]® or 

v 


F (x) | or | F (x). 
In all cases we read ''the value of F (z) substituted from a to 
b 
b. We shall use the symbol |F (2). 
a 


The rule for evaluating a definite integral is written symboli- 
cally as 


b 


b 
| f(x) dz = | F (z) = F (9) —F (a) (XVII) 


a a 





Let us note that in this formula tho function f(z) stands under 
b 
the integral sign (\) while the antiderivalive F(z), the func- 


a 
tional part of the indefinite integral, stands under the sign of 
"b 
substitulion (D. 
a 


Example. To evaluate Y zdr, 
1 
1) find the indefinite integral: (2 dr=7 +e; 


tr 
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2) the functional part is s ; the values of which on substitu- 


tion from 1 to 2 are 


4”. Examples. 1. The slope of the tangent at every point ol 
a curve is equal to 2x. How does the ordinate of a point on this 
can when the abscissa changes from 

to 3? 


Solution. It is given that 


tan p=% =r. 


Therefore the ordinate y is an antideriva- 
tive of 2z: 


y= f 2xdx, 


or 





y=x+c. 


Figure 127 illustrates these curves for Fig. 127, 
different values of c: —3, 0, +3. 
2 As z changes from 2 to 3, the ordinate y changes in value by 


| arde. 
3 3 
f 2x de = | 72=3:—22=5, 
2 2 


In Fig. 127 this increment in the ordinate, equal to 5, is shown 
on the different curves: y = s?—3, y=a?, y — 2? 4-3. 

2. Determine the distance travelled by a point from time (=3 
min to ¢=9 min if the velocity at every instant of time is 
Ü m/min. 

Solution. The velocity at any instant is a derivative of the 


distance with respect to time, A. It is given that 


The distance s is an antiderivative of (?. And the distance s 
covered between ¿=3 min and ¢=9 min is the amount of change 
in the antiderivativo of /? as the argument £ changes Irom 3 to 9, 
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9 
The distance is | t* dt. Evaluating this expression, we have ! t* dt. 


| 
1) (eae 
p? 


A-9537 .223— 9 = 234, 


2) 3 


=3+ 
9 
Bises 
3 


Consequently, s — 234 m. 

3. The heat capacity of 1 kg of water varies with the tempera- 
ture ¢ according to the law j (4) — 4 4- 0.00004 t + 0.0000009 (?. 
Determine the amount of heat required to raise 1 m? of water 
from 10°C to 60°C. 


Solution. For 1 m? of water the heat capacily 
f (t) = 1000 + 0.04: + 0.000922, 


Tho heat capacity is the derivative of the amount of heal with 


respect to temperaturo, R: 


20 — 1000+ 0.04t + 0.00092, 


For the given function f(t), the quantity of heat, Q, is the 
antiderivalive. It is required to find out how much the antideriv- 
alive changes as ¢ changes from 10° to 60°, i.e., to evaluate the 
definite integral 

co 
V (1000 + 0,042 + 0.0009") de. 


First evaluate the indefinite integral: 


f (1000 + 0.042 + 0.000912) de = 1000: + 0.021? + 0,00031? + c 


and then ils value on substitution from 10 to 60: 
60 


| (10001 + 0.0242 + 0.000312) = (60000 4- 72 + 64.8) — 
10 


— (10000 + 2 4- 0.3) = 50134.5. 


Thus, 50134.5 kcal of heat is required to raise the temperature 
of 1 m? of water from 10? to 60? 
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Sec. 126. The Definite Integral as a Function 


b 
1°. In the definite integral ( /(z) dz =F (b) — (a), the limits 


a 
a and b are certain definite values of x such that on the inter- 
val [a, b] the given function f(x) is continuous. Let us keep 
the lower limit a constant and consider the upper limit 5 variable 
and denote it by z. 


f Ha) de =F (x) — l (a). 


Since to every value of z there corresponds a certain definite 


x 
number, the difference / (z) — F (a), the definite integral ( f (x) de 
a 
is a function of its upper limit x. 
_ 2%. From the set of antiderivalives F(r) +c whose derivative 
is f(x), let us find the one which is equal to zero al r=a. 
Substituting a for z in F (x) 4-c, we obtain 


F (a) - c — 0, 
= — f (a). 


Whence it follows that the required antiderivative is /(»)— 
— F (a). But 


x 


F (2) — F (a) = | f (x) dr. 


x 


Consequently, the definite integral 0 de is that particular 
antiderivative of f (x) which becomes A at y =a. 
" 3*. Relationship between the indefinite and definite integral. Since 
f f (2) dz is one particular antiderivativo of f(x), namely, that one which 


a 

bocomes zero at z=a, every other antiderivative differs from this one by 
an arbitrary constant e Jn other words, an indefinite integral differs from 
a definite integral by an arbitrary constant c: 


f (z) dz c. 


NI 
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Sec. 127. Geometrical Meaning of a Definite Integral 


4°. Figure 128 shows the graph of a continuous positive function 
y = Í (x). Let us take two points A and M on this curve of y =f (1), 
and let us treat A as fixed and Af as moving. Accordingly, 
the coordinates of A are the constants [a, f(a)) and those 
of Af are the variables (z, y). To every definite value of z there 
corresponds a definite area s of the curvilinear trapezoid A,AMM, 
bounded by the arc AM, the axis Oz and the ordinates A,A 
and M,M of the points A and Af. Hence, the area s is a function 
of r, a positive function since all values of s are positive. 

We shall show that s is an antiderivative of the given function 
f(r). To do this, find the derivative of s wilh respect to x. Let r 
have some deíinile value, then add to it an increment Az. The 
area s thereby receives an increment As equal to the area of the 
figure M,M VN, 

Let the function y= f(x) increase and decrease. Then on the 
segment M,N, of the change Az there will be found a least ordinate 
B,B and a grealest ordinate C,C*. Let us construct two reclangles 
M,KK,V, and M,LL,N, using Az as the base in each case and B,B 
and C,C as their respective allitudes. We get area M,KK,N, <As< 
<area M,LL,V,. since the first area is a part of the second and 
the second is a part of the third area. 

ps arca AL,KA,N,=Az-B,B and arca M,LL,N,— Az-C,C. 

ence 
Az. D,D < As < Nr C,C. 


Dividing through by Ar, we get 
B,B c ecc. 


Let Ar tend to zero. As Ar—0 the variable ordinates B,B 
and CC- since the curve is continuous—approach the constant 
ordinate 17,17 =y as their limit. Hence (Sec. 56) 


. As 
lim -— = M,M, 
4x0 Az $ 
or 


ds 
dr TY- 


In words, the derivative of the arca s with respect to the abscissa z 
is equal to the ordinate y of the curve at the point zx. 
But since y =f (+), 


* This is proved in advanced courses of analysis. 
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It follows from this that the area s bounded by the graph of the 
function y — f(x), the axis of abscissas and the ordinates of two 
points on the graph is an antiderivative of the givin function f (z). 





y 
0 
— — 
12 I 
Fig. 128. Fig. 129. 


The area 4,A4M M, is that antiderivative of / (+) which becomes 
zero al r—a. Indeed, if the moving point M coincides with the 
fixed point A (which occurs at z=a), the arca A,AMM, becomes 
zero. Hence (Sec. 126) 


s= oar. 


To obtain the value of the area A,A4B'b (Fig. 128) enclosed 
between the ordinales z=a and z=b it is sufficient to replace 
rz by its value b. Then we get 


D 


b 
s= f f(x) dr (XIX) 


This is (he geometrical meaning of a definite integral: the definite 
b 
integral | / (z) dx of a continuous positive function f(z) is equal 


a 
to the value of the area enclosed between the curve y= f (x), the axis 
of abscissas Ox and two ordinates x —a and xr=b. 


2”. Example. Calculate the area enclosed between the curve 
y — z?, the axis Or und tho ordinates z —1 and r—2 (Fig. 129). 
Solution. Basic formula for area: 
b 
s= $ y-dz. 
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It is given that y —z*, a=1, b=2. Therefore 


3”. Note. Sometimes it is wrongly asserted that “the definite 
integral is an area’. This is erroneous because the definite 
b 


integral T f(x)dx is a number which may represent quite different 


a 
kinds of quantities: in some instances, areas, in others (as was 
shown in some previous examples) increments in ordinates, distances 
covered by a moving body, quantities of heat, and so forth. 
b 


Further on we shall see that the definite integral 1G dz can 


a 
represent the volume of a body, work, pressure and other specific 
quantities. 


Sec. 128. Supplementary Notes 


1°. In the preceding section it was shown that the area enclosed 
by the curve y= f(x), the ordinates of two of ils points, and the 
axis Or is an antiderivative of f(z) if f(z) is a positive function 
[/(z) 20] on the interval a<z<b, 
i.e., if the curve y —/(x) lies in the 
upper half of the plane divided by 
the axis Ox. This also holds if f(z) 
is negative on the interval [a, bj (f (1) <0], 
i.e., if the line y — f (z) lies in the lower 
half of the plane relative to the 
axis Ov. 

If the function has negative values, 
the foregoing reasoning will apply in 
obtaining the expression for s, the area 
bounded by the curve y=f(x), the 
Fig. 130. axis Or and the ordinates r—a and 

z = b (Fig. 130), the only difference 
being that the value of the area lying below the axis Ox has to be 
treated as negative since the ordinates of points of the curve are 
negalive: 





ye 





ds 

ds 790 
b 

and ( f (x) dr is negative. 
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b 
The sign of f f (x) dz only indicates the position of the area rela- 


J ; 
tive to the axis Oz: plus, signifying ‘above the axis'' and minus, 
“below the axis’’. The actual value of the area is equal to the abso- 
lute value of the integral. 





Fig. 131. Fig. 132. 


If the area lies partly above and partly below the x-axis 
(Fig. 131), the entire area is oblained by evaluating separately 
the area s, above the z-axis and the area s, below the -r-axis: 


sz [s] Esel. 


Thus the entire area is equal to the sum of the absolute values 
of the areas of its parts lying above and below the x-axis. 


Example. Calculate the area bounded by a sinusoidal wave 
y —sinz and the z-axis (Fig. 132). 

Solution. One part of this area (0< x: x) lies above the x-axis, 
the other part (t & z< 2n), below it. Calculating them, separately, 
first part 





n n 
y= ( sin z dr = | —cos x= —cosn | cosO=1+1=2, 
0 0 
second part 
2n 21 
5 = È sin zdz = —cos s = — Cos 2n + cost = —1—1= —2. 
n n 


The whole area s—|s,1--15,122--2— 4. 

f the position of the curve relative to the .r-axis is disregarded 
and tho integral is taken between the limits from 0 to 2x, tho 
result is nbsurd, 
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Indeed, we get 


2n 2n 
s= f sin z dz = | —cosz= —cos2x-+cos0=0. 
0 
2°. Formula 


b 
| 1(=) dz =F (0) — F(a) 
a 
holds provided that the function y —/(z) is continuous on the 


interval a« z« b. For a discontinuous function the formula may 
prove to be incorrect. 








: Example. Evaluate v 
ple. \ GF - 
Solution. Find the indefinite integral 
by substitution of z— 1 =u, dz = du: 
dz (fdu —. 
f g= ] ub 
EE — 
ii pe. e 
Ü Let us evaluate tho definite integral: 
113123722 E dr | 4 
424 424 Vemm i=37 
0 9 
Fig. 133. 1 1 B 


The result is a ucgalive number, — 2, yet it is obvious that all 


the ordinates of the curve y= are positive, since the 


1 
(z—1)? 
square of x—1 is positive for any value of x. Thus the curve 
ties entirely above the z-axis and the area enclosed by lhis curve 


aud the s-axis cannot be expressed by a negative number. The 
b 
source of the error was that the formula WO) dz =F (b) — F (a) 


should not have been used since on tho interval 0O<1<2 tho 
TENTI has a point of discontinuity at z = 1 (Fig. 133). 


iunclion y — is 


Sec. 1?9. The Definite Integral as the Limit of a Sum 


4°. Advanced courses of analysis prove a theorem about the 
existence of a definite integral. In essence it is as follows. 

1. The function y=f(x} is continuous on the interval [a, b] 
(Fig. 134). Divide this interval into n subintervals (it is immaterial 
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whether the subintervals are equal or unequal). Denote the ab- 
scissas of the poinls 2z,=@, 22, 23, ..., th, ... Ine, Where 
4 << — A, Ine, =b. 
Let the lengths of the subintervals be denoted by Ar,, Az; ..., 
As «++, ÂZn, Where 
Az,=22,—2,, Ary =2%3—22, o., ATR = Tar — EA + 
AZ, = In+1—In- 

2. In each of the subintervals thus obtained (r,, 7,.,] take an 
arbitrary point E, z, «E, « x44, and evaluate the function f(3,) 
at this point. 

3. Multiply this value of the function f(a) by the length of 
the subinterval Az: 

f (Er) An. 

4. Add all the products thus obtained: 


f(E) Az, + / (E) Ardo... 3- (En) Aza H -o o + A En) Arn = 
b 
= S f (E) Az. 


b 
In the symbol >) /f(£)Azx, the letter > signifies sum” and f (&) Ax 
a 


shows that all the terms of the sum are of one and the same type: 
the product of f(E) by Az. The letters a and b denote the left and 









Tx I» 


ja faz | dz | | j| [| mp or 


Fig. 134. 





right end points of the interval over which the operations of 


summation are performed. This sum, >) f(&)Az, is called an inte- 
a 


gral sum. lt is obvious Lhat an integral sum may be constituted 
in an infinite variety of ways that depend solely on the manner 
in which tho interval (a, b] is subdivided into n subintervals and 
on the choice of tho points E. 

Let us consider the number of divisions, n, variable and let 
us assume that tho interval (a, b] is divided in a manner such 
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that for any given posilive number 6 (for any value of n above a 
certain limit) the following inequalities are satisfied: 


Ar« ô, Ar.<6,..., Az, <6, ..., Ar, LÔ. 


In other words, all Az — 0, and the number of subintervals 


n becomes greater than any positive number N=*4, i.e., 


n — œ. Under these conditions, each product f (5,)- Az, is an infin- 
ilesimal since it is a product of a finite quantity f(a) by an 
b 





infinilesimal Ax,. And the sum >; f (E) Ax hecomes the sum of an 
a 
indefinitely increasing number of infinitely small terms. In the 
theorem on the existence of a definite integral it is proved that 
b 


this sum has a limit, which is called the definite integral | f(x) dz, 


. a 
1.€., 


b 
lim 2 16)Ar=| f(x) dr. 


TES 


2”. Let us illustrate this theorem. AB (Fig. 135) is the graph 
of a continuous positive function increasing on the interval [a, 5]. 
Divide the interval [a, b] into n subintervals (it is immaterial 
whether they are equal or unequal). Let us take the left end point za 
of each of these x subintervals as the point & Then 


1 (Se) =f (21) = Yrs 


f (Sa) Aan = f (ru): Ara, 


and the product 


or is equal to the arca of the rectangle whose base is the segment 
Ac, and whose altitude is the ordinale f (x4) of its left end point. 


The integral sum Y 2 f(s) Ar= Y > f (à) Az represents the area of the 


stepped figure a AM,M,M;M, ... Mab. which these rectangles 
form on the interval (a, 5]. 
The area of the curvilinear trapezoid aABb is equal to the sum 
t 


of the areas of the rectangles, V / (4) Ax, added to tho sum of the 


areas of the curvilinear triangles (shaded porlions in Fig. 135). 
Let o denolo the area of these triangles. Then 


s= y f Q)- Ax +o. 
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b 
The sum >) /(z) Az of the areas of the rectangles, as Ax tends 
a 


to zero, is a bounded variable quanlily, because it can never be 
greater than the area of a rectangle with ab as its base and the 







f(b)-fía) 


Fig. 135. 


allitude equal to the largest ordinate bB. The sum is not an infin- 
itesimal because it cannot be less than the area of a rectangle 


with the same base ab but altitude equal to 2 (aA 4- bL). 


We will show that the sum o of the curvilinear triangles is an 
infinitely small quantity when Az — 0. 

Let us take some definite number of divisions. All the segments 
Az may be of different length (some of them may even be equal) 
and at least one of these will be greatest (in Fig. 135 there are 
two such largest Az). Let us denote this largest segment by Ary. 
On the axis Oz lay off a segment from the origin O equal to Avy 
and use it as a base to construct a rectangle OB,CE with altitude 
equal to bB. From the points A, M,, M», ..., D of the given curve 
draw perpendiculars to the y-axis and displace lhe curvilinear 
triangles AM¡M,, M,M;M,, ... along these perpendiculars 
so thal their vertices A, M,, M, ... lie on the y-axis. Here, the 
curvilinear triangles fit in the rectangle 4,/7,CD without over- 
T a The base of the rectangle is Ars, and ils altitude, 

) — f (a). 

Part of the area of the rectangle A,B,CD is not covered by the 
curvilinear triangles. Thus, the sum c of the areas of the curvilinear 
triangles is less than tho arca of the rectangle A,B,CD, i.e., 


o « [f (b) — f (a)l Aric. 


This inequality holds for any value of n so long as the method 
of dividing the interval [a, b] remains as stated in the theorem. And 
since by this method all the Az (including Azjj)) become infinitely 
small, the product of the constant f(b)—f(a) by the infinitely 
small quanlily Axx is also infinitely small. If [f (b) — f (a)] - Az < 
<e, then o<e, i.e., o also becomes infinitely small, as required. 
The equality 


s= 


f(1)-Az+o0 


aMe 


signifies that the constant s is equal to the sum of the variable 
b 


Y f(z)-Sx and the infinitesimal c. Therefore (Sec. 49) 
b 
lim Y f(a) Aras. 
4x0 a 
But (Sec. 127, formula XIX) 


cd 
s= \ f (x) dx. 


Hence 


b b 
o | f (1): dz (XX) 


3°. The theorem developed in 1? is true for any kind of con- 
tinuous function f(r), increasing or decreasing, or increasing in 
some intervals of variation of the argument and decreasing in 
olher intervals; and it is immaterial whether the function has 
posilive or negative values. 


Sec. 130. Properties of a Definite Integral 


b 
Regarding the definite integral WS) dx as tho limit of a sum 
a 
of infinitely small terms f(«)-Ar(Ax—0), with the number of 
terms infinitely increasing, we shall prove the properlies of the 
definite integral. 
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1. The definite integral of an algebraic sum of several functions 
is equal to a similar algebraic sum of the definite integrals of the 
functions of the terms. Indeed, 


b b 
J) +9) — 9 G)) dz = lim Xf (2) -9 @)—v ll dz= 


b b b 
— j}; y] : EET —V— 
a ter Dim De) ee Ui S ) Az 
b è b 
= $ f (2dz-4- | 9 (1) dz— | v (z) dx. 


_ 2. The numerical factor of the integrand can be taken outside the 
integral sign. 
Proof. 
b b b 
c-f (z) dz 2 lim Y c- Az= lim c- Ar- 
| ef («) dz Nope /(2) Az = lim 216) 


a 


(since c is a common factor for all the terms of the sum) 
b b 
=c- lim Y Ar=c- ‘de. 
c jim X10) jo 


3. Interchanging the limits of integration changes the sign of 
the definite integral. 


Proof. In the preceding section it was assumed. when dividing 
the interval (a, b] into n subintervals, that a <b. Now, imagine 
that b<a and that the division is performed from the end point 
a towards b. Then all values of Az will be negative. (uon b—a 

—a 

<0 


is divided, for example, into n equal subintervals, As = - 


since b—a <0.) 





As a consequence, the terms f(5,).Az, of the sum 2:1) Ax 


b 

and of the sum > /(£) Az are themselves sums. And their limits 
a 

a b 

yea dz and | f (z) dz differ in sign: 


Í (z) dz = E f (+) dz. 
b a 


Sec. 131. Calculating Areas 


1°. To find the arca of the segment OAB of the parabola y*-—2pz 
(Fig. 136). 


Solution. From the given equation we have 
y=} V ?2pz. 


The positive values correspond to points of the curve above the z-axis, 
the negative values, to points below. Since the curve is symmetric about 





Fig. 136. Fig. 137. 


the z-axis, it is sufficient to calculate the area of the half-segment above 
the axis and then double the result. The argument z varies between the 
limits from 0 to e: 


x x 4 
S= | ) 2px dz—]) 3p | z? dr= 
ù 0 
J2 b 2 POE NUR 
=] 2p 3*7 73) 2p-z-} ==") 2px 





0 


Since it is given that ] 2pr— y, $310. 
The whole area of the segment S=isy=23 x-y, or 
2 
S= 3 1-2. 


Here 2y is the length of the chord of the segment and z is its arm. 

Consequently, (he arca of the segment of a parabola cut off by a chord 
perpendicular to its axis is equal to two-thirds of the arca of the rectangle con- 
structed on this chord and its arm. 

2. To find the area bounded by the curve y=2+z—27 and the 
z-axis. 

Solution. An area can be bounded by two lines only if they intersect. 
We first find the points of intersection by solving simultancousy the 
equation of the curve, y=2--r—2%, and the equation of the z-axis, 
y=0; we get their points of intersection: z,— —1, ra=2 (Fig. 137). 


22) 


The area is calculated by putting a = —1, b=2 in formula (XIX): 
2 


t z2 og 
S= \ dices Je -j= 


-i 
O Cede) 


3°. To find the area enclosed between the curve y=z?—6r? 4 ilz—6 
and the ordinates z=0, z—4. 

Solution. When calculating the area, one should not mechanically inte- 
grate the given expression for y within the given limits. 


jp 





Fig. 138. Fig. 139. 


The point is that for z—0, y=—G and for r=4, y— +6. That is, 
the curve lies partly below and partly above the z-axis, and, consequently, 
each part of the area has to he calculated separately. . 

To find the abscissa of the point of intersection of the curve with the 
z-axis, solve the equations ithe equation of the x-axis is y=0) as a pair 
of simultaneous equations. We have 


z3—6z? + 112 —6—0. 
This equation is solved by factorising the left-hand side: 
z3—0z?-- 112 —6— z3— z — ör? 4 12r —6 = 
zz(z2—1)—6(z?—2z-F-1)—x(z—1) (1+ !)— 6(z— 1)? = 
=(z— 1) (12— 5x 4-6) —0. 
Whence 
z—1=0 and 22—574-6=0, 
n=l, zg=2, 3=3. 


Thus, the curve intersects the z-axis at three points whose abscissas 
Bre, respectively, equal to 1, 2, 3 (Fig. 138). To calenlate the required arca, 
find the arcas OAH, BCD, DEF, FGÍ and then add them together. Further, 
noting that tho curve is symmetric about the point (2, 0), we conclude that 
it ts sufficient to calculate tho first two areas or tho last two areas and 
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then double their sum. 


1 1 
zi m 
Aren oAB-( (2262941126) dz=| (Fatt Fst) = 
$ 1 14 * 3 
=7-2+5-6=—7- 


The minus sign merely indicates that the area OAB lies below the z-axis. 
Its area is equal to the absolute valuc of the result obtained: 


area 04B— 2 square units. 


2 2 
Area BCD= \ (z3— 62? + 11z —6) dz =| (+ g z2—6z ) = 
1 1 


9 1 
=(4—16 + 22—12) + 7 —7 ; 
Area BcD=4 square units. 
The required area 
s=2 (ar. O.4B+ ar. Bco=2( 2+7 )=5 square units. 
4°. Calculate the area enclosed between the curves y= z? and y= 4r. 


Solution. First determino the boundaries of the area. To do this, solve 
the equations simultaneously: 


28—4zr=0, r(z2—4)—0, z,— —2, z2=0 and x3=2. 


Sketch the parabola from the points: 











1 1 
z | —2 | —1 | -7 0 | tx | +1 | +2 
| 1 | 1 | 
—8 —1 0 L l 8 
j | | -+ | £g] t pus 





and connect the points (—2, —8) and (2, 8) by a straight line (Fig. 139). 
It is required to find the arca of the shaded portion. lt consists of two 
equal parts. Determine the area OABD as 
B tho difference between the areas of the 
rectilinear triangle OABC and the curviline- 

ar triangle ODBC. 







/ WD 
NEN 


412 
N 





Area OABC= | 4x dz—| 213—8. 





Area ODBC= | r3dr= 


outa OF 


Fig. 140, 


Area 0.1BD=8—4-:4, Hence the required area is 8 square units. 
5°. Find the area of the ellipse 

zy 

ata 


Solution. Sinco the ellipse is symmetric about the z-axis and y-axis, ils 
area s=4-area OAB (Fig. 140). 
From the equation of the ellipse, 


— — 
— 273 
y= z V a?—2?. 
Only the positive root is considered since the values of y in the portion 


of the ellipse under consideration (first quadrant) are positive. 


a a 
Arca oAn- | byad} f Y at@—z dr, 
0 0 


By formula (XVII): 
a? arc sin =+ t zy a?—z. c. 


b ; ES DI 1 — NL 
Area OAB=— (Fataresin 4525 a*—zr Je 





0 


= * (a? arc sin 1 4+a-0—a?-arc sin0 —0:a) = 


The total area of the ellipso S=4- 20 = nab. 


Note that the formula for the area of a circle, s=ar2, is a particular 
case of the formula for tho area of an ellipse when a-:.b=r, 


Sec, 132. Volume of a Pyramid 


To illustrate tho application of a definite integral as the limit 
of a sum, let us perform the operations given in 1° of Sec. 129 to 
find the volumo v of a triangular pyramid of base area S square 
units and altitude A linear units. 

Let us divide the altitudo OM =h (Fig. 141) of the pyramid 
into n segments (it is immaterial whether the segments are equal 
or unequal): Az, Azrz,...,Azr,. Through tho points of division 
of the altitudo / draw planes parallel to the base of the pyramid. 
The area of tho polygon of cross-section s thus obtained has the 
same relation to the base of the pyramid S as the squares of 
their distances from the vertex of the pyramid. 

Donoting the distance from the verlex to the cross-section 
under consideration abc by z, we get 


5 zt _ So, 
sn Sart: 
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Thus, the area s is a continuous funclion of z defined on the 
interval |0, A]: 
Sa 
s= Í (x) = 7 rt. 


Let us construct a prism of altitude Az on each polygon cross- 
section in such a manner that the side edges of each prism are 
parallel to the edge OA, and the polygon cross-section is the upper 
base of the prism. The aggregale of 
these prisms constitutes a stepped struc- 
ture entirely contained in the pyramid. 

The volume of each prism is equal 
to the product of the area of the cross- 
section /(r) by the altitude of the 
prism Az: 


f (x)-Ar= s z?. Az. 
The volume of the stepped structure 


consisting of the construcled prisms is 
the integral sum 





h h 
S H(x)-Ar= Y Soa? Az, 
0 0 


Fig. 141. 
The volume of the pyramid is the limit of this integral sum as Ar—>0: 
— hs h 
2 LA — 2di= 
v=lim 5, q Ar= f pe dr (2 di= 
: 0 0 
S 2 S rP i 
im sr aS" 
0 


Thus, the volume of a (triangular) pyramid is equal to one-third 
the product of the area of the base by the altitude. 


Sec. 133. Volume of a Solid of Revolution 


1°. In Fig. 142, the figure aABb is formed by the arc AB of a 
continuous curve y= f (7), by the ordinates of the points A and B, 
and by the segment of the -axis cul out by these ordinates. 
By revolving the figure aABb about the z-axis we obtain tho 
surface of revolution AABB,A,; the body enclosed within this 
surface between the circles AA, and BB, is called a solid of revo- 
lution. Let us calculate its volume. Construct a system of rec- 
tangles for the area of aABb (Sec. 129, 2°). When revolved about 
the a-axis, the polygons generate cylinders. The aggregate of these 
cylinders represents a stepped body in the shape of a stepped 
pulley. The volume of cach cylinder is equal to zy*Ax and the 
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volume of the stepped body is 
b 
Y sry?Az. 


Here ny? is a continuous function of z, since it is given that 
y=f(z) is continuous on the interval [a,b] (Sec. 72, 4°), and, 





Fig. 142. Fig. 143. 


è 
consequently, the integral sum >) xy?Az has a limit when Ac — 0 


(Sec. 129, 1°). This limit is the volume v of the solid of revolu- 
tion: 
b b 


v — lim myAc= \ ny!dz—mn| y dr. 
Ax=0 2 y $ y | 
Hence, the volume of a solid of revolution is 

b b | 
v=x | y*dz, or v=x Í f? (x) dr 










(XXI) 





2. If the solid is generated by a closed curve, as, for examplo, 
ABCD in Fig. 143, then the required volume is equal to the dif- 
ference between the volumes generated by the revolution of the 
curvilinear trapezoids A,ABCC, and A,ADCC,. 

el y, denote the current coordinate of tho upper part of tho 
Curve (ABC) and lot y, denote the current coordinate of the lower 
Part (ADC). Wo get 


ven | (i—i) de (XXII) 
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Sec. 134. Calculating the Volumes of Solids of Revolution 


1*. The volume of a right circular cone. 

A right circular cone of altitude A and radius r is generated by revolving 
the right triangle OAB (Fig. 144), the legs of which are h and r, "about the 
leg OA equal to 5. 

Let O be the origin and let OA be the axis Oz. Then the equation of the 


straight line OB is => z. 
The volume of the cone (formula XXI) is 
h h h 
ri mr? } z9 nara ps 4 
3 


v=1 f y? dz—n p” d=- 3m Ss su?2.h. 
0 


Since nr? is the area of the base, the volume of the cone is equal to one- 
third the product of the area of the base and the altitude. 





Fig. 144. 


2”. The volume of a truncated cone. 


A truncated cone of altitude h and bases of radii r and R is obtained by 
revolving the rectangular trapezoid OABC (Fig. 145) about OC as the axis. 
Arranging tho coordinate axes as shown in Fig. 145, write the equation of 
the straight line AB: 

R—r 
h zr. 





y= 


The volume of a truncated cone (formula XXI) is 


h 
= 3 
vsa f ( — z+r) dz. 
. h 
0 


du, 





R—r 
h 








h 
R—r 
R—r E h h us 
V4 str) em | due gee g e= 


= soy (Ae et) ++. 


Assuming z+r=u, we have dz— 
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h 
vits | tems OS 


nh (R3—r3) 1 
=-3 (R=) 3 





nh (R? + Rr +r?). 


Removing brackets, we get the volume in the following form: 


RS 
3 


Rh 4- 3 arth + 3 aRrh, 


Thus, the volume of a truncated cone is equal to the sum of the volumes of 
three cones whose altitudes are the same as that of the truncat«d cone while 





Fig. 146. Fig. 147. 


the bases are the lower base of the truncated cone (first cone), the upper base 
of the truncated cone (second conc), and a circle of area equal to the geometrical 
mean of the areas of the two bases of the truncated cone (third conc). 


3°. The volume of a sphere. A sphere of radius r is generated by 
revolving a circle (z?--y2—72) about the axis Ox (Fig. 146). Hence (for- 
mula XXI): 


+r +r r " 
v=n fu dr=21 | (à—25)dz 22] (9-5 )= 
-r 0 0 
3 4 
=2n (7-5 == ari 


Representing $a in the form nr? r, we get: the volume of a sphere 


is equal to the product of four times the aria of a great circle of the sphere 
ty one-third the radius. 

4°. The volume of n spherical segment. The portion AACA, (in Fig. 147) 
of a sphere cut off by means of a plano AA, is called a spherical segment. 
It is evident that a spherical segment may be considered a solid of rovo- 
lution generated by revolving a segmont, ABA,C, of a circle about its 
altitude BC. We consider tho radius of tho circle, r, and tho altitude, A, 
of the segment known. 
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The volume of a spherical segment is 
r 


v=A yidz=x Lema] (-3)- 


r=h r— 
nn (oF) ree Exam (ef), 


xA? may be considered the area of a circle of radius h, and rth 


the altitude. Then the volume of a spherical segment is equal to the volume of 
a cylinder whose base radius is the altitude of the segment and the altitude of 
the cylinder is equal to the radius of the sphere minus a third of the altitude 
of the segment. 


Sec. 135. Pressure of Liquids 


1°. As illustrations of evaluating quantities as the limiting value 
of a sum of infinitesimals, let us determine the pressure of a 
liquid and the work done by a force. 

The pressure exerted by a liquid on s square units of a hori- 
zontal area is, as we know, equal to the weight of a column of 
liquid having this area for its base 
and the depth of the area (its distance 
from the free surface of the luquid) 
for its altitude. Denoting the spe- 
cific gravity of the liquid by y and 
the altitude of the column by A, 
wo find that the pressure a liquid 
exerts on an area s square units is 


P=y-h-s. 


For any given surface s, the 
pressure of the liquid is a function 
of the depth A. Lot aABb (Fig. 148) 
be part of a vertical wall, for exam- 

Fig. 148. ple, of a pool filled with liquid. 

To determine the pressure exerted 

on tho area aABb, divide ab into n parts and denote the length 

of each part by Ah, Construct a rectangle on each part Ah taken 

as the base. Tako one of these rectangles, EK Ll and denote its 

area by As. Assume that the upper side kK is at a depth k from 

the free surface of the liquid. Imagine that this rectangle AKLI 

is situated at the depth A not in a vertical position but horizontally. 
Then it experiences a pressure equal to 


vhás. 


We know that the pressure of a liquid at each point is equal in 
all directions. Therefore, if the rectangle KK Ll is now regarded as 
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vertical, the pressure on il will be somewhat more than in the 
horizontal position because the pressure on its lower border IL is 
somewhat greater than that on its upper border AK. 





Fig. 149. 


Let us assume that the pressure over the entire altitude A/ is 
the same as (hal in the upper border AK. Then the pressure on 
the rectangle is equal to 


y-hAs. 
The area of the rectangle AKLI As=kK-Ah. The value of kA 


varies with the depth ^ of immersion KK, i.e., AK is a function 
of A: 


kK =f (h). 
It is evident that AK is a function continuous on the interval 
(a, b]. As a result, in the product 
yh As=y-h-f(h)- Ah 


the function y-h-f(hk) is continuous, and the integral sum 
b 
Y yhAs 


has a limit when A — 0. This limit represents the pressure of the 
liquid on the entire arca s. 
Hence, the pressure on the whole area of the wall aABb is 


b 


b 
P=lim Y y-h-As=y | ds (XXI) 
a 


Ah=0 
a 





Mere, the depth h serves as the independent variable, and, prior 
to integration, the area of the rectangle ds must be expressed 
in terms of h and Ah; the upper and lower boundaries of the arca 
over which the pressure is determined serve as the limits of inte- 
gration. 

2°. Example. A porthole of diameter 30 cm in the vertical side 
of a ship is half immersed in water. Find tho pressure exerted on 
the immersed part (Fig. 149). 
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Solution: The pressure is given by the formula (XXIII): 
b 
P=y | h ds. 


Area ds =AK-dh. 


We find from the triangle AOK that kK=2Y 151—/?— 
=2) 225—/P?, and, consequently, ds — 2| 225 — A? dh. 

For waler, y — 1 g. The limits of the integration are a=0, 
b — 15. Hence 


- 
e 


a T, 


P=2\ hy 125—h?-dh. 


The indefinite integral (1. y 22512 dh is found by substitu- 


tion of 223—h?=u?, — 2h dh = 2u du, hdh= —udu: 
to 15 

2\ hk) 325 —H dh= -3| (V 22313). 
0 


0 


P= 2. 153 — 2250 g. 


Sec. 136. Work Done by a Force 


|. Ti the force is constant its numerical value is the same at 
all points of the path; but if the force is variable, then at dif- 
lerenl points of the path its numerical value is, generally speak- 
ing, dilferent, and to every value of path traversed there cor- 


oa b 


S 45 d 


Fig. 150. 


responds a delinite value ol the acting force F. Therefore, the 
loree. E may be regarded as a function of the distance s: 


F= f(s). 


We shall consider only continuous variation of the force, i.e., 
we take f(s) as a continuous function of s and assume thal the 
direction of force coincides with the direction of motion. 

Yo determine the amount of work done by the variable force 
F on a rectilinear portion ab of the path (Fig. 150), we divide 
la, b] into a large number of subintervals n, and deuote the 
length of each subinterval by As. 


The value of force at the commencement of any particular 
subinterval As is equal to f(s), where s is the distance covered 
up to the beginning of the subinterval under study. 

Let us assume that the force f(s) changes its value only at the 
beginning of each subinterval As and that it remains constant 
throughout As. Then the work done by this constant force f(s) 
over the subinterval As will be expressed by the product f(s)-As. 
This we know from physics. Of course, this product (which is 





| 50 
tt & e 
Fig. 151. Fig. 152. 


generally called the “elementary work'') differs from the actual 
b 


work done over the subinterval As, and the sum J f(s) - As dif- 


fers from the actual work done on (a, b]. 
Since f(s) is a continuous function on the interval fa, bj, the 
b . 


integral sum Df (s)-As has a limit when As tends to Zero: 
a 


lim Y 4 (s)-As, 
48-0 a 


equal to the work w done by the force f(s) on the path ab. 
Hence, 


v | 


b 
vain Zgode 1 (XXIV) 


2°. Example 1. Two electric charges, e, = + 100 and e; = + 50 
electrostatic units, are fixed at a separation of 10 cm. Find the 
amount of work dono by tho force of repulsion of the charges 
if e, is released and recedes to 50 cm from e, (Fig. 151). 


Solution. The force of repulsion F acting on tho moving charge 
€2 18 given by Coulomb's law: 


where r is the distance in contimolros between tho charges. The 
force F does not romain constant: it continually decreases as tho 
charge ez recedes. In other words, it is indeed a function of tho 
distanco travelled, as in tho general case just oxamined. 
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The limits of variation of the indopendent variable r are: the 
initial distance between the charges (10 cm) and the final distance 
(50 cm). By formula (XXIV), the work done by the force of 
repulsion is 

50 


w= | 309 qr = — 5000 (5-5 = 400 ergs. 
10 


3. Example 2. Gas is enclosed in a cylinder with a movable piston, 
the cross-sectional area of which is a square units. Assuming that the law 
of Boyle-Mariotte, p-v=k, holds for the expanding gas, calculate the work 
done by the pressure of the gas as it increases in volumo from vg to vi 
(Fig. 152). 

Solution. Let v be the volume of the gas in tho cylinder, and p tho 
pressure on unit area of the piston. Since the area of the piston is a units, 
the pressure exerted by the gas on the piston is p-a. Let us assume that 
when the volume of the gas increases from vg to ry, the piston travels a 
distance s = s,—sy. Then the work done by tho pressure of tho gas is given 
by formula (XXIV): 

<t 
w= y p-a-ds, 
to 


Note that here the pressure p is a variable quantity dependent on v, or 


k 


Pa Let ds be expressed as a function of v. Assume that tho piston 


moves by ds when tho volume of the gas increases by dv. Then 


dv -a:ds and d= g 


Substituting into the integral the calculated values of p and ds and 
replacinz the fimits of variation of s by the corresponding limits of varia- 
tion of c, we vel 

a ti 


u 
wes | p-a-ds = | LM Ln | di kd ti. 
v a U 0 


ty ty vy 


D. SUPPLEMENT 


CHAPTER Xi 


DIFFERENTIATION OF FUNCTIONS OF SEVERAL VARIABLES 


Sec. 137. Partial Derivatives and Partial 
Differentials. Total Differential and Its 
Application 


1°. If a quantity is dependent not on one independent variable 
but on two or more independent variables, it is called a function 
of two, or many, independent variables. For example, a volume 
of gas is a function of two variables: temperature and pressure; 
the amount of heat generated in a conductor is a function of 
threo independent variables: current, resistance of the conductor, 
and time. 

Let u be a function of several variables, say, three: 


u= f(T, y, 2). 


Let one of these independent variables, say r, have an incre- 
ment Az and let us hold the other independent variables constant. 
Then u will receive a new value: 


u+A,u=f(x+Ar, y, 2). 


Subtracting the initial value of the function from the second 
value, wo obtain the partial increment ot the function u with 
respect to z: 


Azu = f (z 4- Az, y, z) — f (z, y, 2). 
The limit of the ratio of the partial increment of the function 
u with respect to z to the increment Ax as Ar— O is called the 
partial derivative of u with respect to x and is denoted by e Or Uy 


ou lim LEAR v. 2—1(. y. 2) 
Ax-0 az : 


In an analogous manner, y can be treated as the independent 
varinble and z and z as constants. Then, the partial derivative of 
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a with respect to y is 
du _ lim f(z, y tây, :)—f (z, y z) : 


ay Ay>0 Ay 
and the partial derivative of u with respect to z is 


ðu — ,. f(z, y :+42)—f(z, y, 2) 
ar TERME 


2°. Partial derivatives are found by the formulas and rules of 
differentiation of a function of one argument (Ch. VII), since when 
evalualing a partial derivative with respect to z, u is regarded as 
the function of a single argument r, when with respect to y, as 
a function of a single argument y, etc. 


Example. u=x*y%:1, Find the partial derivatives with respect 
to or, y, and z. 


AM a . ] 
Solution. Sa = rys’ (x is the variable; y and z are constants); 


n » aia " & 
"s =30y224 (y is the variable; < and z are constants); 
e == 4r°y?z? (z is the variable; x and y are constants). 


: du. " i : 
Note that 27 is not meant to represent a ratio. It is a single 


symbol. 

3”. The product of the partial derivative of a function with 
respect to some variable, for instance z, by the differential dz of 
this variable is called the partial differential of the function with 
respect to this variable. The partial differential of the function u 
with respect to the variable z is denoted by the symbol dzu. By 
delinition, 

du 


diu = x dx 
ou 
du = "x dy; 


elc. 

^. In applications of analysis it is frequently necessary to 
determine the increment of u function due to increments in all of 
its independent variables. The increment of the function u is 
different from the sum of its partial increments with respect to 
all its arguments. For example, the function u — zy has partial 
increments Au. and Ayu (cross-hatching in Fig. 153). The full 
increment Au differs from the sum A,u+A,u by the quantity 
Ar Ny. 

For an approximate calculation of the increment of the function 
n zz f (r, y), the following formula is used: 

a 


à 
Aus «d+ — dy. 


In advanced courses of analysis it is shown that if the function 
u = f (z, y) defined for a «cz «b and c« y «d has partial deriv- 
atives with respect to z and y, and these partial derivatives are 
functions continuous at the point (z, y), then the increment 


Au differs from the sum 22 dz + dy by an infinitesimal of 


0 
higher order than |Az|-+|Ay]. 
Given the above conditions, the sum E dz + * dy is called the 
total differential of the function u and is denoted by the symbol du. 


A ay 
Li 


,lt is obviously the sum of the partial differentials of the func- 
tion u with the given propertics with respect to all of its inde- 
pendent variables: 





Fig. 153. 


ð ô 
du =j dta dy (1) 


The concept of total differential can be extended to a function 
of more than 2 independent variables, 


5°. Example. To find the total differential of the function 
u=arc tan E. 
y 


Solution. Differentiating with respect to z, we get 


Differentiating with respect to y, we gel 


du — A 
dy COPY? 
The total differential is 
du=-Y4___=dy__vdr—zdy 


MET 


6”. Example. Find the exact and approximate increase in tho 
volume of a cylindrical tank when its radius increases from 2 to 
2.01 metres and its height increasos from 4 to 4.02 metres. 
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If the tank is made of 1<m-lhick sheet sleel, the problem can 
also be stated thus: knowing the internal dimensions of the tank, 
r=2 m and h=4 m, find the amount of sheet steel required for 
its construction. 

Solution. Let us denote the volume of the cylinder by u, the 
radius by x and the height by y. Then u=az’y is a function ‘of 
two variables. And the exact change in volume is 


Au = 1-2.01?- 4.02 — 1 -2%.4= n (16.241202 — 16) = 0.241202n. 


The approximate change in volume is du = 21zydz + nx? dy = 
= n (2.2.4-0,01 + 27-0.02) = 0.241. 

The difference Au—du=0.001202 is extremely insignificant. 

This is the reason why the total differential of a function is often 
used in approximate calculations of the values of funclions of 
several variables. 
1. Let x. y, ..., 2 be the approximate values of arguments 
obtained by measurement and let r+ Ar, y + Ay, ..., 2+4Az be 
their real values. Then z, y, ..., z determine the approximate 
value of the function u, while v+ Ar, y- Ay, ..., z=- âz deter- 
mine the real value of u + Au. 

The absolute error in the function is ‘Auj and the relative 
error—-for the given definition of the value of the function—is Li : 

Since the calculation of Au is in most cases a difficult mathe- 
matical operation, while du can be found without any particular 
diificulty from the formulas of differentiation, the relative error 
* du: 
is taken to be equal to ie 

$”. Example. Find the error in calculating the volume of a 
rectangular parallelepiped if slight errors are made in measuring 
its edges. 

Solution. Let the measurements give edges of length r, y, : 
and let Ac, Ay, Az denote the small errors in measurement. 

A resultant. error Au will then appear in the calculation of the 
volume, 

If the errors Ar, Ay, Az are sufficiently small, the error of 
calculation Au may be roughly considered equal to du. 

Since U= seyi, 

du =y-z-dr--x-zdy-+ x-y- dz. 


Dividing termwise by u=.-y-:, we obtain 


If the error in cach measurement did not exceed, say, 1%, then 
the error in the calculated volume of the parallelepiped does not 
exceed 3%, 
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Sec. 138. Differentiation of an Implicit Function 


1°. If the dependence of the function y on the argument ~ is 
expressed by the equation 


F(z, y)=0, 


not solved for y, then y is called an implicit function of s. 
We shall now show that the derivative of an implicit function 

y can be found without solving its 

equation, by assuming that in the y 

particular range of values of z and 

y aderivative of the funclion exists; 

this finds expression in the fact 

that a tangent can be drawn to 

the curve F(z, y)=0 at the point 

z. Let us regard F(z, y) as a I 

function of u= F (z, y), all values 

of which are equal to zero. Then 

the total differential is- 


_aF ar 
du = 47 de + 37 dy =0. 
It is equal to zero because all Fig. 154, 


values of u=0; consequently, all 

values of Au=0. Dividing this equation lermwise by dr, we have 
OF OF dy _ 
Oz Pay ar” 


Whence wo find the derivative 2: 


(11) 





2, Example. Find the derivative of the function y defined by 
the equation 


z? + y? — 3axy =0. 


This equation defines a curve called tho folium of Descartes 
(Fig. 154). By formula (II) we have 





oF 
HE lo E E EA 
dz OF  dyi—3Jar  yi—ar* 


dy 


3”. Example. Find the equation of a tangent to the ellipse 


2 2 
tg! at the point (Ti, yi). 
Solution. The equation of a tangent is 


d 
YW Ger (z — zi). 


dy 


Let us find dy from the equation of the ellipse 3+4- 


—1=0 by formula (II) without solving the equation for y: 


OF 2r 
dy — ‘Or a oO Br. dy _ bez, 
de ^ — OF ^ 2y | ay? ayy 
dy be 


Substituting the value of n into the equation of the tangent, we 
1 
find 


or 
a? (yy, — yj) Per, — a4) =0. 


Dividing termwise by a*b?, we get 


wi vi no tig 
b? ya al a? 
Whence 
fno, Wa . 7i , Hl. | 
a? BF a? b 
Consequently, 
Tr, Q9 YY zz 
a= ' p : 


which is the equation of the tangent lo the ellipse. 

47. Formula (II) derived for obtaining the derivative of an imp- 
licit function of one variable may be used to find the partial 
derivatives of an implicit function of several variables. For 
example, let the dependence of the function z on two independent 
variables æ and y be expressed by the equation 


Efe, y, 2)=0, 
not solved for z. Here the function z is an implicit function of 


two independent variables . and y. We shall assume that it has 
partial derivatives for the given range of values of 2 and y. 


Treating y as a constant and z as the independent variable, we 
get, from formula (11), 


OF 
Oz dx 
dx oF 
"er 


Now treating z as a constant and y as the independent variable, 
we get, from formula (II), 


ar 
— — 
dy IF 


CHAPTER XII 


EXPANSION OF A FUNCTION IN A POWER SERIES 


Sec. 139. Definitions 
1°. The expression 
Uyt uzt us+...+Uunt.. 


is called a series, in which uy, Us, us, ..., Un, .. ., respectively called 
the first, second, third, etc., terms of the series, are numbers such 
that their values depend on their place in the series in accordance 
with some definite rule. 

The value of any term u, is a function of n. An infinite series 
is defined by a formula or rule that gives the value of any term 
of the series depending upon its position in the series. Thus an 
infinitely decreasing geometric progression is defined if its first 
term a and the common ratio g are known, since any nth term 
of the series can be found from the formula: un =a-q"!. 

2°. If we add the first n terms of an infinite series u, + U2+ 
+u3+...t+u,t..., the sum Sn, 


$5 =U, F uat tat.. o Un, 


of the lirst n terms of the series is called the nth order partial 
(or particular) sum. The value of a partial sum varies with the 
value of n. If the number of terms n increases indefinitely and 
the partial sum s, has the limit s 

lim s,=s, 

nna 
then s is called the sum of the infinite series, and the series itself 
is termed convergent. If s, has no limit, the series is termed 
divergent. 

The series a+ aq+aq?+...+aq"+..., where |g|«1 is con- 


vergent since its sum s= We shall call it a geometric 


series, 
The series 1--1--1-r...--14-... is divergent since its sum Sn, 
equal to the number of terms n, increases without bound. 
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The series 1—1--1—1--1—1-F... is also divergent since 
here the sum s, is cither equal to 1 or equal to 0, and does not 
tend to a limit as n increases indefinitely. 


Sec. 140. Necessary Condition for Convergence 
1°. For any series 
Sp =U, d- uz d- ug E... H Un H tn, 
Sn- = Uy + Ug + UA - T Un- 
Subtracting, we have 
Sa — Sn-1 = Un. 


If the series is convergent, s, and s,., tend to the same num- 
ber s, its limit, as n increases without bound, and therefore their 
difference u, tends to zero. 

Thus, in a convergent series lim u, =0. 


noo 
Therefore, if the nth term of a serics does not tend to zero as n 
increases indefinitely, the series diverges. 
2”. This is not a sufficient condition. 


Example. The series 
1 
i444 
is called harmonic. It is clear that the nth term of the harmonic 


series i tends to zero if n increases without bound. 


We shall show that this series, however, diverges. First rewrite 
tho series as 


1+3+(5+ti)+(4+3+t}+g)+ 
+(otpte tig) te: (1) 
then take the following series: 
PHCA ECHE) 
tutte he... (2) 
In the second series, each sum in tho brackets is equal lo ; s; 


And so the series may be rewritten as 


1 1 1 1 3 
.txytutecbytee (3) 


If the number of terms of series (3) increases indefinitely, their 
sum also increases without bound. ‘The terms of the harmonic 
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series are greater than the corresponding terms of series (3) or 
equal to them; hence the sum of the Lerms of the harmonic series 
will the more so increase indefinitely. And therefore the harmonic 
series is divergent. 


Sec. 141. Conditional and Absolute Convergence 


1%. Let us take the series 
bbc. 4 
A wj 
Let us examine the sum of its first 2n members, representing the 
Sum as 
7 bcp. esp EN 
Selma acq i-a eet (uR-E) 0 


e 3 à a 6, 
and also as 
Sin -1—|( ( $3 PE 
1 1 
+ (oye ww — 2 bn g (2) 


Every bracketed difference is positive. 

Hence from (1) it follows that the sum Sa is positive and increases 
wilh on; and from (2) it follows that the sum does not exceed the 
first term, l. 

Consequently, when n—-œ the sum of an even number of 
terms s, as an increasing bounded quantity, has the limit 
lim So, = N (See. 58, D). 


Lotus consider the sum of an odd number of terms s4,.,. 


b. 1 (4 uM . 
Since sh aom mne Sea m Sn a, and lim s4,., = lim s, :- 
- t€ hr > Nee 
za d : 
lim =s Oas: in other words, both sums, s», - and sy, have 


the same limit s when n — oo. 
Whence it fellows that s,, which is alternately the sum of au 
odd and even number when a—- œ, has a limit s, and the series 
is convergent, 
Let us take the series made up of the absolute values of the 
terms of the previous series: 
RE UE CE EE 


p 3 4 2a 


This series is harmonie and, as we know, divergent. This means 
that the given series converges, while the series made up of the 
absolute values of its terms diverges. 


2°. Definitions. A series converges conditionally, or is said to be 
conditionally convergent, if it converges, while the absolute values 
of its terms constitute a divergent series. The foregoing series is 
conditionally convergent. 

A series converges absolutely, or is said to be absolutely convergent, 
if the absolute values of iis terms constitute a series which converges. 

We shall show in Sec. 142 that the given series is convergent il 
the absolute values of its terms constilule a convergent series. 


3”. The series previously studied pl + -4 4 $ —... has 
allernating signs. Such a series (alternating series) has the form 
Uu,—Uus--us—u,-k- ... DO 


where uy, uo, Uy, ..., Un, ... are positive numbers. 

Leibniz condition. / f the absolute value of a term of an alternating 
series u, —us4-u3—u, +... --(— 1)" us... decreases with 
increasing n so that lim u, =0, then 


n-» se 

1) (he series is convergent, 

2) the sum of the series docs not exceed the magnitude of the first 
term, i.e., s<u,. Proof is similar to that employed in 17. 

4°. If all terms beginning with the (a-}- 1)st term of an alter- 
nating infinite series are deleted and the partial sum s, is taken 
for the sum of the infinite series, the absolute error thus commited 
does not exceed the absolute value of uns. 

Indeed, all the deleted terms form an alternating infinite series, 
of which uns, is the first term. Hence the sum of this series, in 
absolute value, does not exceed !uns!. 


Sec. 142, Comparison Theorem and d'Alembert's. Test 


1*. Comparison theorem. /f the terms of a Series uy i a b, 
tee tua t Ls. de not exceed, in absolute value, the corresponding 
terms of a convergent series with positive terms v, rUs- ...ci 
+U,+..., then the given series converges absolutely, 


This is clear from the following. Ht is given that all the terms of the 
Berica vrg- eyi oe. ty d Lus are. positive, Let us take a series made 
up of the absolute values of the first series: 


[miel fugit A ¡nde 


All 
of the 
the sur 


its terms are also positive, Since tupli e, for any a, the sum s, 
absolute values of the first a terms of the (u) series does not exceed 
n On of the first terms of the (e) series, 


$4 7. Tye 
It is given that tho (v) series converges, therefore 


lim o, =:9. 
N— 5 
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When n increases without bound, the sum s, of the absolute values of 
the (u) series increases all the time but always remains less than the positive 
number ø. Hence (Sec. 56, 2^) it has a limit. 

lim s, —s, where s <o, which means that the (u) series converges 

ne. 


absolutely. 


Example. Prove the convergence of the series Itu 


to, 
hr 
Proof. No term of the given series exceeds the corresponding 
term of the infinilely decreasing geometric progression 


bit ge urbes 


and so the given series converges like a geometric series. 


2°. Let us prove that a given series converges if the absolute values of 


ils terms constitute à. convergent series, 
Let the series 
Uy Pg huge... byt... (1) 
the terms of which are positive and negative, convergo absolutely. Let us 
make (wo new series: one, out of the positive terms of the given series 
utut u>.. AN (2) 
and the other, out of the absolute values of the negative terms of tho givea 
series: 
uj uJ] ug ... uH. (3) 
Nach of these two series converges since their terms do not exceed th 
corresponding terms of the convergent series 
¿My lie ug — .. Iu i+... 
composed of the absolute values of the given series (1). 
The sum of the given series (1) is equal to the difference botweon the 
sums of series (2) and (3). 
+. D'Alembert's test is as follows: * 
. u . 
If im, t <i, the seris converges and converges absolutely; 
. u 
n-on n 
. . Hn. . . 
if lim "7! m b, the series. diverges. 
Uy 


- 
New 


If lim 3^7! =1, the question as to the convergence of the series 
Hoe n 


remains undecided and the series may be cither convergent or diver- 
ent. 


x * ! to. 1 H 
Example. The series 16 0 -- ,-,., ,2- ... ids convergent 
l l -2 1.2.3 
x u " I 
because lim "*! — lim 2:0, 
Thee oy n ns? n 


* We vive this test withant proof. 


4". Note that the comparison theorem (test) and d'Alemberl's 
lest constitute sufficient conditions for the absolute convergence of a 
series, i.c., if the conditions are satisfied, it may be concluded 
that the series is absolutely convergent. But these are not neces- 
sary conditions for the absolute convergence of a series, for there 
may be absolutely convergent series which do not fulfil these 
conditions. 


Sec. 143. Power Series and the Condition for Its 
Convergence 


1°. Definition: A power series is called a series of the type 
Ay + aye t+ SS PTS ..., 


where ao, ai, a5, ... an represent constant numbers called coefficients 
of the series. 

A power series is completely known if the sequence of its coef- 
ficients is known. 

2°. For a power series, we may have one of the three following 
cases. 

1. A power series may diverge for all values of x (except x= 0) 
and converge for z=0. For example, the series 


141.24 1-2.224+1-2.3.244+...4+41-2-3...n1"+... 


diverges for all values of z except zr —O, since by d'Alemberl's 
test 


lim | “2+! 


n 


=lim |nr|= œ. 


n- » 








For z=0 all the terms of the series, except the first term, do, 
are zero, therefore the series converges. 

2. A power series may converge absolutely for all values of z. 
For example, the series 


z? 
1 


z z3 x” 
a Ps hipaa 


converges absolutely for all values of 2 withoul exceplion, since by 
d’Alembert's test 
tant |= lim | = 


no 


lim 


Ns) 











a 


3. A power series may convergo for some and diverge for other 
values of z. For example the series 


14-27ta7+...42"4+... 


is convergent for |x|<1 and divergent for |z| 1, since in tho 
former case the serics is an infinilely decreasing geometric pro- 
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gression, while in the latler case the sum of its lerms increases 
indefinitely. i 

3”. Convergence test of a power serios. /f a power series converges 
for some value of r= ry ze 0, then it converges absolutely for any 
value of y whose absolute value is smaller than the absolute value 
Of sa ien 


— vy *. 


4. Note that if there exists a value zer, for which the series 
diverges, then the series will diverge for any value of z for which 
s > sy. Indeed, if the series converged for such a value of z, 
then, on the basis of the convergence test, the series should also 
converge Tor ro Which is less than z in absolute value. 


Sec. 144. Differentiation of a Power Series 


Let the power series ay) + at +00 -az -... converge for 
T=: From the foregoing the series converges for all other 
values of ox for which  < .rọ. Hence for each value of z in 
the interval Oc xr < vy, just as for T= the sum of the 
series has a definite value. For this. reason the sum of the series 
is a function of zr. Let us denote it by f(z). Then 


ft) ager ayn a OR A e Lu. 


In the theory of series it. is proved that any function f (+) expressed 
by the power series 


Ay ALA ARIZA A uuu 


possesses derivatives of all orders on the interval of convergence, 
and these derivatives may be obtained by term-by-term differentiation 
of the given series: 


P(e) saa ar - au? ATIF PE e 
Flr)ay Qasr Bayete A uuu 
Flo = la, 2-3aur eH (n— nane”? uu 


doin lt A A 
a(n ka WV (nhs 2) ona ele 


See. 145. Maclturin's Series 


D. Assume the function { (+) is expressed by the power series 
1 mos H 


aye Aare ar EE ea eet Fs 


I (4) =a aye Ha ta dur" uuu. 


* This test is given without proof. 


This series will be known if its cocfficients are known. To find 
the coefficients, differentiate the given series: 
f (1) =1-@, + 2a, 4- 3a? +... + na," 4+ ...; 
f (7) =1-2a,4 2.3ayr +... -- (n— l)en- apr"? 4 
f (2) 51.2... kay 4-2-3... (K+ M) ayer t + 
+(n—k+ 1) (n—h +2)... nage"... 
Putting z—O in these series, we get 
/ (0) =, 
f (0) =41, 
f (0) =1 :2-4,, 


1(0)=1-2-3...k-ap, etc. 


From these equalities we find the coefficients of the power series: 


ao = f (0), 
' (0 
a, =, 
* (0 
ME ye 
ON EUIS NE 


. 9 . . . . t1 9. n9 


Consequently, if a function f(x) is expressed by a power series, 
there is only one such series, namely: 


rz? 


ID= 10) +2 OA SLO ¿ESO 





Trac 0 bes 





This series is customarily known as the Maclaurin series. 
2”. Example. Expand the function e* into a Maclaurin series. 


Solution. Putting f(r)=e" and differentiating, we find that 
I (zt) =e%, f (x) =e%, ..., f (4) =e", ... 

When x=0, we havo 

{(0)=e®=1 and also f'(0)=/"(0)=...=/"(0)=...=e=1. 

The Maclaurin series turns into the following series: 


rz" 


z2 z2 
ita tpa ao 
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As was shown in Sec. 143, this series converges for all values of 
x withoul exception. 

3”. Not every function can be expanded into a Maclaurin series. 
Take, for example, the function Mala. We may differentiate 


il as many times as we please: f' (024i; fx) -4 ¡ff (1)= 


9 
=, ele. And for all values of r other than zero the function 


itself and all its derivatives have definite numerical values. But 
al «=0, there are no definite numerical values of the coefficients 
of the series. For this reason it is impossible to expand In z in 
Maclaurin’s series. 


Sec. 146. Taylor's Series 


Very often the function f (+) is expanded into a power series not 
in powers of x but in powers of the difference z—a, where a is 
some constant for which both the series and all its derivatives are 
definite numbers. 

Let us denote «—a by h: 


r—azh. 
Then 
r=ath, 
f) =f (a+h). 


Since a is a constant number, k appears as a new variable such 
that f(r) is a function of A. Let us denote it by ẹọ (A): 


q (4) =f(athy. 
Differentiating this equality, we get 
q (kt) =f (ah), $ () f (a +h)... 
(h) =f" (a +h). 
At h=0, we obtain 
« (0) =f (a), 
q (0) — f' (a), 
q (2f (a), 


. 8 t 9 t 9 9 n9 


q' (0) =f" (a), elc. 
Let us write tho » aclaurin Senes for e Pao q (A): 


q (1) 2q (41 4 KORS a 1” (0) -+ Po 37347 0)  -.- + 


h" qa 
q 1-2-3, (0) 4 .. 


' 
a 
p 


But 
p(M)=/(1), h=x—a, (0)=f (a), «' (0) —/' (a), ... 


Making substitutions into the Maclaurin series in accordance 
with these equalities, we obtain 











r-—a 


Hr) 2f (a) - ^ f (a)  ÉCZP (a) - + i 


(1—a)" 


Pr en 











This is the Taylor series. The Maclaurin series is a special case 
of this series for a=0. 


Sec. 147. Convergence of the Taylor Series and the 
Maclaurin Series 


1°. Let us ask: what error will be committed if in an expansion 
of the function f(x) in a Taylor-Maclaurin series we put the value 
of the function f(x) equal to the sum of the first z terms of the 
series, thus ignoring the sum of all terms n+1 and above. The 
sum of all these terms, commencing with n+ 1, is designated by 
Rn. By disregarding the sum of all terms of the series from n+1, 
we commit an error equal to R,. Lagrange, Cauchy and others 
found an expression for Ry. 

According to Lagrange, 


Rn = 16) (for the Maclaurin series); 


x -1532- f" (E) (for the Taylor series), 





where E is some number intermediate between O and the value of 
x for the Maclaurin series and between a and x for the Taylor 
series. 

The formula does not give a definite value of E; this makes it 
difficult to use. 

2*. When expanding the function f(x) into a series, one has to 
determine whether the given series converges to the function f (7), 
in other words, whether f(x) is the limit of the partial sum s, of 
the first n terms of the series as n increases without limit. 

Putting f (z) 5 s, 4- Rn, we find that 


f(<)=lims,, if limR,=0, i.e., 


noo neo» 


if, for the given values of x, R, tends to zero when n increases indef- 
initely, then f (x) is the sum of the series for these values of x. 
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W, for the given values of zr, R, tends to a limit different from zero, 
then the series converges bul not to the function f(x): and if Ra does not 
tend to any limit or increases without bound, the series diverges. 


3°. A practical rule for expanding functions in series is the 
following: tf in the interval r^ « ro: the derivatives of all orders 
of the junction. f(r) are less in absolute value than some positive 
number M, then, within this interval, the Maclaurin series converges 
to the given. function, 


Proof. It is given that 
pe) <M. 


Substituting M lor the derivative appearing in the Lagrange 
formula for /t,. we vel 


MM 


La” 
Let us take a series whose general term is the right-hand side 


of this inequality: 


M M 


T r? sn. ig" : 
l M 1-2 cMayytecM Lagann 


Taking the common factor oulside the brackets, we conclude 
(See. 143) that the series converges; therefore its nth term, 
Peles o.n’ 
tends to zero. Tt follows that A, also tends to zero and the series 
converges to the given function. 
Nee, 48. Examples of Expanding Functions in Powers 
of x. Binomial Series 


|. Expansion of sins. 
Putting f (+) sins, we find that 


FQ) cosa. 
F(r)= sin, 
P(r) = -- cose, 
PS (a) sin ete, 
When 2 -U we have 
J(0) sin0. € (0) cos0-— H1; f (O)-= Hsin ad; 


f 0) cost — 1; p (0) — sin 0, ete. 


The Maclaurin series will be written as follows: 











P re 
3 


: z A 
MASA A AS T 





(1) 


' n genn i 
HOS DUTEA Terc t 





Since the derivatives do not exceed 1 for any value of +. series 
(1) converges to the function f (1) = sin. forall values of +. 


2°. Expansion of In (1 4-2). 

We have already seen (Sec. 145) that expansion of In s in a 
Maclaurin series is impossible since the function In « and all its 
derivatives lose numerical significance at «=U. But the function 
In(1--7) may be expanded into a Maclaurin series. 

Putting f (z) «In (1-7), we find that 
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At x —Ó we have 
fO)=In 1-0, f(0)=1. f(0=-1, 
[^(0)21.2, Y (0) = —1.2.3, .... 
J™ (0) 2 (—1)771-1.2.3... (n—1).... 
The Maclaurin series will be written as follows: 
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To determine the interval of convergence of this series we apply 
the d'Alembert test. 
According to the d'Alembert test, series (2) converges if 


gol oí" lim | n 
—— 1 cli a 
ngi’ n 


neo’ 


1r | = lim 
Un no) 


=|7|-liml — [<t. 


now lr 














n= acp. 


Even for an indefinite increase in m the fraction Nó pes 
Lad 1 xs 
att ^ — VET will tend towards the limit 1. Hence, for 
the above-written inequality to hold, the absolute value of . must 
not exceed 1, 

Note that if z—1 the expansion of In (1 į s) takes the form 


9[ the series 1— E 4- 1 ul 4 Lo... which is convergen! 
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(Sec. 141). According lo the convergence test of a power series, 
the given series (2) converges for all values of x for which ' c! « 1. 


At r=—1 the expansion is reduced lo the series =1=3- 


— —... Which is divergent since it is a harmonic series multi- 
plied by — 1. 

Thus, series (2) converges in the interval —1<r< +1. It will 
be noted that in this interval, lim A, =0. 


3. Binomial series. We have / (1) 2 (1 >x)". Differentiating, 
we get 
f ()am(14- 2)", 
f (7) 2 m(m—1) (+2) 
f^ (7) =m (m — 1) (m—2) (1 + 7)"73, etc. 


Al z=0, we have 


=m(m—1), {7 (0) =m(m—1)(m—2), etc. 


The Maclaurin series will be written as fellows: 


(1-H x)" = 1-- mr M 5 E 
m(m—))(m—2) 4. (3) 
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This is called a binomial series. IU is an infinite series only when 
m is nol a natural number and is not equal to zero, since it is 
only in this case that none of the factors m, (m — 1). (m —2), 
(m —3). ... becomes zero. 

According to the d'Alembert test, series (3) converges if 
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— in ace. 1-23... (n— lpn 
nm mm). (m—n-2) ny 
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Since wilh m — constant and n — œ the limit - +1 is zero, 
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Hence, for the loregoing inequality to hold it is necessary that 
r 31, Consequently, a binomial series converges for values of x 
for which r — 1, and the series can be used for all values of x 
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whose absolute values do not exceed 1. It will be noted that 
under these conditions lim R, = Q. 
Let us consider some particular cases of the binomial series. 
1. Let m= —1. Then 
—1)y.(—2 
(+a) 4 4 (1) 24. EE 


(—1) (—2) (—3) 
a= page veo 


t+ 


or 





+ 1 
or 
Vi+zr=1 Er tth 


3. Applying the above expansion for m= —+, we find that 
1 us 1 3 5 23 
Vas AO Got... 
4. If the exponent m is a natural number, for example, m — 4, 
then m—4=0, and so all the Lerms of the series containing this 


factor will be equal Lo zero and the series will be finite. 


Indeed, for m — 4, 
(1-4 - 2)^ 24 -- mz4 a att m mae oe 
m (m—1) (m—2) (m—3) 4 
Haaa us 


Every succeeding term becomes zero because it contains the 


factor m—4=0, 
This series is Newton's well-known binomial formula of algebra. 


Sec. 149, Calculations by Means of Series 


1°. Evaluate e. f 
In the expanded function of e? (Sec. 145) 
2 3 r^ 

e14 3 = + ma. te 
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let us put »=1. Then 
A to, ; 1 
e=1+l rga t gza t e+ Tage tee 

This is the formula for e which we introduced in Sec. 91. This 
series enables us to find e to a very high degree of accuracy using 
a comparalively small number of terms of the series. 

For example, confining ourselves to the first ten terms of the 
series, the error is equal to the sum of the series 


1 ; 1 , 1 
i 123.012 ^ 


TEA OA 
Taking the first term of i series out of the brackets, we get 
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For terms within the oe each factor in the denominator 
of each fraction is greater than 10. If we substitute 10 for each 
such factor. the denominator in each case will decrease and the 
fraction will increase, and the error will be less than 


DEN d ATA E 
123. 9-10 TN por *7/* 
Within the brackets is the sum of an infinitely decreasing 
geometrice progression equal to 
a 1 10 
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Consequently, the error is less than 


1 MOL | «c 0.000001. 


123... 040 9 91-23 .. 9 . “sag 


2. Evaluation of sin, If in the expansion 


we take only the sum of the first 2 terms, the absolute value of 
the error thus committed will nol exceed the value of the next 
term n 1 (Sec. 141.4). 

Let us calculate sin 4% and sin 10 to an accuracy of 0.00001. 
In the expansion of sin 7, . represents the value of the arc in 


radian measure. For an angle of |, r= im — 0.017453. The 


: : a 0.0233 ) 

second term ol the expansion d < t á PR. oes - < 0.000002. 
+ 

Therefore. all terms from and alter the second — be deleted 

and the first five figures in the value of sin 1” are given by tho 

first term of the series: sin. D =U,01745 


For the arc 10°, z= Fy =0.174533. Here, the second term of 


8 
the expansion — oy ~ 0.0001, and it cannot be rejected. 


6 6 
But the third term y LE s < 0.000003, Hence the 


third term and all the succeeding ones can be ignored. Thus. to 
an accuracy up to 0.00001, 





3 - D . me .. 
sin 10* = z — 15 = 0.174533 — 0.000886 = 0.17365. 
It is clear that for a larger arc more terms of the series would 
have to be taken so as to maintain the required accuracy. 
Let us confine ourselves to two terms of the series 
— x 
Sin x -—x—-s 
and try to find oul for which values of + this assumption holds 
to an accuracy of 0.00001. The error in such cases may be taken 
76 x 
e A A cg 
qual to 3345 = io 
of this term of the series. 


Then m 0.00001; 25 < 0.0012; «#< | 0.0013 = 0.2602, 


g 214.9 


In fact, it is even less than the value 


In practical calculations no more than three terms of a series are 
used since il is more convenient to employ formulas of trigonom- 
etry than a larger number of terms. 


3”. Calculation of logarithms. 
We have (Sec. 148. 2°) 


r? r3 at " 
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giving x all possible numerical values between 0 and 1, we can 
calculate the logarithms of all the numbers between 1 and 2. At 
z=1 
L 1 1 1 
In(1+9)=I02=4 => 44 — qe 
" 1 
(the series considered in Sec. 141). Thus, In 2 can be calculated 
lo any degree of accuracy. 
The natural logarithms of other integral numbers can be cal- 
culated, for example, as follows: 
Assuming in formula (1) 


r= ' 


zi. 
p 


we get on the left-hand side of formula (1) 
In (142) 2 ln (1 ++)=In PT. ]n(p.-1)—lnp 
P P ' 

and on the right-hand side 





qe ty gyt. S 
Whence 
In (p +1) =In p+ -— 4-2 + 
P P P 2p? 3p!  4pi Ai 


If we put p=2, wo find 
1 1 1 
In321n24- 4 — 4 y 4s — + COR 


Logarithms can also be calculated by the use of other series, 
for example, by the expansion of In 472 . We shall not consider 


this point further beyond noting that a series is really useful only 
for calculating the logarithms of prime numbers. The logarithms 
of compound numbers can be found more simply and quickly by 
the use of rules for taking logarithms. 

For example: 

In4—1n(2:) 22.112; In621n(2.3) 2 In2-4r In3. 

Also nole that we have spoken about the calculation of natural 
logarithms. To get decimal logarithms, it is sufficient to multiply 
the natural logarithm by the modulus of the base, i.e., by Bg 
z0,.4342944819 .... 


Sec. 150. Eramples of Expansion in Powers of the 
Difference x—a 
|. Expand ;?—37?-E 7r —4 in powers of —1. 
Solution. Putting f(7) 223—324? p 7r—4 and differentiating, 
we gel 
r (^) = Ret br +7, 
f (»)-2Uc—6, 


Ff (4) = G, 
f" (7) =0, 
We now find the coefficients of Taylor's series (Sec. 146): 


(2—ay 
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For the given expansion a=1. Therefore, 
f(a)2f()—51; f(0)=/(1)=4; f (a)=f (1)=0: 
f^ (2) 171) 96; f (a) « /* (1) — 0. 
All succeeding coefficients are also equal to zero. Therefore. 
f(z) = 28 — 37? + 72 —4=144 ( — 1) + (7 — 1)". 
2. Expand Y in powers of the difference 7-4. 


Solution. f(z) = V x. Differentiating f(x) =e? and putting a= 5, 
we find /(4)=Y4=2, 
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It is evident that, with such a series, the root can be calculated 
to any degree of accuracy. 


3. Expand cos z in powers of the difference r— i ; 


Solution. Differentiating /(7)=cosz and pulling a=--, we 
find 
f (7) =cos 5; 1) >. 5 => A 
f (r) 2 —sinz; r(s)- — sin = -) 3. 


f (1) = —cos 7; r()=- —cos Ha — 1 ; 


3 
f* (7) 2 sin z; ra 2E sin s b». 
PY (z) 2 cos z; qe ME). A = ; 


, elc, 


01. V3 n ae 4) 
cos z == —“ >) 23) r - + 


u^ z= SaS J- 


Hence 
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E. PROBLEMS AND EXERCISES 


Sec, 1. Method of Coordinates 

l. Construct. the points: a) (3, 4), (—2, 5). (—4, —1) and 
(L. — 7), 1): 17, —0.8 ), (0.6, —1.2), (1.7, 7 and (0.7, 1.1). 
2. Given the point M (5, —2), find the coordinates of a point 


symmetrical to .M: a) with respect to the z-axis, b) with respect 
to the y-axis. 

3. If the coordinates of a point are z = —a, y = bh, what are 
the coordinates of a point symmetrical to the given point: a) with 
respect to the axis of abscissas, b) with respect to the axis of ordi- 
nates? 

4. Points A (2, 5) and B (—3, 2) are the end points of the seg- 
ment .17. Find the length of the projection of the segment: a) on 
the axis of abseissas, b) on the axis of ordinates. 

5. Show that two triangles are isosceles and right-angled if 
their vertices are represented by the points: a) (—2, 4), (4, 3), 
(0, 0). b) (- 4, —2). (—3, 5) and (0, 1). 

6, Show that a triangle with vertices 4 (—4, 3). B (0. 2) aud 
C (2, —2) is an obtuse triangle. 


7. Find the abscissa of the point M if its ordinale is 4 and its 


distance from another point N (1, —2) is equal to 10 units of 
length. 
SN. Find the point on the axis of ordinates which is at 5 units 
distance from another point .1 (—3, 1). 
9. Find the point on the axis of ordinates equidistant from the 
origin and from the point (3. — 5). 
10, Find the point on the axis of abscissas equidistant from 
the points A (1. 0) and B (7, —4). 
15. Find the centre of a regular hexagon if two of its adjacent 
vertices are 1 (2. 0) and B (5. 3] 3). 
12. Find the point equidistant from three given points: A (0, 
6). P (1. D) and € (7. —7). 
13. Find the centre of the circumscribed circle of a triangle 
Whose vertices are t (4, —2). B (5, —3) and € (—4. —6). 
14. The vertices of a triangle are A (1, —5), 2 (5, 2), € (0, 
--3). Find the imul: points of its sides. 


15. A segment whose end points are A (—2. 3) and Lf (4. —1) 
is divided into three equal parts. Find the coordinates of the points 
of division. 

16. A segment whose end points are A (3, 2) and / (15. 6) is 
divided into five equal parts. Find the coordinates of the points 
of division. 

17. Find points symmetrical about the origin for the points: 
a) (2, 0), b) (0, —3), c) (2. 5), d) (—3, 1). 

18. A line is drawn from the point A (—3. 1) to the point B 
(4, —2). Up to what point must the line be produced in the same 
direction to double its Jength? 

19. A line is drawn from the point (0, —1) to the point (— 4, 3). 
To what point must it be produced in the same direction so as to 
treble its length? 

20. In a triangle with vertices A (3, 7). 7 (—4^. 0) and € (1, 
—4) find the length of the median of the side AC. 

21. Find the centre of gravity of a triangle whose vertices are 
A (1, 4), B (—5, 0) and C (—2, —1). 

22. Given a triangle with vertices at A (2, 1). 2 (6. 4) and C 
(—4, 9). Find the point of intersection of the bisector of angle 
A with the opposite side BC. 

23. Find the vertices of a triangle knowing the mid-points 
of its sides: 


M Ci, 32 * N (-1 a —2 and? (3 M 

24. The points A (1, 0). B (2. 1) and € (3. - 2) are three con- 
secutive vertices of a parallelogram. Find the fourth vertex. D. 

25. Knowing two adjacent. vertices (2, 0), (—2. 3) of a paral- 
Jelogram and the point of intersection Y (—1. 0) of its diagonals, 
find the other two vertices. 

26. Three parallel forces Py, Po, Pa are respectively applied 
at the points M, (oy. yi), Mz (r2, yz). Ma Gru. y): determine the 
coordinates of the point of application of their resultant. 

27. Employ the formulas obtained in the preceding problem 
for the case of three forces P, 12 kg, Pa - 18 ke, and P, 
== Gkgapplied at points M, (3, - 5), Mo (4. Wand M, (6. 0), re- 
spectively, and interpret the result obtained. 

2B. What angle is formed with the «-axis by a straight line 
passing through the points: a) .M (0. 2) and Y (2, 4), b) M (2, 0) 
and N (—4, 6), c) M (1$, —1) and N (3, —1)? 

29. Show that the quadrilateral ABCD with vertices at .0 (2. 6), 
B(5, 1), C (1, —6) and D (—4, —1) is a parallelogram. 

30. Show that the diagonals AC and BD in the quadrilateral 
ABCD with vertices at A (2, —5), 2 (7, —3), € (6. 1) and D (-2, 
3) are mutually perpendicular. 


31. What is the relation between the slopes of two straight 
lines symmetrical about: a) the z-axis, b) the y-axis? 

32. Show that the straight line passing through the points 
A (—1, 3) and Z (5, 6) forms an angle with the c-axis one half 
the angle formed by the straight line passing through the points 
C (—3, --2) and D (0. 2). 

33. Prove that the line joining the mid-points of two sides of 
a triangle is paraliel to the third side. 

34. Show that in a right triangle the median of the hypotenuse 
is equal in length to half the hypotenuse. 


Bec. 2, Straight Line 


1. Form the equation of the locus of points equidistant from 
the points: a) (0, — 4) and (3. 0), b) (—2, 5) and (2, —5). 

2. Form the equation of the locus of points equidistant from 
the coordinate origin and from the point: a) (0, 4). b) (5, 0). 

3. On the straight line y = 3r — 2, find the point of which: 
a) the abseissa is equal to 3, b) the ordinate is equal to 13. 

4. Given the straight lines: y == 2c — 14 and c+ y—2=0. 
sec if they pass through the points -A (1, 1), B (2, 0), C (0, —1), 
OE S, 0 EO, -5) and 0 (0, 0). 

^. Find the equation of a straight line that cuts off, on the axes 
O r and Oy, segments equal to a) 3and 5; b) —7 and 4. 

v. Find the equation of a straight line that cuts off a segment 
of 2 units length on the y-axis and forms an angle with the c-axis 
equal ter a3 i b) 135, 0) 180. 

7. Pind the equation of a straight line that cuts off, on the nega- 
ve side of the y-axis, a segments of 5 units lenzth and is inclined 
tothe v axis at an angle: a) 307, b) 1207 and c) 07. 

s Write the equations of: a) bisectors of coordinate angles, 
d) straizhto lines parallel to the axis, and y-axis, passing 
thresh the point: D (2. 38) 2) (5 - 0), 3) (--3. 0), 4) (0, 4). 

4. An electric meter registered 2.7 kwhr when the current was 
switched on. Write the equation of the straight line showing the 
meter readings under a lead of 5 lamps of 60 watts each. 

10. AN force £ is applied at the coordinate origin, Its components 
on tbe saxis and y-axis are, respectively, 4and -3. Find the 
equation of the straight line along which the force is directed. 

11. What kind of line serves as the graph of uniform motion 
an the basis of the law s lo os) 

12. The graph of uniform motion cuts off segments equal to 


and 6 on the axes Or and Oy. Find the velocity of this motion 


if unit distance on the x-axis represents one minute and on the y- 
atis, one metre. 
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13. A man walking along a horizontal beam resting on two 
supports, A and B, exerts a pressure on support /} that varies with 
the position of the man on the beam. Find the equation of this pres- 
sure versus the distance of the man from the other support A, 
given the following: weight of beam P = 120 kg, its length J = 
= 9 m, weight of man p = 65 kg. 

14. Given the straight lines: a) 51 + 12y — 39 = 0, b) 4y — 
—3z + 10 = 0, c) z — 2y + 3 = 0, d) 9x + 12y + 10 = 0. Without 
solving the equations for y, find the slopes and the angles formed 
by the straight lines with the x-axis. 

15. Reduce the following equations of straight lines to a forin 
involving the slope: 


ajr—y+2=0,b)2:+y-—1=0, 
c) ár — 2y —1 = 0, d) 3r+6y+2=0, 
e) x —5y = 0, f) 2y + 3=0. 


Write the values of the slopes and the initial coordinates of 
these straight lines. 

16. Find the segments cut off on the coordinate axes by the 
straight lines: a) 3r — 2y — 12 = 0, b) y = 2— 3r. 

17. Construct straight lines expressed by the equations in prob- 
lems 15 and 16. 

18. Investigato the positions of the following straight lines 
with respect to the coordinate axes: 


a) 2y — c = 0, hH):x=y=0,c)r + y =0. 
d)z + 1 = 0, e) y — 2 = 0, f) 37 =0, g) 4y = 0. 


Draw the straight lines. 

19. Reduco the following equations of straight lines to the 
intercept form: 

a) 2z + 3y — 6 = 

d) 3z — 2y + 5 = 

20. Find the points of intersection of the straight lines: 

a) y = 4 — zx and y = 2r 4+ 3, b) 2r 4 2y — 1 — 0 and 3r — 
—2y+5=0, c) 5r-Fy = 0 and 107+ 2y—1= 0, d) r= 0 
andy —5,e) z = 1 andy = 2, f) y = —1 and « = 2. 


0, b) y= 3+ 6r, c) y— x— 1. and 
0. 


21. The diagonals of a rhombus, equal to 8 and 6 units of length, 
are respectively treated as the axis of abscissas and the axis of 
ordinates. Write the equations of the sides of the rhombus. 

. 22. Find the equations of the diagonals of a square, whose 
sido is equal to a, if two of its adjacent sides fall along the coordi- 
nate axes and the square as a whole is situated in the third quad- 
Tant. 

23. A straight line cuts off equal segments on the coordinate 
axes and passes through the point M (3, 2). Find its equation. 
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24. A straight line passes through the point (3, 5) in such a way 
that a segment of it lying between the two axes is divided in half 
by the point. Find the equation of the line. 

25. Find the equation of the straight line passing through the 
point (3, 2) and forming with the z-axis an angle of a) 45°, b) 135°. 

26. Draw straight lines from the point M (6, 2) so that they 
form an equilateral triangle with the axis Oc. 

27. A light ray is directed along the straight line y = rá; 
on reaching the z-axis it is reflected. Find the point of incidence 
of the ray on the axis and the equation of the reflected ray. 

1,28. Find the equation of the straight line passing through the 
points: a) M, (—1, 2)and Ma (2, 1), b) .V, (—3, —1) and M; (—1, 
3), c) 14, (2. 0) and M; (2. —3), d) M, (—4, —3) and M; (1, —3). 

29. Check to see whether the following three points lie on a 

straight line: 


a) (—5, —3), (—1, 1) and (3, 5), b) (—2, 1), (0, 3) and (3, 5). 


30. What is the ordinate of the point .M whose abscissa is equal 
to 6 and which lies on a straight line with points: a) A (2, 3) and 
B(—1, —3, b) A (—6, —1) and B (3, 2)? 

31. Find the acute angle between tho straight lines: 

a) 2c; y—1=0 and y —3r 4-1 — 0, 

b) p 3--9y-2-0 and zy; 32-y —2 20, 

ce) —y i 2:20 and 2r = 3y — 1 — 0, 

d) 2r — y -- 32 U and 4c —2y — 3 = 6, 

e) oy 7 1:0 and 3e —y —4 — OQ. 

82. Calculate the slopes of the straight lines passing through 
the points: a) M, (I. —1) and M; (3, —5), b) M,(| 3, 5) and 
M.(—] 3, —1), 0) M, (—3, —2) and M(t, —2). 

33. Caleulate the interior angles of a triangle with vertices: 

a) 4 (2. 1), P (3, 1) and C (1, 2); 

b) A (0. 2), B (2. 0) and C (4, 2). 

34. Are there any parallel or perpendicular lines among the 
straight lines given by the following equations: 

a) 4 — bye 1 = 0, 2r — by H- 5 = U and y = —3r— 2; 

b) De — y = Oo + 2y i 3 -= 0 and y 2 2r — 1? 


35. Through the point (3, -—6) draw straight lines parallel to 
the straight lines: a) y == —2r 3, bh) y =30, ce) y = 0, d) + => U. 

36. Draw straight lines through the coordinate origin perpen- 
dicular to the straight lines: a) x — y = 0, b) y + 2e — 3=0, 
ce). — 1 = 0, d) 2y4- 1 = 0. 

37. Through the point M (1, 2) draw a straight lino parallel 
to the straight line passing through points .1 (2, —3) and B (3, —1). 
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38. Through the point M (1, —2) draw a straight line perpen- 
pued to the straight line passing through points A (—3, 2) and 

—1, 3). 

39. Form the equations of two lines drawn perpendicular to 
the straight line 2z — y+ 5 =0 from the points of its. intersec- 
tion with the axes. 

40. Form the equations of straight lines passing through the 
point (2, 2) and inclined at an angle 457 to the straight line 4« — 
—Sy—1=0. 

41. Draw straight lines passing through the point M (3. 5) 


and making an angle of 45° with the straight line — y == 7 — 0. 
, 42. Form the equations of the legs of a right-anzled isosceles 
triangle, knowing the vertex of the right angle C (4. —1) and the 


equation of the hypotenuse 32 — y- 5 = 0, 

43. Find the equation of the straight line which passes through 
a point that divides (in the ratio of 2 : 3) the segment joining the 
points A (—2, 3) and B (4, 6), and which is perpendicular to the 
Straight line that cuts off on the z- and y-axes segments —3 and 
4, respectively. 

44. Find the equation of the straight line which passes through 
the point N, the segment of which between points A (--3, 2) and 
B (4, 1) is divided in the ratio 3 : 4. and which is parallel to the 
Straight line on which lie two known points: (2. —1) and (—3, 0). 

45. Draw a straight line through the point of intersection of 
the straight lines 2r 4- Sy b 8 = 0 and 3e — áy — 11 O so 
that it: a) is parallel to the straight line 4c — y i: 3+ 0. h) is 
perpendicular to this line; c) forms an angle of 45 with it. 

46. Given points A (—7, 1), B (3. 6), € ©. 3). D (—5, 8). In 
what ratio are the lines AB and CD divided by their point of inter- 
section? 

47. Through the point (2, —3) draw a straight line such that 
it forms an angle with the «-axis double the angle formed with 


that axis by the straight line y = aa 


48. Find the base of the perpendicular drawn from the point 
(—1, 2) onto the straight line 3c — 3y — 21 :- 0, 

49. Find the distance of: a) the point (4, 1) from the straight 
line 122 — 5y — 27 = 0, b) the point (2, —3) from the straight 
line 5z 4- 12y — 13 — 0. 

50. Find the altitude of a triangle if: a) the vertex of the tri- 
angle is the point A (—1, —1) and its base is the straight line 
i£ — y + 3 = 0, b) the vertex is (5. —3) and the base is a segment 
Joining the points (0, —1) and (3, 3). 

51. Find a point symmetrical to the point Q (--2, —9) about 
the straight line 2r 4- 5y — 38 == 0. 

52. Given equations of the bases of a trapezoid: Je -- 4y -H 
+ 10 = 0 and Gz — 8y 4- 15 = 0. Find its altitude. 


203 


53. Given the straight line 3r — 4y — 5 = 0. Find the equa- 
tion of a straight line parallel to the given line and separated from 
it by 2 units. 

54. Find the equation of the straight line passing through the 
point Mo (ro, yo) and parallel! to the straight line joining M, (z,. 
y1) and Mhe (45. Ya). 

55. Through the point of intersection of the straight line 7x — 
— 24y — 14 = Q with the r-axis draw the bisector of the angle 
formed by the given straight line with the x-axis. 

56. Given two points A (—3, 8) and B (2, 2). Find a point M 
on the z-axis such that the broken line AMB is of minimum 
length. 

57. At what anule to the x-axis should a ray be sent from the 
point A (5, 2) so that the ray reflected from the axis should 
pass through the point B (—1, 4)? 

58. Form the equation of a straight line passing through the 
point Ma (eo. Yu) and through the point of intersection of two 
straight lines: 

Ayer By + C, = 0 and Aa + Poy + C. = 0. 


59, Given equations of the two sides of a parallelogram, < + y — 
—1 D and 3e — y- 4— 0, and the point of intersection 
V (3, 3) of its diagonals. Find the equations of the other two sides 
of the parallelogram. 

60. Establish the boundaries of a square plot of land from the 
following data: 

a) from two poles that represent opposite vertices if the position 
of the poles is defined by the coordinates .1 (2, 1) and € (4. 5); 

b) from three poles: one at the centre and two at the vertices 
of one of the sides if the position of the poles is given by the coor- 
dinates: of the central pole .V (L, 6), of the side poles A (5, 9) 
and 2 (4, 2). 

61, Determine the position of point M if its distance from point 
JD. o2) is equal to 5 units of length and if its direction from 


point 2 (0, --S) forms an angle whose tangent is i with the posi- 
live directions of the z-axis. 

62. Three. perpendiculars are drawn from the point M (9, 5) 
to the sides of a triangle whose vertices are (8, S), (0, 8) and (4, 
0). show that the bases of all these perpendiculars lie on a single 
slruicht dine and that the point M lies on the circle circumscribed 
about the given triangle. 

6%, Check to see that the point of intersection of the altitudes 
of the triangle lies on a single straight line with the point of inter- 
section al its medians and the centre of the circumscribed circle. 
Fakes dor example, the triangle ABC: A (5, 8. B(—2, 9), 
C( i). 
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Sec. 3. Circle 


1. Form the equation of a circle having: 


a) centre in point (3, —5) and radius equal to 4; 

b) centre in point (—2, 1) and passing through the coordinate 
origin; 
; c) oe in point (—3, 0) and the end of a diameter in point 
(2, —4); 


2. Form the equation of a circle one of whose diameters is the 
line segment of the straight line 4z — 3y + 12 = 0 lying between 
the coordinate axes. 

3. Write the equation of a circle whose centre lies on the axis 
of abscissas and which passes through the points M (2, 3) and 
N (5, —2). 

4. Write the equation of a circle which passes through tlie coor- 
dinate origin and the point M (—3, 9) and has ils centre on the 
axis of ordinates. 

9. Write the equation of a circle that touches the axis of ab- 
scissas at the point A (2, 0) and passes through the point M (— 1. 3). 

6. Form the equations of circles passing through the point 
M (2, —1) and touching both coordinate axes. 

7. Find the normal equations of those circles which pass through 
points M (—1, 4) and N (3, 0) and have radii equal to 4 units. 

8. Find the normal equations of the circles which pass through 
points M (4, —2) and N (5, —3) and have radii equal to 5 units. 

9. Form the equation of a circle that passes through three 
points: 


a) (0, 0), (7, —7), (8, 0); 
b) (0, 4), (1, 2). 3! > 


10. Form the equation of the circumscribed circle of a triangle 
whose vertices are A (0, —6), B (1, 1) and C (8, 0). 
11. Find the centres and the radii of the following circles: 


a) z? + y? — by = 0; 

b) z? + y? + 8: — 9 = 0; 

c) z? + y? — 10s + Ay + 13 = 0; 

d) 2z? + 2y? — Gr — 8y — 19 =: 0; 

e) 22? + 2y? — 5r -+ 3y — 7 = 0; 

f) 224 y* — 122 + 2y + 37 = 0; 

8) z? + y? — 2x + 12y -+ 38 — 0. 

12. Find tho equation of a circle of radius 2 units of lenzth 
and concentric with the circle x? -}- y? + Gr 4-8 = 0. 


13. Find tho equation of a circle passing through the point 
M (—3, 4) and concentric with the circle s? + y? -- 3c —4y — 1 0. 
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14. Transform the equation of the circle 2? + y? + 4x — 12y — 
— 9 = 0 by shifting the coordinate origin to the centre of the circle, 
while retaining the directions of the axes. 

15. Find the points of intersection, with the axes, of each of 
the following circles: a) s? + y? — Gx — 10y + 9 = 0, b) r? + 
ip 10r — 6y 2- 25 = 0, 

16. What is the position of each of the straight lines: a) x — 
--2y—5=0. b) 3r -- 4y — 25 = 0, c) te + y —17 = 0 rela- 
tive to the circle 4? + y?== 25. 

17. Find the centre of a circle of radius r = 50, if it is given that 
the circumference of the circle passes through the point M (0, 
S) and cuts off a chord equal to 28 units on the axis of abscissas. 


Sec, 4. Ellipse 


In the following problems it is required to form the equation 
of the ellipse if it is known that: 
1. The coordinates of the focus F and the point M of the ellipse 


2. The vertices of the ellipse are the points (+3, 0) and (0, +1). 

5. The distance between the foci is equal to 16, and the major 
axis is 34, 

4. The semiminor axis is equal to 4 and the interfocal distance 
is 15. 

5. The semimajor avis is equal to 10 and the eccentricity is 0.6. 

6. The cecentricity e — 0.28 and the foci have coordinates 
(7. 0, 

7. The distances from one of the foci to the ends of the focal 
axis are, respectively, IS and 8. 

S. The minor axis is equal to 6, the eccentricity is 0.8. 

9, The sum ef the semi-axes is equal to S and the interfocal 
distance is S. 
! and the ellipse passes through 


10. The eccentricity is equal to a 
the point V (e, 4). where c is the abscissa of a focus. 

11, The ellipse passes through points: a) M (6, 4) and N (—8, 
S) D) M (G6. 6) and V (9, | 6). 

12. Caleulate the lengths of the axes, the coordinates of the 
foci and the eccentricity of. the ellipse, knowing its equation: 


a) 2547 1693 . 41225. b) Bat - 3y? = 30, €) 2232 y? = 32, 
e) ts 5 2g m 4. d) 25646? - Shy? = ATU. 

13. Find the equation. of the curve. obtained by halving all 
ordinales of the. cirele ri y? = 36. 


14. Determine the eccentricity of an ellipse if: 
a) its minor axis is visible from a focus at a right angle; 


b) the distance between the foci is equal to the distance between 
the ends of the major and minor axes; 

c) the ordinate of a point of the ellipse, the abscissa of which is 
the abscissa of a focus, constitutes a th part of the length of the 
semiminor axis (m > 1). 

15. Given the eccentricity e of an ellipse, find the relation 
between its semi-axes. 

16. The meridian of the globe has the form of an ellipse with 
the ratio of the axes 2. Find the eccentricity of the terrestrial 
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meridian. 





Fig. 155. Fig. 156. 


17. The carth' s orbit is an ellipse with the sun at one of the 
foci. Knowing the eccentricity of the ellipse, e — 0.017, and the 
somi-axis a = 150.10" km, find out by how much the shortest 
earth-sun distance (it occurs in December) is shorter than the far- 
thest distance (in June). : f 

18. Find a point on the ellipse — EL 1 whose distance 


from the right focus is four times the distance from the left focus. 

19. The ends of a segment AB of constant length slide along 
tho sides of a right angle. Take any point M on the segment and 
show that the trajectory of the point traced in sliding is an ellipse. 

20. Figure 155 shows an elliptical compass in which the length 
of tho Sliding line AB and the position of the pencil-holder M 
can be changed by means of the screws A, /3 and AM. How should 
One set the compass so as to draw the ellipses: 


a) $t. - 1,3) 1 -H y? = 1, ¢) xz 4 y? = 252 


21. In practice, approximato drawing of an ellipse hy means 
of a compass is often resorted to in place of exact plotting (Sec. 
23); the exact ellipse is replaced hy a "dummy" ellipse. From the 


267 


point C, (Fig. 156), with radius equal to C,A, and from point Ca, 

with radius equal to C.B, draw parts of a circle. The relative values 

of the radii should be chosen so 

7" M that both parts of tbe circle should 

J have a common tangent at the 

point of connection. Find the rela- 

tionship connecting the radii 

C,À =r, CoD =r, so that the 

"dummy" ellipse should have the 
Fir. 157 given semi-axes a and b. 

pays te 22. Figure 157 shows a hinge 

mechanism in which OB=BA=a, 

MB = b. Point O is fixed and B revolves around it along the 

circumference. Point A moves along the straight line Or. What 

curve is described by the point M? 





Sec. 3, Hyperbola 

The following problems require the formation of the equation 
ofa hyperbola if it is known that: 

1. The coordinates of the focus F and the point M of the hyper- 
bola are: 


a) F (3:13, 0) and M (22, 12), 
b) F (E15, 0) and M (—20, 12), 
e) £F (4 l, 0) and M (10 1, 8). 


2. The coordinates of the vertices are (+1, 0) and of the foci, 
(S, 0). 

A. The real semi-axis is equal to 5 and the vertices divide in 
half the distance between the centre and focus. 

i. The real semi-axis is 6 and the eccentricity e = 1.5. 

5. The interfocal distance is 26 and the eccentricity is 2.6. 

6. The eccentricity of the hyperbola is 1.25 and the hyperbola 
passes through the point (2] 5, — 1.5). 

7. The hyperbola passes through points M (—4, 3) and N (V' 10, 
—1.5). 

S. Find the coordinates of the foci, the eccentricity and the 
equations ef the asymplotes of the following hyperbolas: a) 16r? — 
— ty STG. b) Wy? — By? 330, c) G4? — 225y? = 400. 

"n Find the equation of the following hyperbolas: 

a) the asyinptotes are given by the equations y = + , r and 
the foci have coordinates (AJ 10, 0); 

b) the asymplotes are given by the equations y = + > 1, and 
the hyperbola passes through the point (2, 1). 
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10. Determine the angle between the asymptotes if the eccentric- 
ity e = 2. 

11. Calculate the eccentricity of the hyperbola if the angle 
between the asymptotes is 60°, 90°. 

12. Find the relation between the eccentricity of the hyperbola 
and the angle between the asymptote and the principal axis. 


13. Find the distance of a point lying on the hyperbola — 


») 
2 - 
— di = 1 from its foci if the abscissa of the point is: a) 15, 


13 
b) — 16 iT 


14. Find that point on the hyperbola io ue 1 for which 
its distance from the Jeft focus is double its distance from the right 
focus. 


15. Find the point M (xo, yo) on the hyperbola = — r = | 


such that the focal radii vectors are perpendicular to cach other. 

16. Find the equation of an equilateral hyperbola passing 
through the point: a) (4, —2). b) (—3, | 2). | 

17. Transform the following equations of the hyperbola into 
asymptotic form: a) z? — y? = 12, b) a? — y? — 8. 

. 18. Transform the following equations of the hyperbola rela- 
tive to the asymptotes, taking the axis of symmetry of tlie hyper- 
bola for the coordinate axis: a) sy = 3, b) ay — 5. 

19. Form the equation of the hyperbola baving common foci 
with the ellipse z+ A = 1, assuming the eccentricity of the 
te 1 
hyperbola equal to 1.25. 

20. Form the equation of the hyperbola whose vertices lie on 
the foci of the ellipse 1 EE 5 = 1 and the foci of the ellipse lie 
. > 
in the foci of the hyperbola. 

21. Calculate the length of the side of a square inscribed: 


a) in the ellipse pa + 5 = 


b) in the hyperbola 5- H Shh 

Investigate into what hyperbolas it is possible to inscribe a 
square. 

22. Find the equations of two perpendiculars dropped from 
tho right focus of the hyperbola 92? — 16y? = 144 onto ils asymp- 
totes, 

23. Find the points of intersection of the hyperbola ts? = 
— 9y? = 144 with the straight lines: a) 20r |: 21y ! 12 5: 0, 
b) 4z —3y = 0, c) y = 2z — 3. 


= 5 
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24. Find the points of intersection of the hyperbola 21? — y? = 4 
with the circle z? -- y? = 8. 


2 2 
25. Find the points of intersection of the ellipse 5+ 5 = 1 
A y r? y? ER 
with the hyperbola E 1. 


Sec. 6. Parabola 


In each of the following problems it is required to form the 
equation of the parabola with vertex in the coordinate origin, 
if it is known that: 

1. The coordinates of the focus are: a) (4, 0), b) (0, —3). 

2. The equation of the directrix is: a) x = 1, b) y = —2 

3. The parabola is symmetric about the axis Or and passes 
through the point: a) (1, —2), b) (—2, 4). 

4. The parabola is symmetric about the axis Oy and passes 
through the point: a) (- 3, 2), b) (2, —3). 


Fiz. 159, Fis, 159. 


5. A stone thrown upwards al an acute angle to the horizon 
deseribed the are of a parabola and fell al a distance of 16 metres 
from the point of throw, Find the parameter of this parabola if 
the stone reached a maximum height of 12 metres. 

6. The mirror of an automobile headlight is parabolic in cross- 
section. Find the equation of this parabola if we take the diameter 
of the headlight at 20 em and the depth at 15 em. Let the axis of 
the headlight represent the «-axis and the origin be taken within 
the mirror. 

7. The parabolie mirror of a refractor at an observatory has 
a focal distance of 20 metres and a diameter of G metres. Find the 
depth of the parabolic cavity which had to be made in sheet glass 
to make the mirror, 

8. Form the equation of a parabola which is: 

a) symmetric about the «axis and cuts off, on this axis, a seg- 
ment -+a and, on the y-axis. segments +0 (Fig. 158); 

b) symmetric about the y-axis and cuts off, on this axis, a seg- 
ment - band, on the z-axis, segments +a (Fig. 159). 
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9. The truss shown in Fig. 160 is of parabolic form. 

The length of the span = J, the sag = f; the span is divided 
into 2n equal parts. Determine the length of the vertical (yi. yz. . . .) 
and the diagonal (di, dz, ... and dj, d;, . . .) beams of the truss. 

Numerical example: / = 20 m, / = 5 m and n« 4. 

10. Solve the same problem with respect to a crescent-shaped 
truss formed by two parabolas (Fig. 161). 

Numerical example: / = 20 m. f = 2 m (sag of the truss), 
f' = 3 m (flexure of the lower parabola). n = 4. 

11. Form the equation of the parabola knowing the coordinates 
of its vertex O' and the focus F: a) O' (2, 3) and F (2, 5); b) O” (3, 0) 
and F (3, —3); c) O' (4, —2) and F (4, —2); d) 0' (2. 0) and 
F (0, 0). 





Fig. 160, Fig. 161. 


12. Form the equation of the parabola knowing the equation 
of the directrix and the coordinates of the vertex O° of the parabola: 

a) y = —2 and O’ (4, 1). b) y= 1 and O’ (3, —1). c) r= 3 
and O' (1, 1), d) x = O and O' (—1, 0). 

13. Form the equation of the parabola knowing the equation 
of the directrix and the coordinates of the focus £ of the parabola: 


a) z— 0 and F (5,0), 
—1 and F (2, 3), 
1 and F (—2, 2). 


14. Form the equation of the parabola knowing that: 

a) the axis is parallel to the y-axis, the vertex lias the coordi- 
nates (2, —1) and the parabola passes through the point (4. 0); 

b) tho axis is parallel to the z-axis, the coordinates of the vertex 
are (2, 3) and the parabola passes through the point (1, 1). 

15. Determine the coordinates of the vertex, the magnitude 
of the parameter and the direction of the axis of symmetry in the 
following parabolas: 


a) y? — 107 — 2y + 21 = 0, b) y? — 6r + 14y 4 49-00, 


t 
— 
<= 
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€) y? + 8z — 16 = 0, d) 5? — Gr 4- Áy — 10. 0, 
e) y —zx?—8r4 15, f) y= a? J- Gr, 
g y = 2z — a, h) y =x—a?. 


te 
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16. Transform the equalions of the following circles into stand- 
ard form and determine the coordinates of the centre and the mag- 
niLudes of the radii: 


a) z? + y? + 6: — 7 = Oand b) z? + y? — 10r + 2y +1 =0. 
17. Transform the equations of the hyperbolas: 


a) 9r? — 25y? — 18x — 100y — 316 = 0 and 
b) 5e? — Gy? + 10r — 12y — 31 = 0 


into standard form and determine the coordinates of the centre 
and the magnitudes of the axes. 

15. a) On the parabola y? = 4r find a point, tho focal radius 
vector of which is equal to 17. 

b) On the parabola y? — 8x find a point, the focal radius vector 
of which is equal to 10. 

19. Find the equation of the common chord of the parabola 
y Isr and the circle (c + 6)? + y? = 100. 

20. Show that the locus of centres of circles passing through 
a given point and touching a given straight line is a parabola. 


See 7, Mixed Problems 


1. Prove that for every straight line issuing from a point M (ro, 
yo) and intersecting a circle r? -~ y? = a?, the product of the dis- 
tances of the point M from the points of intersection of the line 
with the circle is the same (the well-known corollary of the theorem 
in plane geometry about the product of a secant by its external 
part). 

2. The vertex of the right angle of a triangle lies on the straight 
line 2+ + y — 10 = 0 and the two other vertices, at points (2, 
--3) and (4. 1). Calculate the area of the triangle. 

2, Find the anzle between the straight lines passing through 
the orizin and through the points of trisection of the chord 2r + 

Sy - 12 -- 0 of the parabola 27? — 9y == 0. 

1. The centre of a circle touching the coordinate axis lies on 
the straight: line 3r — 5y + 15 =0. Find the equation of the 
circle. 

^ 

5. A point with abscissa 1 7 is taken in the first quadrant of 
an ellipse xu "à == 1 and joined with the foci of the ellipse. 
Prove that the radii vectors thus obtained are mutually perpen- 
dicular. 

6. The vertex of a parabola lies at the centre of a circle whose 


radius is equal to / the parameter p of the parabola. The chord 
+ 
joining the points of intersection of Lhe two curves serves as one 


side of a rectangle inscribed in the circle. Find the length of the 
sides of the rectangle and the equations of its diagonals: 


7. The foci of the ellipses r+ q=1 and = si 5 - —1 are 


joined together by straight lines and a circle is S ascribed in the 
Thombus thus obtained. Find the equation of the circle. 
8. An ellipse and a hyperbola have common foci separated by 


the distance 2/13; the difference of focal semi-axes is equal to 4, 
and the relation of eccentricities is >. Form the equations of these 


curves and find their points of intersection: 

9. Given a hyperbola: z? — y? — Gx = 0. Find the ‘equation 
of the straight line connecting its centre with the centre of a circle 
which passes through the origin and the points of intersection of 
a straight line z — 2y + 4 = 0 with the coordinate axes. 

10. Let the origin O serve as the centre of a circle touching a 
straight line 3z — y — 10 = O and let O also serve as the vertex 


23 : er : 
of a parabola whose parameter is y and whose axis coincides with 


the x-axis. From the point M — the point of intersection of these 
two curves in the first. quadrant — let a circle be drawn touching 
the x-axis and intersecting the first circle in points P and Q. 
Then the point of intersection of the chord PQ with the ordinate 
of the point M belongs to an ellipse, for which the diameter of 
the first circle serves as the major axis, and in which the minor 
axis is equal to the radius of the same circle. Prove this. 


Sec. 8. Theory of Limits 


. A 1 3 
1. Show that if z takes on successively the values ,, , P gooo 
2n—1 


4 
< 


. , its limit is 1. 


2n 
2. Show that the limit of cos z is equal to zero if « — d 
3. Show that lim cos z = 1. 
r0 
4. Show that lim sin x — 1. 
x + 


5. If z — 0, which of the ne quantities are infinitesimals: 
20.001 z zr? 


10:, xt. Ve ,az*, — OX a4 0. ir, a—i?? 


Z, z, ij 2 


6. If z successively assumes the following values: 1, " UR NE 4 A 


5, i .... is zan infinitely large or an infinitely small quantity? 
Find the limits of the following expressions: 
10 x2— 32 4-6 
— 4 EEE V 
7. zi when z — 4. 8. zu when x — 2. 


18 — 1320 273 




















124 6 —1 z?—1 
9. — 56:48 — when z —> 0. 10. =+T when r — 1. 
2 Hr 3 
11. 5 15 when z — 3. 12. AI when r — 0. 
— —a3 
13. — when z — 1. 14. == when z — a. 
15. IH when z — 0 16. TIE when z — œ. 
and pq. 
ar'tbr3+er? z245 
17. kn iz maz When I— 00, 18. 73 when I — OO. 
19. LE when z — co. 20. — when z — co. 
rre r— 
21. — — when x — 1. 22. “3 : when z—»a. 
1—zr 1—2z3 z?—a? z—a 
Ai. Y3 — 
23, LX when z — 3. — 24. Y 2312, where z>0, 


when z — œ. 


Explain the geometrical significance. 


Sec. 9. Functions. Continuity of Functions 
1. Setting / (7) =54 3r — 5z*, find f(— 1). 
2. Setting Quy: c find p (x) +4 and q (x 4- 4). 
3. Given: F (euet find F (x— 2). 


4. Given: F (1) =$ ie +: show that F(3 )- ist 


3. Given: joet., show that / (r 4-h) —/ (1) 2 — =r ! 

5. Find the values of ¢ for which f(t) — t*--t —6G is equal to 
zero. 

7. An equation with one unknown is written in the form f (x) = 
How would you write this equation to express the fact that its 


roots are 1 and —2? 

8. Assuming /(c)=a*, employ this symbol to rewrite the 
equality a*-a" = a**", 

9, Putting f(r) =tan z, rewrite the following formula with the 
aid of this symbol: 

r 
tan (x + y) = (Sete : 


10. Given f(r) =sin x; show that 
j (v4 22) -+ f (x) = 2 sin (x + 2)-cos z. 


11. Find the domains of definition of the following functions: 
a) y=V 4—x?; b) y-Yzc-1—y3—:; 

3377 xcd: — 
c) y=V3+r+Yzx-1; d) y= V4—z2 s 
12. Draw the graphs of the functions: 
a) y=|z| on the interval [—2, + 2]; 


b) y=|z—2| on the interval [—2, +6]; 
€) y=4x—a? on the interval {—1, 4); 


1 1 1 
d)y-z;—: 9vy--u—uy vette: 


x2 1 : 1 g 
8) y———1; h) y= 1^ i) y= — r i: 
1427 1+2*-! 
zt+2 if —2<xr< —1; 
Dy 








1 if —1<r< +1; 
2—z if +1<r< +2. 


13. Find the amount of change in the volume ofa cube if its 
edgo r changes by Az. It is given that r—2 metres and Az — 0.1 
metre. 

14. Calculate the increment of the function y — :3—2« 4-5 for 
an increase in the value of the argument from z=2 to r= 2.01. 

15. Find the increment of the function y-uM for an arbi- 
trary value of the argument x and an arbitrary increment Ar. 

16. Find the increment of the function y= log x for any posi- 


tive value of z, given an arbitrary value of the increment Az. 
17. Determine the points of discontinuity of the functions: 





1 1 
a)y-r b) y =- >’ 
— = r4? : 
ua} d) y= ayer er 
— — E 1 
e) 1=3 — 23421 , Dy= 1 
142 


18. Prove that the following functions are continuous for any 
real value of z—c: 


2z 

a) VU=A Fr b) y=Vz (z>0); 

C) y=cosz; d) y=a* (a>0; a1); 
e) y =1l0g, z (a>1; 0< I< -+ 00). 
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19. Will a function defined as follows, 
2x, if O<r<i, 
Y=|3—z, if 1«z«2, 


be continuous on the interval 0<x< 2? Construct the graph. 
20. Prove that tan x is continuous for all values of z except 


r=+ 5 + 2kn, where k is any integral number. 


Sec. 10. Derivative Function 

: 1. Find the ratio € for the functions: 
a) y= 21? — 3? --1 at z=1, Ar=0.1; 
b) y-l at r—2, Ar-0.01; 


c) y= at r—4, Azr=0.41, 
Show thal, as Az tends to zero, this ratio tends to 4 in the 
first case, to -+ in the second case, and to A in the third case. 


2. The equation of motion of a point is: s=1*+40, Find the 
velocity of the point at time f=2. 

3. Angle q through which a wheel turns during braking is 
determined by the equation p=a-+bt—ct?, where a, b, c are 
constants and ¢ is the time. Find the angular velocity at time t 
and delermiue when the wheel will stop. 

4. During the heating of 1 kg of water from 0° to t? the amount 
of absorbed heat, Q, is given by the formula: 


Q = t + 0.000021? + 0.00000031? kcal. 


Find the specific heat of water at t — 50°. 
5. A body of mass 2 kg is moving in a straight line according 
to the law s=1-|-1?, where s is expressed in cm, £ in sec. Deter- 


mine the kinetic energy m? N of the body aíter 5 sec. 


» 

6. A metal rod of length 50 cm and density d is conical in shape, 
the diameter of the base of the cone is 4 cm. Find the linear den- 
sity at the middle point of the rod. 

7. Find the slope of the tangent to the parabola y=x*: a) at 
tbe coordinate origin, b) at point rz3, c) at point r= —2, 
d) at tbe points of intersection of the parabola with the straight 
line y = 3r—2. Show that the tangent at the point C (£u, yi) 
divides the abscissa of this point in half. Find the rule for the 
construction of the tangent. 

8. Find the slope of the tangent to the cubical parabola y= z*: 
a) at the point (r,. yy), b) at the point zr —2. Can the slope of the 





tangent to the cubical parabola y=x? be negative? Show that 
a tangent at the point C(x,, y,) divides the abscissa of this point 
in the ratio 2:1. measuring from the origin. Find the rule for the 
construction of the tangent. 

9. Find the equation of the tangent to an equilateral hyperbola 


y=: a) at the point (2,, yı), b) at the point z—1, c) at the 


point z= —+. Can the slope of the tangent be positive? 

10. At what values of the argument are the tangents to the 
parabolas y= x? and y — 2? parallel? 

11. What is the angle of intersection of the hyperbola y-l 
with the parabola y=V x? es 

12. What are the angles of intersection of the parabolas: y = ] 2x 


13. At what point is the normal to the parabola y — z? perpen- 
dicular to the straight line y — áz +1? 
14. Show that the normals to the curve y—z*—rz--1 drawn 


in points z,=0, z,— —1, z,— > meet at a single point. 


Sec. 11. Finding Derivatives 


1. y — 3z? — 6z +10. 2. y Da pat , 

3 =L gtd yey +1 4 =L 49 — a3 — r+ 13 

. 7 7 +1. Y= : E .5. 

9. y=azxt+ bz? +c. 6. y ax? 4- bx* — ex +d. 
_423 226 71 (005 SA 3:32 2 

Tm perpe 8.y—-—t4-—3-—3 
__azk bz? , a—b _ z3 nor 

e ala —— 10. irs a Tat 


13. y — z^ — 2z" + log 2. 


1 
15. y= 3r?—2z: 247. 


yer 2710824 2, 


7 $ 3 


. y =62?- 42? 4-277. 


.y=3YI—4 rior pz. 


17. y= 345/1345. 18. JA — + 
_ 9a? a z i 
19. y= 13 324 20. y= Veci : 
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For 


Secs. 84 and 85 


Differentiate: 
21. y=(1+ 52) (1 — 72). 
23. y = (227+ 3z+ 5) x 

X (522 — 21 + 3). 
25. y= (ax + b) (cx +d). 
27. y 2 z (2 — 1) (3z - 2). 








5r 
29. Y= Ti à 
y 
33. y= E. 
35. ya Zee 
: 27 
37. y= or — a . 
4. z= 2 
Va 
enn Yu 
43 F (u) gyu 


Find 7' (a). 


Find S' (0), S’ (2). 


47. y = (3.07 -- 8)5. 

49. y= (as? -i be ey. 
91. y (0 ra"), 

53. yes Va -i art. 
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93. y = (ar -i b)? — (ar — by. 


22. y = (1 + 423) (1 — 223). 
24. y =(1—z— zì) (1— 247). 


26. y= (az + b) (cx? + d). 

28. y — (33 —1) (11 —4). x 
x (1? —9). 

30. vo A 


. ar+b 
32. y= — * 





zi b? 








3 4—21 
ai b? 
38. y= I + a—I 
1 
40. z= B-—H 


42. Flu) =(1+) (5-7). 
Find F (1). 

44. Ft)-( Vu (1-7:). 
Find F' (a). 
46. =a: 

Find e' (2) and o' (0). 


For Sec. 88 


48. y 2 (5— 423)", 
90. y= (mz! -- n2? + py. 
92. y = (ar™ + bx"). 


res 
4. yz 4 ap bryce. 
7 


57. y2z/5 —2V 3z 4-5. 


58. y- (z2V 345/23). 
5 
60. Y = 6223: > 
62 REESE. E 
“SV” 


64. y= y/ zi -F1-4- y (P+D! 


66. y=Va+V az. 

68. y= (24 31?) Y 1 + 5x2. 
513 

70. ¥=—Gz—4) ° 


72. y - (z 4-1) (2 — 32)*. 
(22 + 3)?, 


— (az) 
74. y= ba" * 


1-1 
76. y= Vap . 
5 
78. y= vite 





2r 
LE 


82. y YE. 








7 
59. Y= Gp: 


a 
61. =J ara: 
63. y= V(1—z» —V1—z. 
65. y-y24y2z. 
67. y=(a+27) Y 1+ br. 
69. y= 


z2—2 
(z—1)* ° 


74. y=(32 + 5)? (5x + 4). 
73. y=(1+a)” (z +b)”. 


75. y= y == : 





a yaya 
77. y= PAEZ. 
q? 
79. V—yirs . 


r^ 
8t. v= ee 


For Sec. 89 
Find the limit of Fg 
83. mt when z — 0. 84. me when z—»a. 
85. EE x when rz —» 0. 86. z.cotz when x— O0. 





For Sec. 90 


Find the derivatives of 
87. y — sin nz. 
89. y — sin? z. 
91. y — cos" az, 


88. y — sin x". 
90. y = cos (ax)". 
92. y —cot ax. 


93. y = tan" bz. 

95. y tang — 9. 

96. y — tan t-t. 
98. ọ = k y cos 20. 

100. y =r (1 — cost). 
102. y = A-sin (wt + a). 


104. s sin L. 


106. y «2 sin? > ; 
108. y — sin (cos x). 


110. y 2 cot? s-i- 3cot z. 


9 
412. y=>3 tan? —2tan $2. 


r 


116. y — sin x-sin 2r. 


118. (x) 2222 


94. y= 2r + sin 2z. 


97. p=4-co0s20. 


99. z =r (t—sin t). 


101. y =2-sin 3z + 3cos2z. 


103. s= cos $. 
105. y = cos? 2z. 


107. y=a-sin?— , 
109. y =cos (sin 1). 
111. y=Ltantz4 tan? 24 
+ tan x. 
113. y - V 1r sin2z— 
— V1-— sin 2z. 
115. y = sin z- (sin r 4-cos 1). 
117. y=sin*x-(cos* z+ 1). 
119. f(x) = i tsine 


{—cosz ' i—sinz * 
Find f (5). Find f’ (+). 
120 AL tsinz 121 _ 1 cos > 
20. {(2)= Amor: -f@m= TE . 

sin -y 
Find f’ (+). Find f' (n). 
122. y=ar-tanaz. 123. y — sec ar. 
124. y — sec" az. l 
For Sec. 91 


125. Knowing -pp = == 2.3025851 and -oy =0.4342945, find: 


In 10 


a) irom the decimal logarithms of the numbers 2, 7, 13 their 


natural logarithms; 


Su 


b) In3=1.09861, In5=1.60944, In 11 = 2.39790. 
Calculate their decimal logarithms. 


For Secs. 92-95 
Find the derivatives of 


126. 
128. 


130. 


y = loga (3 +1). 


y — n (a? — 23). 


y =>+1n (a? + x?). 





127. y = log, (1 + x?). 
129. y 2 1n (5 37). 


134. y 2 31n (5— 2) 4- 21n (4+ 37). 





132. y — In z? 4- In? z. 133. y - log, V a 
134. y - In3z -In 3, 135. y In V z 4- |/inz. 
136. y — InIn z. 137. y 2 In — 
= ate 

138. y=1In — 139. y = ln —, > x 
140. aes z? + logi 2z. 141. y — log;2x. 
142. y-In l1 zi. 143. y — 1n Mi . 
144. y — In (z 4- In x). 145. y=a-Inz”. 
146. y — a. In^ z. 147. y= Insin x - Incos x. 
148. y = In(1-F- cosz). 149. y — Insin?z. 
150. y 2 In sin 2x. 151. y — In tan (43 F 
152. y =sin ln z. 153. y — tan In 7. 
154, y =5=-2x, 155. y =2%-3z, 
156. y= 314, 157. y = z"^-- n". 

2,2 
158. y=e*+e"*. 159. y=e2 =. 
160. o — av. 161. g=alne, 

rz 
162. y — a.eYx, 163. y=e-a® 
164, y = 5tn?x. 165. y = atan nz, 
1 

100. y=" F, 167. y =a”. 
168. y =e%, 169. y = (z—3) e* — hse" 4-3. 
170. y = z2.e*.cos z. 171. int . 
172. y=x-Inz—z. 


173. y= e nx, 


251 


—e * 


176. y 2 z-cot z — 
—Insin r+ = . 


z 


178. / (r) =In tan T 


Find (+). 


180. y= e" (sin ax —cos az). 


cos x 
sin?z 


182. f (z) - Vina. 
Find /' (e) 
184. y = ln (In? 7). 


186. y=1ne?22-:+1, 


a%¥—a-=* 
alpa? * 


175. y= 


177. y=4 z? ln tan z — sin T. 


179. f (z) =e"*sin nz. 


Find (+). 

181. f (z) =In TE 292. 
Find f ($). 

183. f(z) =z [in z. 
Find f (e). 
185. f(x) = 


T 


RC 





Find /' (0). 
187. y=In(14+ Y 1+233). 


] EX z 
188. y=In(Yx+a+ V2). 189. y=ln — 


For Sec. 96 
Find the derivatives of 
190. y=arc sin +. 191. y=arc tan. 


192. 
194. 


196. 


y = arc cosec 7. 
y — arc sin (cos 7). 


y =arc tan (In 7). 


198. y =Inarc tan (tan +) s 


a-cr 
y=arc tan ac 


200. 


I » 
y= JL. gh arc lan x + 
l 


202. 
1 

arc lan:——1. 
f —— 

y=1 Y 1—.?- arc sin x. 


204. 
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193. 
195. 


197. 


y = eare sinz, 


y — arc cos (sin 1). 


y = arc cot (m) è 


199. y =arc tan (ln sin 7). 
201. y — x-arc sin z. 
203. y = Ya? — z? -- d · arc sin— F 


- a r—a 
205. y= arc tan = +la ea ; 


For Sec. 97 
Find the derivatives of 


1 
206. y -z*. 207. y = (sin 1)". 
208. y = (sin z)*'^ *, 209. y = x!nz, 
1 
210. y — zin, 211. y = zare sine, 
z nx 
212. y=, 213. y=(2)”. 


For Sec. 98 


Find the derivatives of order indicated by the answer 


214. y — arc sin zx. Ans. “== : 


x x 


215. y=5 (et +e a), Ans. y => 0 6 2), 


a-sinz ^ a-sinz 
216. Y =F osz E Ans. y= 
217. y= Insin z. Ans. y^ =2cot z-cosec? z. 


Find the general expressions for derivatives of the nth order 
218. y =z". Ans. yf? =m(m—1)... 


m-n 
. 


eO [m—(n—1)]x 





1 n) = ( — 1)”. 
219. v=; Ans. y™=(—1)"-n! 
(pa) tnt. 
220, y=e"*x, Ans. y™ = b^. cito, 
221. y =a™, Ans. y? — a"*. b^. |n" a. 
222. y —cos z. Ans. y™ = cos (z^ +) E 
223. y — sin z. Ans. y™ =sin (zn) i 
—1)”-1.(n— 1)! a^ 
224. y — In (az +b). Ans. ya i = 


Verify the equalities 
225. If y=sinz—z-cosz, then y +y=2sin z. 
226. If y —a-cos2z--b.sin2z, then y"-+ y — 0. 


Sec. 12. Studying Functions with the Help 
of Derivatives. Maximum and Minimum. 
Velocity and Acceleration 


Define the intervals of variation of z in which the following 
functions decrease and increase: 


1. y =x?— 4r 4- 6G. 2. y= 213? — áz 4- 5. 

3. y= 2135 —32* +1. 4. y= 28 — 32? 4- 5. 

5. y= — 2r 4- 1. 6. y=24 — 4x7 4-5. 

Test the following functions for maxima and minima: 

7. y 2211 — 5x — 3. 8. y=4+31—2?, 

9. y=4—32—2". 10. y= z3—27z. 

11. y 2 3* — 223, 12. y 2 234-3 — 7. 

13. y= 1? -- 9r — 1. 14. y z? - 2 — 8z 4-4. 

15. y= 13— 21? — Tr 4-2. 16. y = 1x* — 4x94 47? — 15. 

17. y 2 1! — 147? 4 24c — 3. 18. y= 3x1 — 4x3 — 62? + 122 —8. 

19. y 2 (r— 1) (zx - 1y*. 20. y= rz(r—1)*-(z 4- 1)*. 
2r 5 . 27 

21. y — 3 To: 22. y =3r 35 

, ; 1— 

23. y^ 24. Y =-a AT" 

" 322.1 5r 4-25 2+37—10 

y Dre, 26, y = T, 

27. Y= po ; 28. y=2+ Y (1—2)?. 

29. y=3—V(1+4)*. 30. y =e”. 

34. y=x3%e*. 32. y-FR : 


In the following examples find the maxima and tbe minima 
of the functions in the range of the simplest values of the arcs. 
33. y = sin z -} cos z. 34. y = tan z + cot z. 





35. y = r + tan z. 36. y = sin z (1 + cos r). 
37 y= sing — 
des d i+tanz” 


38. Divido 10 into two parts such that their product yields the 
maximum. 

39. Divide 10 into two parts such that the sum of twice one 
part and the square of tho other is a minimum. 

40. Find the positivo number which when added to its reciprocal 
will yield a minimum sum. 
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41. Find the positive number which differs from its square by 
a maximum value. 

42. Of all rectangles with perimeter 2p, find that one with the 
greatest area. 

43. Of all the rectangles inscribed in a circle of radius R, 
find that one which has: a) the largest area, h) the greatest 
perimeter. 

44. Of all the isosceles triangles inscribed in a circle of radius X, 
find that one which has: a) the largest area, b) the greatest per- 
imeter. 

49. Which of the right-angled triangles with hypotenuse 
c has: a) the greatest sum of the legs, b) the largest arca? 

46. A rectangular window has a semicircular top. The entire 
perimeter of the window equals 2p. What dimensions should the 
window have so as to yield the largest possible area? 

47. What should be the radius of a circle so that its sector 
having a perimeter 2a should have the largest possible area? 

48. What should be the relation between the radius and the 
altitude of a cylinder for it to have a given volume v and tlie small- 
est total surface? 

49. What radius and altitude should be chosen for a conic tent 
so that it would require the least possible amount of material to 
enclose a given volume v? 

50. Find the sides of a rectangle of maximum area inscribed in 


the ellipse 5 + pa = 1. 


. 91. Determine the width of a rectangle of maximum area 
inscribed in a segment of altitude h of the parabola y? = 2p». 

52. A derrick is set up in a field 9 km away from the nearest 
point of a highway. It is necessary to send a messenger from the 
derrick to a village on the highway 15 km away from the  aforesaid 
point (the highway is considered rectilinear). If the messenger can 
do 8 km an hour over the fields and 10 km an hour on the highway, 
to what point on the highway should he go so as to reach the vil- 
lage in the shortest possible time? 

53. Ship A, at a distance of 75 miles to the east of another ship, 
B, is moving westwards at a speed of 12 miles an hour; ship B is 
moving northwards at 9 miles an hour. When will the ships he 
closest to each other? 

94. We have a table-lamp that can be lowered or raised; to 
what height should it be raised to give the brightest. illumination 
to a book lying on the table a cm away from the centre of the base 
of the lamp? The brightness of illumination is directly proportion- 
al to the sine of the angle of inclination of the light to the plane 
9f the book and inversely proportional to the square of the distanco 


of the book from the source of light € = ee X. 
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55. Let a quantity r be measured n times with equal care. The 
results of measurements li, la, la, ..., 2, will differ from each 
other, though slightly. In each measurement the difference | 1 — J, | 
is the absoluteerror. According to the theory of errors (*'the method 
of least squares") the most probable value of the quantity will be 
the one at which the sum of the squares of the errors: 


(r — lU (x INSI... + (2 ln)? 


reaches a minimum. Show that the most probable value is the arith- 
metical mean of the results of all the measurements: 
tht... tlh 


n 
‘ 


Investigate the following functions and construct their graphs: 


r= 


56. y = x. 57. y = 23, 
58. y = 2:3 — 32° + 1. 59. y = 2? — 223, 
60. y = e, 6 y = EF. 
_ Be $ 52-425 _ nt 
62. y= — ir 63. — 5, tr 


64. y=r+2Y4=x. 

65. A point is moving in a straight line according to the law 
s = t* — 4t? + 101 4- 1. Determine its velocity and acceleration 
23((—0,1—1,1—2. 

When does the point have minimum velocity and what is the 
magnitude of this velocity? 

66. A point is in rectilinear motion according to the law 
S =: a-e^^!, Determine the initial velocity and initial acceleration. 

67. A point is in rectilinear motion according to the law 
s= 2 (e! — et). 

Show that the acceleration a — s. 

68. A point is in rectilinear motion according to the law: 


s= a-tan o f. 
Find the velocity and acceleration. 


Sec. 13. Differential 


1. Show that the differential of a linear function is equal to 
the increment. of the function. 

2. Calculate the increment and the differential of the function 
y -«¿—21+5 on a change in the values of the argument from 
«=2 to r+ Ac — 2.01. 


3. Calculate the increment and tho differential of tho function 


» 
y= 775 on a change in the argument from 3 to 3.004. 
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Find the differentials of the following functions: 








4. y az*--bi?—cx--d. 5. y=Vrt+ y: , 

6. y=*-2. 7. y- P 1 z*. 

8.y = 73. on a change in x from 3 to 
9. y — VE one change in 7 from 0 to 


10 y= sinz+cosz 
"Y sin z—cosz ` 


11. y = j tan?z — tan z+ z. 12. y 2 In z? c In y z. 


13. y = z.In x. 14. y — In'V 1 x E. 

15. y = arc sin P ¿ 16. y =e* (sin x 4- cos 1). 

, 17. For a measurement accurate to 0.1 m it is found that the 
side of a square is equal to 5.2 m. Determine the maximum er- 
rors—absolute and relative—for the area of the square. 

18. For a measurement accurate to 0.01 m it is found that the 
edge of a cube is equal to 1.05 m. Find the maximum errors — abso- 
lute and relative—for the volume of the cube. 

19. The period of oscillation of a pendulum is defined by the 


formula T — 2x V , where / is the length of tho pendulum, and 


g is the acceleration of gravity. In measuring l an error A! was 
ri Determine the relative error in the calculated value 
o 7 


20. Show that on raising a base to the nth power the relative 


error in the former increases n times, and on extracting the nth 
root the relative error in the radicand decreases n times. 


Sec. 14. Indefinite Integral 
For Secs. 116-119 





1. | dz. 2. | y dr. 
* y ; 4. Vr 
> | (zt — 32 + 572) dz. 6. | (1 — 27) (14- 37) dr. 


7. | (2-3). 8. | (V? vz) dz. 
arr 10. ( EXP ay 
9. | E A f z T. 


11. The velocity of a body starting from rest is vọ+ at after t 
seconds. Find the distance travelled in ¢ seconds. 

12. Find the equation of a curve passing through the point 
(1, 1) and having a slope of the langent to any point equal to 
3r — 1. 


For. Sec. 120 





























Lor 1 dr 
13. Vl 2x as) dz. 14. \ =. 
E Y dr 413 dr 
1». | (z-F1)* 16. | (x4 + a4)? * 
= rdr ardr 
H | (2? +a?) 18. | rones 
ES 

(rds op, (dz 
is ) TES a lea 

ln eede dx 
21. mE . — — 

| t xi | ) nz 
MA 24. | eda 
25 { pi 26. | 12a**-Ina dx 
da 28. (ee 
ag, [cesta 30. ( p afi iar 
na € (Qr nde ex 
Da T AM A — . > 
33 \ A 34. | dx. 
J 36. 3. e Ty ear. 

et -—e 

37. | 2x] 2x — 1 dx. 38. ( DE 


39. 40. | — 


| VIVI V zc) r+1 
41. f — 42. | da 
i 








Yet y z—i1 


44 f arc tanz: dy 


arcsinz- p E ya? 


si VERE. «(rm 


On cx -5 slut (r4 


47. The velocity v of a body is given by the equation v = 3t? + 
+2t; the path covered in ¿=2 sec is equal to 12 m. Find the law 
of motion. 

48. Find the law of rectilinear motion, knowing that at every 
instant t the acceleration a = (t? m/sec?and that the body started 
from rest with an initial velocity v= 2 m/sec. 

49. Find the equation of a curve if the tangent to any point 
forms an angle with the axis Or, the tangent ol which is equal to 


43. 








A eura) , and the curve passes through the point M (0, a). 
For Sec. 121 
50. | sin (nz + a)- dz. 51. | cos E 3. 
$2. | (sin 2z — cos 31) - dz. 53. | (eos ar sin =) dr. 
54, f (cos 2 —sinaz )-dz. 55. $ (sec? x + cosec? r) dz. 


56. \ (sec? 52 —cosec? 5z) dz. 57. | f tan z dr = —lncosz +c 


58. | | cot z dz — In sin ze] 59. tan x-sec z dz. 














60. f col z-cosec x-dr. 61. f Vtanz-— 
dz * e) 
62. f ls — 63. f sin? x-cos z dz. 
; os cr dx 
04. f cos? $ ‘sin 2: dz. 65. E pum 
66. T ur . 67. | 2?. sin (225 -+ 3). dz, 
3 dz tung 
Sey era ae 68. anos d 
19-1320 
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cos z-dz 7. \ SS sinzdz f 
— 














| 1-7 2sinz * 

_i+cosz_ 
72. f joa upsin zp? 73. a st : 
74. oiu ITIN 75. ( tan? z-dz. 
16. f cot? x dz. 77. f ecos X.sin z dz. 
78. | cosz-at™* dz. 79, | E ar. 

1— cos 2r y sin z-cos z-dz 
on | sini2z “7: 8t. f — 
9 ? sin z-cos z.dz 
Be: = "yà-smz 83. (a EET g 
84. f V1-rsin z-dz. 85. ETE 

sin z—cos rz 

86. Varas: «cos? z 87. T ^ cor — — E 

cosz+sinz y cosz+2sinz 
88. E ~~ sind z s 89. f IFsins-Zeosz 7 

T. cosz-dz 

90. | (z-sin z 4- cos z— 1)"* ` 


91. Find the function whose derivative is equal to sin z--cosz 
and its value at z— zt is equal to 1. 

92. At any time the velocity of a body is v= cos2t. Find the 
law of motion, knowing that in time t= 5 sec the body covers a 


distance s, equal to 6 metres. 

In the following examples the values of the letters are positive. 
The integrals in rectangles can be used as formulas. The examples 
with asterisks should be omitted if formulas (XI) and (XII) are 


not studied. 






































Find: 

33. | Vr 25 ET 
s. [ri 06. oris 
ml 8. 
9. jv 100. 13 
TO \ cs dvi 























103* $ Vs ; 104*. Mraz: 

1058. V Lm 106°. | Lx 

107. v ER 108. $ — 

109. eL 110. vim 

Ea uz. | gee. 
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V Eas. 114, | y iar 






























* _ di — 2 
118*. | — VI In (z Vb 4- Vat bz?) +e 
119*. 
dz dz 
mens n— 121. | Loss raum 
dz 
122*. T acos?z—b-sin?z * 


For Sec. 122 
123. | cos? x dz. 124. { sinë z-dz. 


125. { (cos? z — sin? z) sin z dz. 126. Í sint z- cos? z dz. 





1—sinz * 


127. | eos? z- sin 2z dz. 128. T ones 


Bin3 z.dz 
i+cosz ' 130. 


sin? (az) dz. 132. 





cos? (az)- dz. 


cot? z dz. 136. 


tan® x dz. 


| | si 

133, | sin*z-costz.dz, 134. — -cos 22-dz. 
| | 
| 


Sec. 15. Definite Integral 

















Evaluate: 
3 +2 
4. | 52x? dz. 2. | (2z + 32? + 423) dr. 
0 2 
Cd 324 
z r 
3, E 4 y 
2 1 
3 4 d 
5. | V 2 dz. 6. V— 
s 
3 3 a 
rdr 
7 | y 2x —2dz 8. | a 
1 +i 
9. È edr. 10. | a*dz. 
0 “1 
RS 
1 2 
; dz dz 
11. | 1+z3° des | yi—z 
n uH 
a 5 
13. f sin 3z dz. 14. | sin? z dz. 
0 ô 
x 
2 n 
45. | cost zdz. 16. | sin? z-cos* z dz. 
0 0 
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17. The velocity of a body moving in a straight line is expressed 
by the formula v=2+*t. Find the distance covered between 
t=2 and t=5. 

18. A body is thrown vertically downwards with an initial veloc- 


ity of 10 m/sec. Knowing that vg, find the distance covered 


by the body in £ seconds. 
19. Find the definite integral of the function 4.3, the anti- 
derivative of which is zero at 1=2. 


20. Find the definite integral of the function — if its 
-Hr 


antiderivative is zero at x—1. 


21. Find the definite integral of the function tan z, if ils anti- 
derivative is zero at z=0. 
22. Find the definite integral of the function sin 2», if its anti- 


. * n 
derivative is zero at z-—. 


23. Calculate the area of balf a sinusoidal wavo y=sin2r. 

24. Calculate the area enclosed by an cquilateral byperbola 
zy —1 and the z-axis between tho ordinates z-:1, and x= 
=a (a — 1). 
i Calculate by integration the areas bounded by the following 
ines: 

25. y= 42, y=0, z—3. 26. y= 2r+1, y=0, 

r= 3. 
27. 2y—3x—5=0, 
y=0, x=, x=3. 
28. 14+2y4-8=0, 


y=0, x= —4. 
29. y=2x—?, y =0. 30. y =7?— x, y — 0. 
34. y=x4, y — 2x. 32. y? zr, y^ -. 0%. 
33. y* — 4 (x 4- 1), 34. y? = 2(r-- 4), 
y=x--1. y-r4-4A. 
35. y 2z — x?, 36. y= r, y-- —2, r —8. 
y = — r. 
37. 4r?— 9y +18 — O and 39. z? + y* = 8and 
2r? — 9y + 36 = 0. y? =2x. 
38. 512—60x + 4y + 160 = 40. 124 y* .: 16 and 
=0 and z?—12rz4- y? =4(z 41). 
+ 2y + 32 =0. 
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41. Draw the graph of the power function y—z" with ma 
positive integer; from an arbitrary point A(z,y) of the curve 
thus obtained drop perpendiculars AB and AC on the coordinate 
axes. Prove that the area bounded by the curve y=z", the z-axis 
1 


RII th part of the area of 


and the ordinate z =z constitutes 


the rectangle OCAB. 
42. Prove that the area bounded by the continuous curve r— 
b 


— p (y), the y-axis and abscissas y =a, y =b is equal to | =dy= 





b 
= | ot)-dy. 


a 

43. Show that the area bounded by the arc AB o} an equilateral 
hyperbola zy — k, by the z-axis and the ordinates of the points 
A and B is equal to the area bounded by this arc AB, the y-axis 
and the abscissas of the points A and B (each of the areas is equal 


to_k-In 2) . 


44. Calculate the area of the segment of a parabola 12—12y=0 
cut off by a straight line passing through the coordinate origin 
and a point of the parabola with abscissa 6. 

45. Calculate the area of the segment of a parabola 4y — z? —0 
e a by a chord joining points of the parabola with abscissas 2 
and 4. 

46. The equation of a curve is y —z(3—2z)*. Calculate the 
area bounded by this curve, the z-axis and the ordinates of the 
maximum and minimum points. 

47. Find the volume of a paraboloid of revolution formed by 
revolving, about the z-axis, a segment (of altitude x) of the parab- 
ola y?=x. 

48. Find the volume of the spheroid obtained by revolving the 


2 3 
ellipse 14441 about its minor axis (a > b). 


49, Calculate the volume obtained by revolving one sinusoidal 
wave y=Sin 1. 

50, Calculate the volume obtained by revolving, about the 
z-axis, the area included between the parabolas y*=4z and 
y -u. 

51. Calculate the volume obtained by revolving, about the 
a-axis, the area between the parabolas y? = 8r and y=x?. 

52. A tangent is drawn to the parabola y?=12x at a point 
whose abscissa is equal to 6. Galculate the volume formed by 
revolving, about the z-axis, the area between the tangent, the 
z-axis and the parabola. 
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53. A tangent is drawn to the parabola y?=2(r—1) at a 
point whose abscissa is equal to 3. Find the volume obtained by 
revolving, aboul. the z-axis, the area between the tangent, the 
z-axis and tho parabola. 


2 


54. Part of the ellipse F+y=1 between perpendiculars 


drawn through the foci to the z-axis revolves about the »-axis. 
Determine the volume of the barrel thus obtained. 

55. Prove that the volume of a ring obtained by the revolving 
of a circle about the axis Ox that does not cut it (Fig. 162) is 
equal to the product of the area of 
the circle which is the cross-section 
of the ring by the mean circumference 
of the ring. 

Hint. Let the radius of the circle be r 


and the coordinates of its centre A be (0, 5). 
The equation of the circle will then be 


z?.-p(y— b)? — r?. 
The equation yields two values of y: 
y—b-1r] ^pa — p. 
y by r—ai, y=b—] ^ Ea, 
yy are the ordinates of the points of the 
semicircle BCD, and yz aro the ordinates 
of the points of the semicircle BED. The 


volume of the ring is calculated by for- Fig. 162. 
mula (XXII). 





96. Find the volume o! a body obtained by revolving a branch 
. a? y? S 
of the hyperbola — PIE about the z-axis from vertex == a 


to tho section x =x, about the y-axis from section y =0 to sec- 
tion y — y. 

97. Calculate the pressure experienced by a rectangular plate 
of canal locks 20 metres wide and submerged to a depth of 5 
metres, 

58. Calculate the pressure on the area of a triangle with base 
8 metres and altitude 6 metres submerged in water so that the 
base lies on the surface of the water and the altitude is directed 
vertically downwards, 

99. A vertical dam has the shape of a trapezoid, the top hase 
of which is 50 metres, lower base 20 metres and altitude 10 metres, 
If the top base lies flush with the surface of the water, what is 
tho pressure on the dam? 

60. Determine the pressure on 1 din? (decameter?) of the vertical 
wall of tho sido of a ship if the centre of this square portion is 10 
metres under water. 


Mint (Fig. 163). The area of the rectangle AB = ds — 1 dm Ah dm 
where dm =decameter) and it lies at a depth of (100—A) dm from the sur- 
ace of the water. Here, h is a positive number if AB lies above the centre O, 
and negative if AB lies below the centre O. 


61. The end of a circular pipo lying horizontally in water may 
be closed by a damper. Delermine the pressure on this damper if 
its diameter is 6 dm and its centre is 15 metres under water. 

62. A body is in motion in a straight line in some medium 
according to the law s=1?, where s is the distance travelled 
during time t. The resistance of the medium 
is proporlional to the square of the velo- 
city of motion. Determine the work done 
by the resistance of the medium as the body 
travels from s=0 to sa. 

63. According to Hooke's law, the force 
necessary to stretch a metallic rod of length 


lo to length /594- is equal to i. where k is 





a constant dependent on the properties lof 
Fig. 163. the metal, Calculate the work done in stretch- 
ing the rod from length lo to L. 

64. The compression of a spiral spring is proportional to the 
applied force. Calculate the work done in compressing the spring 
by 5 cm if a compression by | cm requires a Jorce of 2 kg. 

65. The force required. to stretch a metallic spring is propor- 
tional to the tension. Calculate. the work done in extending the 
spring by > em if its extension by 1 cm requires a 10-kg force. 

66, Calculate the work done in pumping out water from a cylin- 
drical tank of radius r metres and depth / metres. 

67. Caleulate the work done in pumping out water from a full 
cauldron of semispherical shape with radius r=0.6 metre. 

6S. According to Newton's law the force of gravitation is in- 
versely proportional to the square of the distance. A body at rest 
attracts a material point moving in a straight line from the 
distance r, to ra measured from the centre of the attracting body. 

Caleulate the work done by the force of gravitation. 


Sec. th. Differentiation of Functions of Several 
Variables 


Find the partial derivatives, the partial differentials and the 
total differentials of the following functions: 





fours a y, 2 u=}, 
I 
m . ny 
So uc(r : a) (yb), 4 u="-= 
(r: a) (yb) tt rm] 








9. u= (124 y?)”. 6. u= VF. 
7. u =ln (z? + y?). 8. u = In (1? + ry + y?). 
9. unt" A 10. u =sin (z 4- y). 
11. u=sin È. 12. u=sin32%, 
13. u=lnsin t, 14. u 2 In cos P, 

y z 

V I 

15. u=e*", 16. u=e*4+ ex, 
17. u= y*. 18. u — a5!" v, 
19. u = arc tan (zy). 20. u —arcsin =. 
21. u= ; 22. u = Ty sin (£ + y). 
23. u = (zyř. 24. u=2™. 


25. One leg of a right-angled triangle is increased from 6 cm to 
6.2 cm and the other is diminished from 8cm to 7.7 cm.’ What is 
the change in the hypotenuse (approximately)? 

26. Tho volume of a truncated cone is expressed by the formula 


v=Fah(R4+r24Rr), where A is the altitude, R and r, the 


radii of the bases of the cone. Putting R=30 dm, r — 20 dm and 
h=40 dm, find, approximately, the change in volumo of the cone 
on an increase in R by 0.3 dm, in r by 0.4 dm and in À by 0.2 dm. 
State the percentage increase in volume. 


27. Acceleration g is determined from the formula s=} ge. 


Determine tho relative error in the calculated value of g if small 
errors were commitled while measuring s and ¢. 


28. The area of a trianglo is given by the formula s = y ab-sin€, 


Determine the relative error in the calculated value of s if small 
errors were committed while measuring a, b and C. 


Find the derivative dy of tho following implicit functions: 


d. 
29. 14424 y* — 0. 30. z*-4- y? =a (x* — y?). 
31. Sin z 22 cos y. 32. sin z-r.siny. 
33. 4 2 A z-e". 34. x+arc tan y— y — 0. 
d?y 


35. z— y—a.sin y. Find A and j 5. 


36. Find the equation of the tangent to the circle x?+y?*=a? 
at the point (z,, y). 


37. Find the equation of the tangent to the hyperbola = S-5- 


—1 at lhe point (z,, yi). 
38. Find the equation of the tangent to the parabola y*—2pz 
al the point (x, yi). 


39. Tangents are drawn to the ellipse +5 =í and to 


the hyperbola z? — Pat their point of intersection (the hyperbola 


lies in the first quadrant). 

Prove that the tangents are mutually perpendicular. 

40. Find the equations of the tangents to the circle y? = 2ax— x? 
at points with abscissas a. 


Sec. 17. Expansion of Functions in Power Series 


Expand in powers of z: 


f(r) 2 à, (a0). 2. f (x) 2 cos x. 
3. f(z) 21n (1— 2). 4. f (x)= sin (a+ 2). 
5. f(x) 2 sin? x. 6. f (x) 2 cos? x. 
7. Expand e* in powers of the difference z — 2. 


8. Expand In x in powers of z—1. 

9. Expand f (x) 2 23 — 21 5x— 7 in powers of z— 1. 
10. Expand f (7) =(a-+ x)" in powers of a. 

Using known expansions, expand the — functions: 


I1. f(r) = e-** 12. f (x)= 
13. Calculate Ņ 1.2. 
14. Expanding tan z in powers of (2-7) , calculate tan 46°. 


aa 


Nec. 18, Answers and Hints 


Sec. 1 

2. a) (5,2) b) (—5, —2). 3. a) (—a, —b); b) (a, b). 4. a) 5 units of 
length; b) 3 units of length. 6. Hint. AC? > AB?-- BC?. 7. Two points 
are possible: (— 7, 4) and (9, 4). 8. (0, 5) and (0, —3). 9. (0, 19, 4). 10. (4, 0). 
11. (8,0) or (—1,3 1/3). 12. (4, —3). 13. (1, —6). 14. (3, -1;). 
P -3,5 € ). 5. (0,1% jj" (23 L ) 16. (5.4, 2.8), (7.8, 3.6), 
(10.2, 4.4) and (12.6, 5.2). 17. a) (—2, 0); b) (0, 3; c) (C2, —5); 
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—4 


d) (3, —1). 18. (11, —5). 19. (—12, 11). 20. D 


The centre of gravity of a triangle is the point that divides the median in 


^1;. 21. (—2, D. Hint. 


2 2^ 
the ratio 2:1 measuring from the vertex. 22. (2 3" $3 ) Hint. A 


bisector divides the opposite side in parts proportional to the adjoining 
sides. 23. (3, 7), (—4, 0) and (1, — 4). 24. (2, —3). Mint. The diagonals of 
a parallelogram are bisected in their point of intersection: the required 
vertex is determined as the other end of a segment of which one end and 
the middle point are known. 25. (1, —3) and (—4, 0). 

s Lo Pitit Poza + Pira) _ Pi Poe + Pays : — 
26. z PLE P; P; y= Pia PaF P . Hint. First determine 
the coordinates of the point of application of the resultant of two forces, 
P, and Pz, and then the coordinates of the point of application of the 
resultant of P¿+P2+P3. It will be recalled that the resultant of two 
forces, P, and P2, is equal to their sum and is applied at à point M lying 
on the segment MM, and dividing it into two parts tha! are inversely 
roportional to the forces. 27. The formula does not give definite values 
or the coordinates of the point of application of the resultant! since 
Pi + Pa + Pa = 6 4- (— 18) + 12=0, i.c., the resultant is zero, and a 
zero resultant may be applied at any point in the plane. 28. a) 45°, 
b) 135°; c) V. 31. In both cases, equal in absolute value and opposite 
in sign. 


Sec. 2 
1. a) 6z4-8y--7—0; b) 2z—5y.0. 2. a) y= 2 b) r-?2 
3. a) (3, 7); b) (5. 13). 4. The first straight line passes through points 


A, C, £, the second, through points A, B, and D. Point A is the point. of 
intersection of the given straight lines. The straight lines do not pass 


1 
3 . 


through the coordinate origin. 3. a) y—— 47 ro, b y- 4 

Mint. Find k by formula (VI), Sec. 5. 6. a) yr i b) y- 3. 
€) y=3, 7. a) — 5 b) y— —(x33 a 5; € y= mS. 
8. à y= Ez b )y=-3, 2-2 yl KH 3) p>0 
T= —3 4) y=4, 1=0, 9. y =03£42.7. 140. y c, x M. The 


4 
a 


straight line whose slopo is equal to the velocity v, and tho initial ordinale 


2 UC 

er P is distributed equally on both supports. (lie weight of the man p is 

distributed on the supports in inverse proportion to his distance from 
5 3 


equal to se. 12. 18 m/min. 13. y PS 4-. Hint, The weight of the gird 


each support. 14. a) k= — T q= 157 23; b) Kk "E q 36 S25 
1 €— 3 ona. wer itum M" 

€9) k= yr 2615 d) k=} « -- M3 08, 19. a) Kk 4, b. 2 
: 1 1. suut 

b) k——2, il; 0) k=2, b — ti d) ke — y. — ge 


F + H 
b=0; f) k=0, e=-3. 16. a) 4 and —6; b) x and 2. 19. 2) 4 ES B 


2ut 





= V4 ZE y lg. — — Ea s). 
ys Otek + 1.00) (3 33): 
2 

b) (—1!, +14); c) the straight lines are parallel. 21. 3z—4y-T 12=0 
und 3r + 4yF12=0. 22. r—y=O0 and r+y+a=0. 23. z+y— 
—5=0. 24. 514+3y—30=0. 25. a) z—y—1=0, b) zr+y—5=0. 


26. z)/3T y:p2—6) 3—0. 27. (6, 0), al 2B. a) z+ 
3 


+3y—5=0; b) 2z—y -5—0; c) z=2; d) y——3. 29. a) They 
do; b) they do not. 30. a) 11; b) 3. 31. a) 45°; b) 60%; c) 78?41*; d) 0; 
c) 90%, 32. a) —2; b) Y 3; c) 0. 33. a) 26°34’, 18°26’ and 135°; b) 45°, 
90? and 45?. 34. a) The first two are parallel to each other and perpendicular 
to tho third; b) the first and third, parallel to each other and perpendicular 
to the second. 35. a) y——2z; b) y=3r—15; c) y —6; d) zz«3. 
36. a) 7+y=0; b z—2y=0; c) y=0; d) z=0. 37. y —2r. 
38. y— —2r. 39. z -2y — 10— 0 and 274 4y + 5=0. 40. 9r—y— 
—I6=0 and z + 9y—20=0. 4l. z=3 and y=5. 42. 2r+y=7= 
=0, r—2y—6=0, 43. 3r-F4y —18— 0. 44. 7z + 35y — 55 =0. 
45. a) 4z—y —6—0; b) z+4y+7=0; ce) 3r—5y—13=0 and 
$r--3y--1—0. 46. AB in the ratio 4:1; CD in the ratio 2:3. 47. 4z— 
—3y—17-0. 48. (2, —3). 49. a) 2; b) 3. 50. a) 0; b) 5.2. 51. (10, 21). 
52. 0.5. 53. 3r—4y+5=0 and 3r—4y—15=0. Hint. The problem 
has two answers because the straight line lying 2 units of length from the 
given straight line can be drawn on either side of the given line. Hence, 
if tho distance from one position of tho straight lino to the given line is+2, 
the other distance should be —2, 54. LTY -BT 55, z—Ty—2=0. 
T— T0 ⁊2 — T; 
56. M (1,0). Hint. Tho broken line AMB has minimum length if a 
ray from point A passes through M to point B in such a manner that 
the angle of incidence of the ray AM on the axis Oz is equal to its angle of 
Agr + Boy-+ Co Ayr + By t+ Cy _ 

` Aarg-- Bayo+C2 Arro-+ Byyo t+ Cy 
llint. Let r and y indicate the coordinates of the point of intersection, 
i.e., values which satisfy each of the given equations. Both equations repre- 
sent one and the same straight line if their coefficients are proportional 
(Sec. 13. 27) de, if A+ Boyt €4—0 and A(Ajr + By + Cy) =0. 
Hence, tlie equation of any lino passing through the point of intersection 
of the given straight lines can be written in tho form: 4or--D»y4- 
Cad (Aye y PC) = 0. A is determined by the condition that 
a straight line passes through the point Afy(zo, yg. 59. x4-y—11=0, 
and Se —y — 16-0, 60. a) 32x +y—7=0, 3+y—17=0, r— 
— Mw - ~U and z—3y-- 1 =U; b) 7x —y— 26=0; c+ Ty — 
—18--h T7r—y 3: 24-70; z+7y—68=0. 61. (4 —6) or (24. 
— 6.8), 62. The centre of the circle is 0(4,°5). 


reflection from that axis. 57. 45°. 58 


Sec. 3 


|l. a) r? 4 y? — Gr + 10y + 18 == 0; b) r? + y? + 4r — 2y = 0; 
€) r? ; gy? — 32 0. 2. 224 y24+3r—4y=0. 3. 31? + 3y? — 
er 7 20. 4. r? y? m Oy = 0. 0. 224 y? — 4e — Gy + 4 = 0. 
6. r3 Or 4 y 210 2324 y? lOr + Oy 43-25 — 0. 7 (z + 
+ D3 y? = d6 and (e — 3)? + (y — 4)? = 16. 8. (z— 1) + (y+ 69 = 
— 25 and (r-- 8) + (y — D? == 25. 9. a) z? + y? — 8r + Gy = 0; 
b) impossible, the points lie on a single straight line. 10. (z—4)?-F(y4- 
39.25. 11. a) (0, 3) r=3 b) (—4, 0), r—5 c) (5, —2), r=4: 
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d) (17. 2), r=; e) i. -i) rail Bo circle of zero radius 
with a real point (6, —1); g) imaginary circle. 12. z2+4+y2+6r+5=0. 
13. 2?+y243r—4y=0. 14. z?+y2?=49. 15. a) The circle touches 
the axis of abscissas at the point (3, 0) and intersects the y-axis in points: 
(0, 9) and (0, 1); b) the circle touches the z-axis at the point (5, 0) and does 
not intersect the y-axis. 16. a) Intersect in points (5, 0) and (—3, — 4): 
b) touch at point (—3, —4); c) the straight line lies outside the circle. 
17. a=+ 30; b=48. 


Sec. 4 
z2? y : n go. S y 2 
1. a) ig + 32 = 5D &s + aor c) ag + 193 7^? T + 
2 4x2 y? 
l= Y 42, y_ A ETE 
Ta*mid. 3. ato! 4 289 16 E 5. 16r? + 25y 1600. 


6 E. d e d qs 3 4 8. 9x2 + 25y? = 225. 9. Or? + 
«eta! mta=1 * y? = 225. 9. 


+ 25y? = 225. 10. 8x2 + 9y? = 162. 11. a) 124 4y2= 100; b) 272 + 


+ 3y2=180. 12. a) 2a—26, 26= 10, F(12,0, Fy(—12. 0), ent. 
b) 2a=2Y 10, 20—2y à, F(2, 0). F,(— 2,0), e 2E c) 2a =:8, 


E /5 
2b—8y 2, F (0, 4), FA(0, —4), e= FF: d) tani, 2= ek, pta o). 





=: 0 = = 1 ` 5 5 5 < 

F, 15° Xe 0.8; e) 2a =3, 26=5 . F(0. > V7), ro. » Vi) . 
— Ey T r = ^2 / 10 —— 

e As 13. Ellipse 124 4y2=36. 14. a) —1 , b) EX. e) d ia E 


b 12 15 317 
15. 2=Y/ Ta. 46. em 0.08. 17. 2c=5.1x 108 km. 18. (E. 312) 


13 
and (-$. 7) . 19. Ilint. Tako the sides of the right angle as tho 
coordinate axes, put segments AM and MB equal to a and b, then == 


= cos q and + =sing. To oliminato q, square these equalities and add. 


20. a) AB=5, AM=3, MB—2 b AB==5, AM —4. MB=1, 
€) AB=10, AM=MB=5. 21. Ilint. In triangle COC, the hypotenuse 
1C2=r2—r, and the legs OC,;=a—ry and OCs=r2—b. By Pythagore- 

an theorem wo obtain tho required relation in tho form: . 
(a — rp + (r2 — b = (r2 — r2. Romoving brackets and adding 


RA to both sides of tho equation, wo may represent the relation in tho 
m: 


—hy 
=r) (== EA, 
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22. Ilint. The coordinates of the point M are 
x=(a—b)-cosg, y=(a+ b)-sin q. 
Using the method indicated in problem 19, we get the equation 
z2 y2 
uie T uF T 
Thus, the curve is an ellipse. A device like this made of two laths con- 


nected wilh a hinge screw is used for drawing big ellipses (e.g., for tracing 
arches). 


1. 


Sec. 5 
E ros nz Yo. Az? oy? 2M A 
hp ag a ep gro ee 581. 


FF ay gp MEE NEM E 2__{Gy2 = 
3. 05 1$ 7 1. 4. 36 18 1. 5. 23 154 1. 6. Ox 16y? — 144. 


4 
7. 932 — 82.72. 8. a) F (+ 10, 0), e=2, y-t3 z; b) F (4-4, 0), 


3 
2A — 5 17 8 
e=0.4) 10, yd zr) 0.6; c) r(+23+0). ea FE BT 
2 iz if 
9. a) 12—4y?=8; b) 9r?— 16y? = 20. 10, 120°. 11. Ta! 2. 12.e = os @ 


13. a) 2 and 32; b) 34 and 4. 14. 2—9 i ‚y= ym (2 points). 





i — 
15. rg=+ a ves Yo=+b Vis (4 points). Hint. Since the 


radii vectors joining the point (ro, yo) with the foci are perpendicular 
to each other, the sum of the squares of their lengths is equal to the 
sguare of the interfocal distance: 


(ezo—a)* + (exo + a)? = 4c?. 


The abscissa rg is delermined from this equation; substituting its values 
into the equation of the hyperbola, we find yo. 16. x2— y* = 12. 17. a) zy —6; 
b) ry z:4. 18. a) 12— y. 6; b) z2— y? = 10. 19. 51:2 — 16y? = 144. 20. 972 — 72 = 


2al 2ab 
—63.231.2)a,- TE =; Wa, = —“ may bo solved if b >a. 


} a2 +. E y bea? 
22. 4r j 3y—20=0, 23, a) (5, =57): (37.3): b) at an infi- 
nilely remote point the straight line serves as an asymptoto; c) does not 


3 6} 6 
intersect, 24. (2, 22 and (—2, 2. 25. (55. + 5 and 


Sec. 6. 
t. a) y2=1G6r;, b) r?— — 12y.. 2. a) y? -—4x; b) ara Oy: 3. a) i 
=4r; b) y?= —8r. 4. n) 2r?— 9y; b) 3r? = —4y. 5. |p =25 . 6. p= . 


7. 112 mm. 8. a) 7 E — 1; b) = + Y —1. These are called equations 
a a bj 


b? 
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of a parabola in intercept form. 9. Hint. Taking the equation of the parabola 
in intercept form (see problem 8b), wo have ae + F= . Whence y= 


2 
=j (1-4) . The width of each part of the span is b=, . Abscis. 
sas and ordinates are measured from the middle (origin O), and r4—6,: 


= E. The stanchion (vertical beam) has—for this abscissa—length y,= 


2 
=f (1-5) , Where k=1, 2, ...,n—1. The length of the diagonal beam 
d, inclined towards the middle of the truss is determined by the formula 


" " r tk y 
for the distance between two points with coordinates ED and 


L(k—1 a E 
( F Vii) , where misr [1-42] , 


Ai, 2 
d, = Vr [1 257- | ur 


The length of the diagonal beam 4, inclined towards the sides of the 
truss is determined similarly to the foregoing: 


7 key oq 
dcm (1-3) ut x 
Note that 4,—44,, i.e, two diagonal beams converging to a point 
of the parabola are equal. This property makes the parabolic trusses techni- 
cally superior to trusses of other shapes. 


Answer: 6=2.5 im, yj — 4.09. m, y2=3.75 m, ya=2.19 m, dy 5.69 in, 
d2— d; —5.31 m, d3— d; —4.51 m and d¿=45=3.32 m. 10. Hint. The equa. 


tion of the upper parabola: y — (f 4- f^) (1-4 TAE tho equation of. the 


-2 tk 
lower parabola: y’=f’ ( 1—4 * . For 7, == 5, the length of the stan 
y 12 h 2n 


5 k? i 
chion 2, =Ya—y, =f € — > . Lengths of the diagonals: 


— Tf. dk—2) 2—I porn 
du — V (ya -i— ya = VO Ja ae 


: -— ——— 4 D PEA k? 2k—1 2 nc 
6, —: V. (jy —y. _1)? $8? — VL € — 28] dA n? | -| an?” 


, Answer: 6=2.5 m; y,—4.68 m, y2=3.75 m. ya-:2.18 m; gs, 2.80 m, 
Va— 2.25 in, y5— 1.31 m, z,— 1.87 m, z4— 1.50 m, z, 0.87. an; “4 3:32 m. 
d¿=3.48 m, d,—3.49 m, d,—3.32 m; d; =3.02 m, d;— 2.67 m, «y 2.50 m, 
d, (chord) = 2.82 m. 11. a) (r —2)2..8(y—3); b) (1—3 —12y: 0) (y 23 =- 
=12(z—1), d) y2— —8(x—2) 12. a) z?—8z—12y 428-0: b) z?—üGr4- 
+8y + 17 —0; c) y?--8z —2y —7 —0; d) y24-4e-1 4.0. 13. a) yt — 1074 25-- 
=0; b) z?—4z—8y--12.—0; c) y?4-G6r—4y--7—0. 14. a) 33 — 4r —4y- 0: 
b) y*-Fáz—0y 4-1—0. 15. a) O'(2, 1), p-—5, axis Or; 1) 0%(0, —7). 
P—3, axis || Oz; c) O'(2, 0), p—4, the axis coincides with the negative 
direction of the axis Oz; d) O” (3, 5), p —2 axis (Oy; c) 0 (4, —1). 





— 
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1 
p= xy; axis || Oy; f) 0'(—3, —9) p= 7. axis ||Oy; g) O'(1 1), P= 
= -ii axis || Oy; h) O” G , 7):»=- i , axis || Oy. 16. a) (O" (—3, 0), 
r=4; b) O' (5, —1), r=5. 17. a) O' (1, —2), a=5, b=3; b) O' (—1, —1), 
a=Y 6, b=V 5. 18. a) (16, +8), b) (8, +8). 19. r=2. 


Sec. 7 
2. 3. 3. 26°34’. 4. 422-4 4y2—607—60y+225=0 and G4z*+ 64y? 4 2402— 
—240y +225=0. 6 - and py 2iy— tuy? 7. 25113--25y8—144. 


zZ y 22 21 
12 
— ).9. Sy—3=0 
i vu) DEN 
Sec. 8 
2. Hint. cos z=sin (3 — 2). Putting $ —2=y, we have: if z>% , 
k . 22 zi 1 
y—>0. 3. Hint.|cosz—1|— |1—cos z| =2 (sin 2) <2- u^", 
1 4 2 1 3 ; 
7. 2.8.1.9. m x 10. 0. liz. 12. 5: 13. PE 14. ru 15. —1.16. —1. 
17. ©. 18. 0. 19. 0. 20. co. 21. —1. 22, x . 23. 4> 24. 0. 
Sec. 9 


EE .6. 2, —3. 7. f(1)—0, 


. —3, 2. 2? 4- 2 and z?--8z +14. 3. 
f(—2—0. 8. f(z). P= +n 9. f) LOFTY. 11. a) —2< 


«r«-L-2;b —1 <7 L3; ¢)1 7 <+; d) —2 < z < 4-2. 13. 32142 4-31 x 
X Az? + Az3 p .261 m3. 14. 3z?Az + 3zAz?* + Az? — 2Az = 0.100601. 
E zr 

15. ey 1 e (14+) «17-0905 0) 45 c) —1 and +4; 
d) —3. Hint. At z= —7 the fraction becomes $. it is necessary to divide 





" 7 : : _sinz 
through by +7; e) 3 f) 0. 19. Continuous. 20. Hint. tanz=—. 
Seo. 10 
2. 12. 3. b—2et; ty. 4. 1.00125 kcal. 5, 2-107 erg. 6, 7 T- 7. a) 0; 


b) 6; c) —4; d) 4 and 2. 8. a) 3z2; b) 12; c) cannot. 9. a) y-- lob» 
1 

b) y= —z +2; c) y= —4z —4; d) cannot. 10, 0 and i. 11. arc tan 3=71°34’. 

12. 90* and arc tan 5 3652, 13. (2, 4). 
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Sec. 11 
1. 6 (z — 1). 2. 27 (10z2 + 1). 3. 13—x+1.4. Pat al. 5. 2r (2ax2 — b). 
6. 3az?- 2bz —c. 7. 2? (4—22? 4-23). 8. AA nsn dag, au^ de 


b a 
3z? 2r 1 

— — -1_p.7b-1 b-1 - 

10. — — ab 11. az? b.z dat ; T 2ar29-1 
— «log 2. 13. kxh-1—2n1 471, 14. 211? 4 102? tá . 15. 672 + 
15 7 2 2i 
T = — sa 
+z +1. ET M ya? . 17. 223 + 18. nc : 


M ee Bk Ta 21. —2(4 22. Ox? 
19. 3$: 7733 + vr UI. 1. —2 (14-352). —4z (1013—3z 5-1). 


23. 40z3-]-332z? -+ 50z — 1. 24. h^ NES 25. 2acz 4- ad +bc. 26. Jaczt4- 
+2bcr+pad. 27. 2(91?-pz—1). 28. 2z(321—28224-49). 29. 03) 





1 2)2 
30 2 21 6x2 . ad — bc 33 2az (k +1) Or 
ae Oh cxx (epe 7 qais 8. mt 
2z 2b2 c 2 5 1 12r 27 
Tg: oum — $^ A * 37 — —— 
b a aenz^— zo — 2t dz 138 
38. Goa — 39 o O aT ELT R ae = yu 
1 F 144 x 
42. F' (1)=16. 43. F' (a) = —————————. 4h. F — =. 45. s' (0) = 
E T T 
=J: s' ()—1 4 . 49. v=: 0 (0)=1. 47. 307 (3z? + 8). 


48. —84z?(5— 4x3). 49, 3(2ar+b)-(az24-br4c)?. 50. 8r(2m124n) x 
x (mxt+nx24 ps, 51. k(z'"-Ez")h-!(mzr"-!-Enz"-!) 52. p(ame 14 
2er+b 











r ne 
+ bnz"-1) (ax ^ + bx”)p-1, 53 Vara . 54. ENTE Pipa: > ^ab. 
1 = — 
8. 6. arar 58. 2(4r 13 4-15 V 2)x(221 3 4- 
—— _ _ 422 40r = ar — 
— ae pr * — a (4 ea rt 
= an z(322—2) » z (Ar +5) 
i — ON OV tae" 3 GF ay 
a Sbr? + 4r 4-ab 
65. ——— . 66. — — .. 67. — ,-—.:-— 
2 V 2r Y 22) E 4 Vazai az) — 211 bz 
z (45z? + 16) 4—z — zr?) x ; 
^ Vita - 0. “Grose € 70. — Gap 71. (120: -+ 161) x 


x (3745) (5744). 72. 2(307+41)-(32—2) (2243). 73. (r4a)"-1x 
x (+b Mn fn)  4- mb 4- na], 74, SED” AMG —m) s tmb nal 





: "a (b — 1)"+1 4 
a 
75. (—z) y 2 Vzi—i . 70. +i yV 1 Y zici 7H. CAY apa? . 
— — út 20 re 
" ayit * "m 20-25 yia 3y (14 22) ^ 
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nx"^-! (24-1 x) 1 5 
———————. 82. — ———————-. 83. k. B4. 1. 85. 
j 2 (14 Y z)'t 2 VU Z) Vi 3 
86. 1. 87. n cos nz. 88. nr”-lz.cos z”. 89. n-sin"-1.cos z. 90. —ma™z™-1 gin (az)™. 


= . 93. bn tun^- 1 bz. sec? bz. 94. 4 cos’z. 


91. —amcos™~lur-sin az. 92. — 
sin? az 


5. 29 = tant Y = > vant S- 97, @ asi = 
95. d» = lan? q. 96. dp =} lan? y 97. do ^ 2a sin 20. 98. d) = 


= ksin20  , de = Yoo. dy _ 
= — AE 99. dt r(i—cost). 100. jr 7 "sin t. 101. dr 
=6 (cos 3r — sin 21). 102. a == A-w-cos (of +a). 103. a = 4 sin + 
he Sa oe O S= —2si i e 
104. dt ^ (709 gc 105 i=? sin4r. 106. sinz. 107. z5 X 
x sin? e + COS a : 108. —sinzx-cos(cos r). 109. — cos z-sin (sin x). 


110, —3 cusec! x. 111. secóx. 112. tant 3 113.) TX sin2z-F } I—sin 2z . 


114, nro Cof 115. Y 2.cos Cres 116. sin z-cos 2r+ sin 3z. 
sin? x 4 
HIS 2sin2rcsto M8. (o) —4p 3. e. JE 5) =4V7 . 
2 
120. are —— 121.f' =g. 122.0 (1 an or + maz À 123. a-tan az X 


n Secar. 124. an sec” r-tan az. 125. a) In 2— 0.69315, In 7= 1.94591, In 13-= 
— 2.56495; b) 1o43.- 0.47712, log 5. 0.69897, log 11: 1.04139. 126. ic ia" 








97 2r 
fet (UF) ln a 
vr 3 2r 3 2 
2. — 29. — —— — — 
128. Fiat 129. roe 130. Sat rej c 131 *⸗ 4 
3(01. In? 7) 1 z 
2 E —— 34 ' aT = 
132. 5 BB, 19.0. 135. 3 +5 
1 1 2a n A 
: : soy "oa a c 39, —— —— 
136. ye 197. Ir 5, 138, — s 1 rdi 
D . r? 9 
yo, 20 aD a NOH ES TN j ; b 
x-Ina r-lna 3 (14-1?) (Ir p z 
-]n?71 
144 — ma c, (ig ile A. 147. 2 cot 2z. 
r(r-rdnz) r 
Ux, tan Z. MS 2eotz, 100, cot 2r. dal col. 152, SÍ 
2 cos r 
153. l mas 154. 2(c — 1:5777* . 1n 5 = (r — 19.52 .1n 25. 
aros! SK 
155. (22. - 1-2 23-31]n8 156. r.3!^*.1n 3. 157. ne ™-1 4+ n*.|n a. 
x. 2 
ety — 1 E atx Ol =) de 9 do 
= 3S. e —- " n -~> =a" à == 
158 e 15 (etuer 160 apa’ lna. 161 do 
Ing, z Vx - 
— 162. a . 163. a Ina, 464. 5973 * sin 27.1n 5. 
- r 


1 


tan- 
x 


atan "X, 
165. — M! 166. “a 167. a -etina = a“ .Inatr 
. z-cos z) 
168. e2* .aT.]n a. 169. e?x (2z E 5) — 4e* (1 + 7). 170. x?.c* (cos r — 
1—Inz 


—sinz)--2z.e*.cosz. 171. 172. Inx. 173. eX! * (£4 Im zr) 


z2 
4 álna 


























174. ETE . 175. (Fary . 176. —x-cot?z. 177. x-Intan r+ 
2 ; m 
aar +o0sz. 178. /' G)=-=wv2 179. p( 3j= 2-3. 180. 2ac%%.sinaz. 
(AN _ px d +o) —4 2 5 r"rimm- 
181. f (§)=4 182. ()=3 183. f’ ()=3. 184. =E 185. 1° (0) —1. 
Por — 
186. 142 — 1. 187. — 188. — 189. —— 
VTF? 2) x(x +a) r) r?— 
1 1 02 pate sins i í 
190. Varzi . 191. mE z+i . 1 . EEG b Via . 1: l. ~ 
1 1 1 colr 
195. —41. 196. (141022) * 197. "(1d in?2) . 198. P . 100. 1 + In? sinz 
200. — . 201. arcsin — 202. x arc cot x. 203. y ix. 
— 3 - 
204. 21/1— 23. 205. DE 206. x* (1—In z) 4 . 207. (sin r)* (r.cot r+ 
+ In sin 2). 208. (sin z) 99 *.cos x-(1 + In sin z). 209. 2.:!'^*-!.]n x 


210. 0. 214. arresto 2-1 ('aresing + ZIRE. ). 212. e xx. (1 Lan z). 
z nx zr 
213. a (2) (m E 
Sec. 12 


-r 7 
1. —oo«z«22 decreases, +2< z< -+œ increases. 2. —oo c r«1 
decreases, +1<z<+00 increases. 3. —o<r<0 and -41«r--oo 
increases, O z < 1 decreases. 4. —œ < x «0 and —2« + < 4 © increases, 
O< z « 4-2 decreases. 5. —oo < z <— 1 and O< c « 1 decreases, —1« x <0 
and +1<z<-+00 increases. 6. —co«z«—] 2 and OS r«]) 2 decrea- 


ses, —Y 2-«z« 0 and y 2-«z«-Foo increases. 7. $ — minimum. 


3 
8. y — maximum. 9. — $ — maximum. 10. —3--maximum, 3— minimum. 
11. 0— minimum, $ —meximum. 12. There is no extreme. 13. There is no 
extreme. 14. —2— maximum, $ — minimum. 15. —1— maximum, i -- mini- 


mum. 16. O and 2— minimum, 1— maximum. 17. —3 and 2— minimum, 


: NE A 1 - 
Í—moximum. 18. —1— minimum, 1—thero is no extremo. 19. yy — mini- 


mum, —i—there are no extremes. 20. -4 and 1-— minimum, $ — maxi- 
mum, —1—there is no extreme. 21. —2.5— maximum, 2.5— minimum. 
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22. —1-— maximum, 5— minimum. 23. —1— minimum, 1— maximum. 
24. —1— maximum, 3— minimum. 25. —5— maximum, 1 — minimum. 26. No 
extreme. 27. 3— minimum. 28. 2— minimum. 29. —4— maximum. 30. 0— 


maximum. 31. 0— minimum, 2— maximum. 32. e— minimum. 33. At zi. 


» minimum —2; at 2L , maximum —2. 


» maximum =2V3. 37. At 2, mini- 


maximum — Y 2 34. At r= 
35. No extreme. 36. At z=% 





mum = ES . 38. 5 and 5. 39. 9 and 1. 40. 1. 41. T 42. Square. 43. Square 


with side R} 2. 44. Equilateral with side R V 3. 45. Isosceles. 46. Altitude 


of rectangle should be equal to radius of semicircle. 47. R=4a. 48. 2R=H. 


87 gui - ER = 
49. R= Vo , HL RY 2. 50, a2, bV 2. 51. Breadth equal to alti- 
tude. 52. Three km from the village. 53. After 4 hours. 54. yp^* „Ta. 


56. Concavity upwards, 7=0 minimum. 57, Concavity downwards al r <0 
and upwards at z>0, cusp al z=0. 58. z=0 maximum, z—1 minimum, 


- cusp, concavity downwards al z < 4 and upwards at z>4. 59. See 


1 
rc 
ex. dH rin} is a cusp; concavity upwards —E and downwards at 
15 
>j . 60. See ex. 30; concave upwards in the intervals =0<1<- 44 


n 17 
und Ya <r<- 0 concave downwards in the interval Ys < 


» 
ry . 61. See ex, 21; concave upwards at x>O0 and downwards al 


r«U, x- 0 is a point of discontinuity. 62. Seo ex 25; concavity downwards 


at r « --2, upwards at r >— 2, z= —2is a point of discontinuity. 63. z—0 isa 
point of discontinuity, z=-1 is a minimum point, z= —y 2 is acusp, con- 
cavity upwards in the intervals joe — y2 and Oc z«--oo and 
downwards in the interval —y2 ? «zr« 0. 64. Domain of definition 
-o< r (4, maximum at z—3, concavity downwards. 65. ro = 10; v, —5; 
2 
ta= 6; dg —8; a,— —2; ag=4; "min —4 3 at =>. 66. vy— —ak, 
ao aw? tan wt 
2 hes AVES — 
to, ukte 0At cos? ot ' cos? wt 
Sec. 13 


. 4. (3ax3 + 2bz + 





2. Ay 0.100601; dy —0.1 3. y= — xr W=- 





P 1 I c 2r dz 
dr. 5. ( xc aad G SS Nede h Aa, 
di tbe 3 pz 7 eT ty 3 Y (14:39 
A. 0,0256, 9. —0,125, 10, — — 24 coso? (G-=) dz, 11, tani zdz. 
1 —sin2x 4 
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5dz zdr dr 





12. == = . 13. (1 -- 1n z)dz. 14. —— 1427 . 15. Viene . 16. 2*.cos rdr. 
17. 1 m2, 4%. 18. 0.034 m?; approximately 2.9%. 19. y | a E 
Sec. 14 
1 3 — -= 2 zd 3. 

i. arte. 2. gyv +e. 3.2} rte. 4. — Je. 5. ¿0 + 
+e rte, 6. $ 2+2—42%)+4e. 7. etie 8. 5 e 
9. 2743 lnx+<c. 10. ¿4 4244lnz-+c. 11. s— cot i- } att, 12. y=3 — 

1 5 f 2x 1 z l 
—z+>- 13. y 2z (Eo +. 14. ln- +e. 15. mcr E 
1 1 a V , 
16. -apa te 17. Tar te 18. 7 In (a? 4. 22) 4 e. 19. 2inx 


x(14+Y2)+0. 20. Hint: take Vx out of the brackels. Answer: 
In (V z —1) +e. 


21. + Un 24e. 22.2) Inz +e. 23. y Ininz3 4 e=- ln In z 4 ep 


e-ix 








where eats in2. 24. — +o 2 — 3 - +e. 26, Gac, 


Z. uh 7746 28. Pa het phe tine te I $e 


+3r4In(z+1)+e. — 30. a (a) Fe 31 D X 
xV2—1--ce 32. In(r24+ar+b)+c 33. 2} car | 0c. 
ki x x 

34. In (e e7*)- e. 35. a ln(e? —e “)4-c. 36. 2014e) Vide 

37. BY Gomi tg Y (z =I -pe. 38. Mint: £ i P =: de ( P 


+- he ae Answer: —z—In(1- c*) » c. 39. Mint. Rationalise 
the denominator of tho fraction. Answer: > z^ (ea) RV m3 e. 
40. 2 (Y EFI —y z3]-4c. 41. perez e 42. 50 y O2 Wat + 
+15 z--20)-rc. 43. In arc sin z-p c. 44. x (arc lan r)? pe. 45. 2x 


3 
— 3 z? 1 
x Vt =) +e. 4 qnin yhe AT. sm I4 i? 4B. s ijy WIRE 
— 5 Jr — 3 
49. ET e a 50. — fa) +e. 51. 5 sin 5 j e 
52. J 53. L sinaz—a-cos Se 54. a-sin o i 
+ cos az +e. 55. tan z — cot rte. 56. + Uan Dx - cot 22) i: € 


5. sec z--c. 60. —cosecz+c. 61. E y ande. 62. --2 Vote +e. 
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A sin? 4. —2 cos3 = E ae 6) es 
3 3 Sin rdc. 64. 3 cos zte 65. sin z +e. * 2a-cosfaz ' ^ 
1 docs 8 1 1 
67. =r cos (2r3+3)+ e. 68. — 3 sin + 69. 3 tanz+e. 70. 3 In (1+ 


1 
rr ^ 


73. —4cot +e. 74. 1, lan = +c. 75. Hint. tan? z=sect z—1. Answer: 


+2sinzr)+ c. 71. fin (a — b cos z)+e. 72. 











2 
—z-+tlanrte, 76. -—-z—cotr4 c. 77. —e698 X +e, 
78. S e. 79. tan x -- sec r cor cot (4-4) +. 80. — cot 22+ 
ge cosec 2x 3- c. 81. — Lj “cos 2x +e. 82. — V TF cos? z +c. 
: ¡A 12V (4-7) 
83. cot 1 > )** 84. 2 V2-sin( 3 4; )te 85. Intan z 4- c. 
B6, —2-cot 27 -! c. 87. tana e. 88. - (4 -- cot z)? +c. 
B9. In (12. sin z --2 cos r) -- c. 90. — (z-sin z 4 cos z—{)!-™+<¢. 
91. sin r--cos 1. 92. + sin 2t 4- 6. 93. aro tan 40, 
94, d arctan” y te. 95. ER arc tan y? rte. 96, —. arc tan V sete. 
6 V» 7 Y 6 2 
1, 243r ' 1 Vi+rV5 oz 
t ENS 1 — — Sen LI ÓN — 
97, pj te 08. 218 n Yi-sy$ +e. 99. arcsin 3 t^ 
100. arcsin- Pte tor. =i are sin Vis c. 102. yes y 5 ze. 
t 
103. In (c: V 22 4: 9)- c. 104. In(z--Y z31 4) +e. 
105. B In (2r 4- y 412 —3) -i 106. yT In (z V 74-V 14-713) 4- c. 
y ——— 1 3 
107. |. arc siu 2? 4: c. 108. c6 are sin yte 109. arc tan e* +e. 
110. are sin e* +p c. 411. -1- arc tan SET e. 112. -4 In oe te. 
113. aresina 4) [—22 pe. 114. a-arcsin = —Yat—zi +e. 


120. arc sin (In xr) 4- c. ni. 





v3 arctan 4 y? tan z) +e. 


12) bot . 
Y - In Va +) pho 123. sin — sin? z+e. 
23} ab Ya—y b-tans 3 
2 ; 1 2 
124. --cosr+ 3 cust r— -= cuss r -} c. 125. =$ cos? r + cos z 4- c. 


126. -L sins PNE S sin? rte. 127. — cos? r — c. 
5 7 5 


128. sin z-- -5- sint z +e, or + (1-- sin 2) 4-e, where pac bg 


129. —cos z— 1- sin? z 4-c, or + 4—cos 1)? + ey, where e=- te 


1 . : 

130. sett sin 2az J- c. 131. + I sin 2ax -i- c. 132. 5- r— 
— din "eur sin 4r-J-c 133 : — — in 4r 4 V a sin? 2x-Ec- 
4 — ETS OG * 
134. 24 Sé 5. —— coi? ENS 

i z+ sin 2z J- g Sin re. 135. ——- cot? r— In sin r-e: 
136. red z4r4c. 
Sec. 15 
1. 45. 2. 27. 3. 1... 4. 15. 5. (2)/2—1). 6.2. 7. 2-5... 8. IOny/3 
6 . 5.4212 s 2. 7. 2): 
9. e— — XL A gU 45.5 A ; 
e—1. 10. Ina . 11. 4 12. g: 13. 3 14. 47 15. "E 16. i5' 17. 16.5 
1 3 
18. e410, de z—i6 20, in EÈ 24. —Incos r. 


O 
22. E. 23. 1. 24. Ina. Natural logarithm of numbers a> 1. indi: 


cales tho arca between the hyperbola zy..1 and the r-axis within the 
imits from z=1 to r A the logarithm iš also called Mlk logia- 


rithm. 25. 18, i 2i . 27. 11. 28. 4. 29. 4 30. opis 3M. 2. 32. =| 12 
4 


33. 2E. 34. 5 . 95. 4.5. 36. 32. 37. 8. 38. 8. 39. 214; . 40. da t was 
^4. 3. 45. E . 46. 4. 47. 3 ny?r, i.e., the volume of a paraboloid of revolu 
tion is equal to half the volumo of a cylinder having the same base— a 


i : 4 a r : 
circle of radius y —and the same altitude zr. 48. 4 na?b, 49, a? cubic units. 


90. 41. 51.961. — 52. 727. 53. dan M. 2 3. 55. ar? Rab, 
56. A (z9— 3alz + 243); - ir 2 y + 30%y). 57. 250 tons. 258. 48 tons. 
59. 1500 tons. — 60. 100 * 61. 1350 1 kg= 4241 hy. 62 Í a, 
whore k Is tho coefficient of resistance. 63. 2m a)? 64. 0.25 heen. 
95. 125 kgm. 60. 500:724? kgm, 67. Speo ele 101.7 kem. 


1 1 
6. p OF) » Where p is the constant of proportionality. Hint. The 
forco hag a minus sign sinco it is directed towards the centre of the body. 


Sec. 16 
rdy—ydr 











1. du y?z3 dr + 2ry23 dy + 3zyz? dz, 2. dump 
— y? = 
3. du —(y +b) dz +(x+a) dy. 4. du= Her iem. 
z a dz -y dy 4- 2d: 
3. du =2n (12 + y2)^-71 (x dz dy). 6. dum EY AER 
(z? + y2)^ 71 (x dz + y dy) VHI$gIA 
2 (x dz + y dy) (2z + y) dz -- (2y +z) dy E 
7. du = ~- NT is oo . 8.d SE ya o 0C 9. du= 
2(rdy—ydr zdy—ydr 
= ea. 10. du =cos (z +y) (dr +dy). 11. du == x 
X cos . 12. du= ES dz cos — 13. du= 
m, ie AL xcot E. 14. du AL oe St a tan L. 15. du =e% (z dy 4- 
y y z? r 
v z 
+y dr). 16. duo (e* dy 4 ay—% ( (y-e ae ). 17. du=y"-1x 
Y 
«(y In y dr xd y). 18. du — z$!" v (sin y dz + cosy la z dy) " 
(9. du= VIEI, 20. dum HEEN 24. du = 
bir ne yV y?— r? 
pzdr- — IZA A 22. du = (x dy + y dx) sin (z +y) ( 
-5y cos (4 + y) (dr + dy). 23. du — yz (zy ^! dz + zz (zy)! dy + 
s+ (ry) dn (cy) dz. 24. du=237V In z (y dr: dy) + zyz*v—-1 dz. 
25. Decreases approximately by 0.12 cm. 26. 820 n, about 3.3%. 
2 dg ds dt po ds .,da di dc dy _ (2114 y2) 
iL E ortu d MU TT aar y (12+2y2) ` 
ap. v u-1 E n i =y Tsin z= y t—costy 
30. à uw E 31. dz =1. Hint. cosr—] 1—sin?r—y 1—cos?y. 
ay dV _ cos rz —sin y dy ev A 
a2. “L aoe XA .rel=y—1. 
3 ie ENT 33 dz — flint. rev=y—1 
3 dy TUA 2 : dy _ 2 (y2 +1) 35 2y — a-sin y 
Sgt a de ^ 77 Ya * "did ^ ^ (f—a-cos y) ^ 
II, yy 


36. rr pyy=a?, 37. TN =! 38. yy =p(1 +71). 40. yea, 


Sec. 17 
2 2 3 
1. E E (—c« x « +00). 
xr? ri 19 


te 


AS nm buggq caue toC ee -Ho 





3. In (1—2)=—2F GF (1<zr< +0). 
4. sin(a--z) =sin a 4--T- cos a— = uaa eee 
— Eo] 1-2 1-2-3 i 
2r2 23.78 25.28 
2 a es A —— €( PE a. 
5. sin? z—-47 12334 * 1.2... 5 .. (—oa<z<-0). 
2.72 23.71 25.19 


6. cos? r=1— gt (—œo<1I< +00). 


1-2 pore wm 








T. e —e- E et (2—2) +> (z—2)8 +. 8. Inz=(1—1)— 

-7 (—0t4- H.. «z x2). Y —3I+4(1=1)>7 

+(z—1)?-+(2—1)9, 10. (a+ 2)" —am p mamiy 42.0071 

x am-it MDZE) ama... 1. at Th 

(—o< 1< +00). 12. ee e (-1«r«h. 
Di l6 

13. 1.037. 14. tanz=1 +2 (2—7 4-8 > 


x (z=) + ... Assuming Mrd MON 
we get tan 46? — 1.0355. 


F. A SHORT HISTORICAL NOTE 


1°. The elements of higher mathematics studied in technical 
schools were first theoretically formulated in the seventeenth and 
eighteenth centuries. In 1637 Descartes published his geometry. 
Engels regarded this as a turning point in the development of 
mathematics. 

“The turning point in mathematics was Descartes’ variable 
magnitude, With that came motion and hence Dialectics in mathe- 
matics and af once, too, of necessity the differential and integral cal- 
culus, which moreover immediately begins, and which on the whole 
was completed by Newton and Leibniz, not discovered by 
them.” 

However, the word *completed" should not be understood in 
the sense that in. differential and integral calculus the last word 
had been said. Rather dues it mean a completion of the work of 
the predecessors of Newton and Leibniz (Fermat, Descartes, Bar- 
row and ethers who bad employed the method of infinitesimals). 
Leibniz (1646-1716) brilliantly laid down the canons of this new 
calculus, thus completing the formulation of its basic principles 
in the form of a system of rules and formulas. Newton (1642-1727), 
hy his discoveries in mechanics, confirmed the method of differen- 
tial and integral calenlus and pointed to a wide field of scientific 
and practical application. 

2. Mathematical analysis continued to develop in the following 
centuries and was enriched. by new generalisations. The scholars 
of pre-revolutionary Russia and of the Soviet Union played a big 
role in this development, We shall here mention only those who 
have made inestimable contributions to world science. 

An outstanding part in the development of analysis as well 
as other branches. of mathematics was played by Academician 


* Frederick Fugels; Pialectios of Nature, Moscow. 1954, pp. 341-42. 
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Leonard Euler (1707-1783) of St. Petersburg. *:Head and reread 
Euler; he is the teacher of us all, "said Laplace (1749-1827), the 
great French mathematician, mechanician and astronomer. The 
scientific works of Euler embrace all branches of mathematics 
and are devoted to their systematisation and further development. 
They are characterised by simple and orderly exposition and by 
an originality and breadth of view. Euler worked out the tech- 
niques and methods of solving differential equations — this funda- 
mental mathematical apparatus for the investigation of Nature's 
processes. To this day, they appear in all manuals dealing with 
mathematical analysis. Euler's works also embrace the subjects 
of mechanics, hydrodynamics, optics and astronomy. 

The works of the St. Petersburg Academician Mikhail Vasil- 
yevich Ostrogradsky (1801-1861) also occupy a prominent place 
in science. He made a number of important discoveries in integral 
calculus. All textbooks on analysis contain his method of integra 
tion of a certain type of ralional fraction and his formula for the 
transformation of multiple curvilinear integrals. 

The great geometer Nikolai Ivanovich Lobachevsky (1792- 
1856) also devoted a number of works to mathematical analysis. 
in which he expressed original views anticipating In many respects 
the scholars of the West. 

Lobachevsky created a new geometry, the so-called non-Eucli- 
dean geometry. Lobachevsky's ideas made a deep impression on 
all initial principles and forms of structure of mathematics; they 
became guiding principles in all branches of the exact sciences— 
mechanics, physics, astronomy. They became very important (in 
some cases, of decisive importance) in questions of philosophy. 
The geometry created by Lobachevsky is to this day still fruitful; 
its multifarious applications are in the stage of development and 
intensive research. 

A powerful mathematical school was founded by the brillinnt 
mathematician Pafnuty Lvovich Chebyshev (1821-1894), Acad- 
emician of St. Petersburg. He said: There is an especially impor- 
tant problem amongst the vast number of problems: it is to apply 
the means at our disposal so as to extract the maximum possible 
advantage." It is precisely because of this that a ‘large portion 
of practical problems reduce themselves to findinz maxima and 
minima of quantities. Such problems are entirely new to science, 
and only by solving them can we satisfy the demands of practice, 
which always seeks the best, the most profitable”. ; 

The need to solve practical problems (machine designine) led 
Chebyshev to the creation of a new branch of mathematics: - the 
theory of tho best approximation of functions. An outgrowth of 
tbis theory is the constructional theory of functions, which has 
very important applications. Chebyshev's activities covered a wide 
range. He not only solved many practical problems but also solved 
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theoretical problems of exceptional complexity. These include 
brilliant discoveries in the theory of numbers (the law of 
distribution of prime numbers) and in the theory of probability 
(law of large numbers). In integral calculus he gave a formula 
for the approximate calculation of definite integrals and showed 
that it is impossible to express certain integrals in terms of ele- 
mentary functions. 

Chebyshev's work in probability theory and the theory of approx- 
imation of functions was continued by the noted Soviet mathe- 
malician S. N. Bernshtein (b. 1880) and a number of his pupils. 

In this century the sciontific activities of Academician Nikolai 
Nikolayevich Luzin (1883-1950) led to the formation of the 
Moscow school of mathematics. It reached its greatest activity 
in Soviet times. In the scope and importance of the scientific 
problems handled and the results obtained, this school at present 
occupies first placo in the world. Outstanding workers in the field 
of analysis are P. S. Alexandrov, A. N. Kolmogorov, D. Y. 
Menshov, I. I. Privalov, A. N. Tikhonov. 

Soviet mathematics has grown immensely since the October 
Revolution of 1917. Not only the central. cities (Moscow and 
Leningrad) but also other towns like Kiev, Tbilisi, Kharkov, 
Odessa, Saratov, Yerevan, etc., have become scientific centres. 
lere, many students have developed into outstanding mathe- 
maticians that are making new researches and discoveries. 
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Abscissa 12 
D'Alembert's test 244 
Angle of axial section 71 
Antiderivative of z? 185, 187 
Argument 95 
Asymptote of a curve 57 
Axial section of cone 71 
Axis 

of cone 70 

of coordinate 11 

of parabola 62 


B 
Bounded quantity 76 
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Circle 39 
Closed interval 95 
Coefficients of a series 245 
Comparison theorem 243 
Concave downwards 171 
Concave upwards 171 
Cone 

axial section of 71 

right circular 70 

vertex of 70 
Condition, Leibniz 243 
Conic surface 70 
Current coordinates 23 
Curves, quadric 39 


D 


Derivative 120 
artial 233 
Differential 
(dz) of argument 179 
partial 23 
total 235 
Differentiation, successive 153 


Domain of definition of a function 95 


E 


Eccentricity 
of ellipse 51 
of hyperbola 58 
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Ellipse 

major axis of 47 

minor axis of 47 

vectices of 47 
Equation of straight line 23 
Error 

absolute 181 

relative 181 
Expansion method 191 
Extreme 159 
Extremum 159 
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Focal length of parabola 62 
Functions 95 
basic 99 
composite 136 
composite exponential 151 
continuity of 108 
decreasing 148 
derivative 115, 120 
differentiating 121 
direct 149 
discontinuous 110 
elementary 99 
explicit 99 
implicit 99 
increasing 148 
inverse 149 
linear 115 
logarithmic 143 
monotonic 149 
nondecreasing 149 
of a function 136 
power 128 


G 
Graph 100 


Graphical and analytical represen- 


tation of a function 98 


Heat capacity 118 
Hyperbola 51 
conjugate 54 
equilateral 59 
imaginary axis of 5% 
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imaginary vertices ol 54 minimum 159, 161 


real axis of 53 of continuity of a function 110 
of discontinuity of a function 110 
1 of inflection 172 
of tangency 123 
Increment stationary 162 
of argument 102 
of function 102 Q 
Infinite quantity 78 
Integral Quadrants 12 
indefinite 188 Quadric curves 39 
of z? 185, 187 Quantity 
sum 215 bounded 76 
Integration 185 infinite 78 
Interval 
closed 95 R 


open 96 
Representation of a function 


L analytical. 98 
graphical 98 
Leibniz condition 243 Right circular cone 70 
Limits 80 Rotation of coordinate axes 65 
infinite 106 
lower 205 S 
upper 205 g 
ol a function 10% Serios 
Line binomial 252 
generating 70 convergent 240 
guiding 70 absolutely 213 
conditionally 243 
M divergent 240 
Maclaurin 246 
Maximum 159 Taylor 248 
Method terms of 240 
expansion 191 power 245 
of coordinates 11 Slope 20 
of substitution. 191 Substitution, trigonometric 203 
Minimum 150 Successive differentiation 153 
Moving coordinates 23 Sum 
integral 215 
N of an infinite series 240 
Normal 125 T 
0 Taugent to a curve 123 
Theorem, comparison 243 
Order of smallness 176 Translation of coordinate axes 64 
Ordinate 12 
r y 
Value, absolute 73 
Parabola 60 Variable 75 


conjugate 55 

Partial derivative 22: 

Partial differential 231 

Point y-intercept 25 
extreme 159 
extremum 159 » 
maximum 159, 161 v 
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